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Preface

In the last 30 years, differential-algebraic equations have become a widely accepted
tool for the modeling and simulation of constrained dynamical systems in numerous
applications, such as mechanical multibody systems, electrical circuit simulation,
chemical engineering, control theory, fluid dynamics, and many other areas.

Although there has been a tremendous explosion in the research literature in the
area of differential-algebraic equations, there are only very few monographs and
essentially no textbooks devoted to this subject. This is mostly due to the fact that
the research in this area is still very active and some of the major issues were still
under development. This concerns the analysis as well as the numerical solution of
such problems and in particular the modeling with differential-algebraic equations
in various applications.

At this time, however, we feel that both theory and numerical methods have
reached a stage of maturity that should be presented in a regular textbook. In
particular, we provide a systematic and detailed analysis of initial and boundary
value problems for differential-algebraic equations. We also discuss numerical
methods and software for the solution of these problems. This includes linear
and nonlinear problems, over- and underdetermined problems as well as control
problems, and problems with structure.

We thank R. Janfen and the IBM research center in Heidelberg for giving us
the opportunity to start our joint research on differential-algebraic equations in
1988/1989 by placing us for nine months in the same office. We especially ap-
preciate the support by the Deutsche Forschungsgemeinschaft, which we got for
our joint research in the years 1993-2001. Major influence for the development of
our research came from the biannual workshops on descriptor systems organized
by P. C. Miiller in Paderborn and from discussions with friends and colleagues at
numerous meetings and colloquia in the last fifteen years.

We also thank W. Hackbusch for initiating the idea to write this textbook and
our colleagues and students S. Béchle, K. Biermann, B. Benhammouda, F. Ebert,
D. KreBner, J. Liesen, L. Poppe, W. Rath, T. Reis, S. Schlauch, M. Schmidt,
C. Schroder, 1. Seufer, A. Steinbrecher, R. Stover, C. Shi, T. Stykel, E. Virnik,
J. Weickert, and L. Wunderlich for many discussions and comments and their
help in proofreading, programming and keeping software and bibliography files
up-to-date.
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Analysis of differential-algebraic
equations






Chapter 1
Introduction

The dynamical behavior of physical processes is usually modeled via differential
equations. But if the states of the physical system are in some ways constrained,
like for example by conservation laws such as Kirchhoff’s laws in electrical net-
works, or by position constraints such as the movement of mass points on a surface,
then the mathematical model also contains algebraic equations to describe these
constraints. Such systems, consisting of both differential and algebraic equations
are called differential-algebraic systems, algebro-differential systems, implicit dif-
ferential equations or singular systems.
The most general form of a differential-algebraic equation is

F(t,x,%) =0, (1.1)

with F: IxD, xD; — C™, wherel C Ris a(compact) interval and D,., D; < C"
are open, m,n € N. The meaning of the quantity x is ambiguous as in the case
of ordinary differential equations. On one hand, it denotes the derivative of a
differentiable function x : I — C” with respect to its argument ¢ € I. On the other
hand, in the context of (1.1), it is used as an independent variable of F. The reason
for this ambiguity is that we want F to determine a differentiable function x that
solves (1.1) in the sense that F (¢, x(¢), x(¢)) = O forall r € I.

In connection with (1.1), we will discuss the question of existence of solutions.
Uniqueness of solutions will be considered in the context of initial value problems,
when we additionally require a solution to satisfy the condition

x(ty) = xo (1.2)

with given fy € I and xg € C”, and boundary value problems, where the solution is
supposed to satisfy
b(x(1), x(1)) =0 (1.3)

with b: D, x D, — C4, T = [¢,7] and some problem dependent integer d. It will
turn out that the properties of differential-algebraic equations reflect the properties
of differential equations as well as the properties of algebraic equations, but also
that other phenomena occur which result from the mixture of these different types
of equations.
Although the basic theory for linear differential-algebraic equations with con-
stant coefficients
Ex = Ax + f(1), (1.4)
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where E, A € C"™" and f: I — C™, has already been established in the nineteenth
century by the fundamental work of Weierstrafl [223], [224] and Kronecker [121]
on matrix pencils, it took until the pioneering work of Gear [90] for the scientific
communities in mathematics, computer science, and engineering to realize the large
potential of the theory of differential-algebraic equations in modeling dynamical
systems. By this work and the subsequent developments in numerical methods for
the solution of differential-algebraic equations, it became possible to use differen-
tial-algebraic equations in direct numerical simulation. Since then an explosion of
the research in this area has taken place and has led to a wide acceptance of differ-
ential-algebraic equations in the modeling and simulation of dynamical systems.
Despite the wide applicability and the great importance, only very few monographs
and essentially no textbooks are so far devoted to this subject, see [29], [100],
[105], [182]. Partially, differential-algebraic equations are also discussed in [11],
[42], [43], [72], [79], [108], [181].

Until the work of Gear, implicit systems of the form (1.1) were usually trans-
formed into ordinary differential equations

y=g(,y) (1.5)

via analytical transformations. One way to achieve this is to explicitly solve the
constraint equations analytically in order to reduce the given differential-algebraic
equation to an ordinary differential equation in fewer variables. But this approach
heavily relies on either transformations by hand or symbolic computation software
which are both not feasible for medium or large scale systems.

Another possibility is to differentiate the algebraic constraints in order to get an
ordinary differential equation in the same number of variables. Due to the necessary
use of the implicit function theorem, this approach is often difficult to perform.
Moreover, due to possible changes of bases, the resulting variables may have no
physical meaning. In the context of numerical solution methods, it was observed in
this approach that the numerical solution may drift off from the constraint manifold
after a few integration steps. For this reason, in particular in the simulation of
mechanical multibody systems, stabilization techniques were developed to address
this difficulty. Butitis in general preferable to develop methods that operate directly
on the given differential-algebraic equation.

In view of the described difficulties, the development of numerical methods that
can be directly applied to the differential-algebraic equation has been the subject
of a large number of research projects in the last thirty years and many different
directions have been taken. In particular, in combination with modern modeling
tools (that automatically generate models for substructures and link them together
via constraints), it is important to develop generally applicable numerical methods
as well as methods that are tailored to a specific physical situation. It would be
ideal if such an automatically generated model could be directly transferred to a
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numerical simulation package via an appropriate interface so that in practical design
problems the engineer can optimize the design via a sequence of modeling and sim-
ulation steps. To obtain such a general solution package for differential-algebraic
equations is an active area of current research that requires strong interdisciplinary
cooperation between researchers working in modeling, the development of numeri-
cal methods, and the design of software. A major difficulty in this context is that still
not all of the analytical and numerical properties of differential-algebraic systems
are completely understood. In particular, the treatment of bifurcations or switches
in nonlinear systems and the analysis and numerical solution of heterogeneous (cou-
pled) systems combined of differential-algebraic equations and partial differential
equations (sometimes called partial differential-algebraic equations) represent ma-
jor research tasks.

It is the purpose of this textbook to give a coherent introduction to the theo-
retical analysis of differential-algebraic equations and to present some appropriate
numerical methods for initial and boundary value problems. For the analysis of dif-
ferential-algebraic equations, there are several paths that can be followed. A very
general approach is given by the geometrical analysis initiated by Rheinboldt [190],
see also [182], to study differential-algebraic equations as differential equations on
manifolds. We will discuss this topic in Section 4.5. Our main approach, however,
will be the algebraic path that leads from the theory of matrix pencils by Weierstraf}
and Kronecker via the fundamental work of Campbell on derivative arrays [44] to
canonical forms for linear variable coefficient systems [123], [124] and their exten-
sions to nonlinear systems in the work of the authors ([128], [129], [131], [132]).

This algebraic approach not only gives a systematic approach to the classical
analysis of regular differential-algebraic equations, but it also allows the study of
generalized solutions and the treatment of over- and underdetermined systems as
well as control problems. At the same time, it leads to new discretization methods
and new numerical software.

Unfortunately, the simultaneous development of the theory in many different
research groups has led to a large number of slightly different existence and unique-
ness results, particularly based on different concepts of the so-called index. The
general idea of all these index concepts is to measure the degree of smoothness of
the problem that is needed to obtain existence and uniqueness results. To set our
presentation in perspective, we now briefly discuss the most common approaches.

1.1 Solvability concepts

In order to develop a theoretical analysis for system (1.1), one has to specify the
kind of solution that one is interested in, i.e., the function space in which the solution
should lie. In this textbook, we will mainly discuss two concepts, namely classical
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(continuously differentiable) solutions and weak (distributional) solutions, although
other concepts have been studied in the literature, see, e.g., [148], [149].

For the classical case, we use the following solvability definition, the distribu-
tional case will be discussed in detail in Sections 2.4 and 3.5.

Definition 1.1. Let C*(I, C") denote the vector space of all k-times continuously
differentiable functions from the real interval I into the complex vector space C".

1. A function x € C!'(I, C") is called a solution of (1.1), if it satisfies (1.1) point-
wise.

2. The function x € C!(I, C") is called a solution of the initial value problem (1.1)
with initial condition (1.2), if it furthermore satisfies (1.2).

3. An initial condition (1.2) is called consistent with F, if the associated initial
value problem has at least one solution.

In the following, a problem is called solvable if it has at least one solution. This
definition seems natural but it should be noted that in most of the previous literature,
the term solvability is used only for systems which have a unique solution when
consistent initial conditions are provided. For comparison with Definition 1.1,
consider the solvability condition given in [29, Def. 2.2.1].

If the solution of the initial value problem is not unique which is, in particular,
the case in the context of control problems, then further conditions have to be
specified to single out specific desired solutions. We will discuss such conditions
in Section 3.4 and in the context of control problems in Sections 2.5, 3.6, and 4.4.

1.2 Index concepts

In the analysis of linear differential-algebraic equations with constant coeffici-
ents (1.4), all properties of the system can be determined by computing the in-
variants of the associated matrix pair (£, A) under equivalence transformations.
In particular, the size of the largest Jordan block to an infinite eigenvalue in the
associated Kronecker canonical form [88], called index, plays a major role in the
analysis and determines (at least in the case of so-called regular pairs) the smooth-
ness that is needed for the inhomogeneity f in (1.4) to guarantee the existence of a
classical solution. Motivated by this case, it was first tried to define an analogous
index for linear time-varying systems and then for general implicit systems, see
[95]. However, it was soon realized that a direct generalization by linearization and
consideration of the local linearized constant coefficient system does not lead to a
reasonable concept. The reason is that important invariants of constant coefficient
systems are not even locally invariant under nonconstant equivalence transforma-
tions. This observation led to a multitude of different index concepts even for linear
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systems with variable coefficients, see [S3]. Among the different approaches, the
differentiation index and the perturbation index are currently the most widely used
concepts in the literature. We will give formal definitions in Sections 3.3 and 3.4,
respectively.

Loosely speaking, the differentiation index is the minimum number of times that
all or part of (1.1) must be differentiated with respect to ¢ in order to determine x as
a continuous function of ¢ and x. The motivation for this definition is historically
based on the procedure to solve the algebraic equations (using their derivatives if
necessary) by transforming the implicit system to an ordinary differential equation.
Although the concept of the differentiation index is widely used, it has a major
drawback, since it is not suited for over- and underdetermined systems. The reason
for this is that it is based on a solvability concept that requires unique solvability.
In our presentation, we will therefore focus on the concept of the strangeness index
[123], [128], [129], [132], which generalizes the differentiation index to over- and
underdetermined systems. We will not discuss other index concepts such as the
geometric index [190], the tractability index [100], [148], [149] or the structural
index [161]. A different index concept that is of great importance in the numeri-
cal treatment of differential-algebraic equations is the perturbation index that was
introduced in [105] to measure the sensitivity of solutions with respect to pertur-
bations of the problem. For a detailed analysis and a comparison of various index
concepts with the differentiation index, see [53], [92], [147], [150], [156], [189].

At this point, it seems appropriate to introduce some philosophical discussion
concerning the counting in the different index definitions. First of all, the motivation
to introduce an index is to classify different types of differential-algebraic equations
with respect to the difficulty to solve them analytically as well as numerically.
In view of this classification aspect, the differentiation index was introduced to
determine how far the differential-algebraic equation is away from an ordinary
differential equation, for which the analysis and numerical techniques are well
established. But purely algebraic equations, which constitute another important
special case of (1.1), are equally well analyzed. Furthermore, it would certainly
not make sense to turn a uniquely solvable classical linear system Ax = b into a
differential equation, since then the solution would not be unique anymore without
specifying initial conditions. In view of this discussion, it seems desirable to classify
differential-algebraic equations by their distance to a decoupled system of ordinary
differential equations and purely algebraic equations. Hence, from our point of
view, the index of an ordinary differential equation and that of a system of algebraic
equations should be the same.

This differs from the differentiation index, for which an ordinary differential
equation has index zero, while an algebraic equation has index one. Although the
research community and also people working in applications have widely accepted
this way of counting, in the concept of the strangeness index ordinary differential
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equations and purely algebraic equations both have index zero. We will present
further arguments for this way of counting on several occasions throughout this
textbook.

1.3 Applications

We will now discuss some elementary examples of differential-algebraic equations
arising in applications such as electrical networks, multibody systems, chemical
engineering, semidiscretized Stokes equations and others.

Let us first consider an example arising in electrical circuit simulation. For this
topic, there is an extensive literature that includes the classification of properties
of the arising differential-algebraic equations depending on the components of the
network, see, e.g., [18], [83], [84], [103], [104], [214].

Example 1.2. To obtain a mathematical model for the charging of a capacitor via
a resistor, we associate a potential x;, i = 1, 2, 3, with each node of the circuit,
see Figure 1.1. The voltage source increases the potential x3 to x; by U, i.e.,

X1
07
R X2
U _
C
O X3

Figure 1.1. A simple electrical network

x1 —x3 — U = 0. By Kirchhoff’s first law, the sum of the currents vanishes in each
node. Hence, assuming ideal electronic units, for the second node we obtain that
C(x3 —x2) + (x1 —x2)/R = 0, where R is the size of the resistance of the resistor
and C is the capacity of the capacitor. By choosing the zero potential as x3 = 0,
we obtain as a mathematical model the differential-algebraic system

x1—x3—U=0,
C(x3 —x2) + (x1 —x2)/R =0, (1.6)
x3=0.

It is clear that this simple system can be solved for x3 and x; to obtain an ordinary
differential equation for x, only, combined with algebraic equations for x1, x3. This
system has differentiation index one.
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A second major application area is the simulation of the dynamics of multibody
systems, see, e.g., [79], [196], [201], [205].

Example 1.3. A physical pendulum is modeled by the movement of a mass
point with mass m in Cartesian coordinates (x, y) under the influence of grav-
ity in a distance [ around the origin, see Figure 1.2. With the kinetic energy
T = %m()'c2 + 2) and the potential energy U = mgy, where g is the gravity

A

y

mg

Figure 1.2. A mechanical multibody system

constant, using the constraint equation x> + y> — /> = 0, we obtain the Lagrange
function

1o,
L=om( +3%) —mgy — (6 +y* = 1)

with Lagrange parameter A. The equations of motion then have the form

d (9L oL _,
dr \ 3g dg

for the variables ¢ = x, y, A, i.e.,
mx +2xi =0,
my +2yxr +mg = 0, (1.7)
x2+y?—12=o0.

It is obvious that this system cannot have differentiation index one, it actually has
differentiation index three.

Differential-algebraic equations are also frequently used in the mathematical
modeling of chemical reactions, see, e.g., [161].

Example 1.4. Consider the model of a chemical reactor in which a first order
isomerization reaction takes place and which is externally cooled.
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Denoting by cq the given feed reactant concentration, by T the initial temper-
ature, by c(¢) and T (¢) the concentration and temperature at time ¢, and by R the
reaction rate per unit volume, the model takes the form

1 00 c ki(co—c¢)— R
0 1 0f|T|=|k(To=T)+kR—-k(T—-Tc) |, (1.8)
00 0f[R R —kyexp (— )¢

where T¢ is the cooling temperature (which can be used as control input) and
k1, ko, k3, k4 are constants. If T¢ is given, this system has differentiation index
one. If T¢ is treated as a control variable, the system is underdetermined and the
differentiation index is not defined.

Another common source of differential-algebraic equations is the semidiscretiza-
tion of systems of partial differential equations or coupled systems of partial differ-
ential equations and other types of equations, see, e.g., [5], [11], [102], [202].

Example 1.5. The nonstationary Stokes equation is a classical linear model for the
laminar flow of a Newtonian fluid [225]. It is described by the partial differential
equation

uy=Au+Vp, V.u=0, (1.9)

together with initial and boundary conditions. Here u# describes the velocity and p
the pressure of the fluid. Using the method of lines [209], [211] and discretizing
first the space variables with finite element or finite difference methods typically
leads to a linear differential-algebraic system of the form

iy = Aup + Bpp, BTuj, =0, (1.10)

where uj, and pj are semi-discrete approximations for # and p. If the nonunique-
ness of a free constant in the pressure is fixed by the discretization method, then
the differentiation index is well defined for this system. For most discretization
methods, it is two, see, e.g., [222].

The study of classical control problems in the modern behavior framework [132],
[167] immediately leads to underdetermined DAEs.

Example 1.6. The classical linear control problem to find an input function u that
stabilizes the linear control system

X = Ax + Bu, x(ty) = xo (1.1D)

can be viewed in the so-called behavior context ([116], [117], [167]) as determining
a solution of the underdetermined linear differential-algebraic equation

[/ 0]z=[A Blz, [1 0]z(tp) =x0 (1.12)

such that for z = [Z] the part [ 1 0 ]z is asymptotically stable.
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Differential-algebraic equations also play an important role in the analysis and
numerical solution of singular perturbation problems, where they represent the
limiting case, see, e.g., [108], [159], [221].

Example 1.7. The van der Pol equation

y=2z,

. (1.13)
ez=(1-y)z—y,
possesses the differential-algebraic equation
S
Y (1.14)

0=(1—-y)z—y

as limiting case for € — 0. The analysis and understanding of (1.14) is essential in
the construction of numerical methods that can solve the equation (1.13) for small
parameters €.

Many more application areas could be mentioned here, but these few exam-
ples already demonstrate the wide applicability of differential-algebraic equations
in the mathematical modeling and the numerical solution of application problems.

1.4 How to use this book in teaching

This book is laid out to be and has been used in teaching graduate courses in several
different ways.

Chapters 2, 3, and 4 together form a one semester course (approximately 60
teaching hours) on the analysis of differential-algebraic equations. As a prerequisite
for such a course, one would need the level that is reached after a first course on the
theory of ordinary differential equations.

A course with smaller volume is formed by omitting Sections 2.5, 3.6, and 4.4 on
control that depend on each other in this order but are not needed for other sections.
An even shorter course is obtained by omitting Sections 2.4 and 3.5 on generalized
solutions which depend on each other in this order but again are not needed for other
sections. Section 3.4 on generalized inverses is useful for the sections on control
but not needed for other sections and can therefore also be omitted to shorten the
course. Section 4.2 on structured problems and Section 4.5 on differential equations
on manifolds again are not needed for other sections and could be omitted.

A combined one semester course (approximately 60 teaching hours) on the
analysis and numerical solution of differential-algebraic equations would need as
a prerequisite the level that is reached after a first course on the theory of ordinary
differential equations as well as a first course on numerical analysis including the
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basics of the numerical solution of ordinary differential equations. Such a course
would consist of Chapter 2, Section 2.1, Chapter 3, Sections 3.1, 3.2, 3.3, and
Chapter 4, Sections 4.1, 4.2, 4.3, concerning the analysis and Chapter 5, Chapter 6,
Sections 6.1, 6.2, and Chapter 7 concerning the numerical solution of differential-
algebraic equations.

The numerical part of the book, which strongly relies on the analysis part, would
represent a separate course (approximately 30 teaching hours) on the numerical
solution of initial and boundary value problems for differential-algebraic equati-
ons that includes Chapter 5, Chapter 6 Sections 6.1, 6.2 and Chapter 7. A slightly
extended course would combine these with Sections 6.3 and 6.4.

The scheme below displays the dependencies between the different sections and
may help to organize courses on the basis of this textbook.

T T

- — -

basic topics ! ad%}gligfslal ! gggﬁfggﬁfs’d | control

\ \ . \
l R S

Sec. 2.1 Sec. 2.2 Sec.2.3]| 1 I |Sec.2.4| 1 |Sec.2.5
| | |
| | |
| | |
| | |
| ¥ | |

Sec. 3.1 Sec. 32— Sec.3.3| | |Sec.3.4| | |Sec.3.5| | |Sec.3.6
| | |
Il Il Il
° | - | |
i ; I 7" I I
| | |

Sec. 4.1 Sec.42— |Sec.43| ' [Sec.4.5]| ! I | Sec.4.4
| | |
| | |
| | |

r-—-——F-—~"—"""~"~"~-"~-"~- -~ ~- - ~-~-~— - - - - -~ T T T - - -~ [t

| | |
* | | |
Sec. 5.1 Sec.5.2 Sec.5.3] | } }
. | |
| | |
| | |
| | |
| | |

Sec. 6.1 Sec. 6.2 > Sec. 6.4 | 1 I | Sec. 6.3
| | |
| | |
l l l
1 l l
Sec. 7.1 Sec. 7.2 Sec.7.3 : : :
l l l
1 1 1




Chapter 2

Linear differential-algebraic equations with
constant coefficients

In this chapter, we consider linear differential-algebraic equations with constant
coefficients of the form

Ex = Ax + f(1), 2.1)
with E, A € C™" and f € C(I, C™), possibly together with an initial condition
x(ty) = xo. (2.2)

Such equations occur for example by linearization of autonomous nonlinear prob-
lems with respect to constant (or critical) solutions, where f plays the role of a
perturbation.

2.1 Canonical forms

The properties of (2.1) are well understood for more than one century, in particular
by the work of Weierstrall [223] and Kronecker [121]. The reason is that (2.1) can
be treated by purely algebraic techniques. In the following, we describe the main
aspects of this approach.

Scaling (2.1) by a nonsingular matrix P € C™"™ and the function x according
to x = Qx with a nonsingular matrix Q € C™", we obtain

Exi =A%+ f(t), E=PEQ, A=PAQ, f=Pf (2.3)

which is again a linear differential-algebraic equation with constant coefficients.
Moreover, the relation x = QX gives a one-to-one correspondence between the
corresponding solution sets. This means that we can consider the transformed
problem (2.3) instead of (2.1) with respect to solvability and related questions. The
following definition of equivalence is now evident.

Definition 2.1. Two pairs of matrices (E;, A;), Ej, A; € C™",i =1, 2, are called
(strongly) equivalent if there exist nonsingular matrices P € C"™™ and Q € C™"",
such that

E,=PE|Q, A,=PAQ. 2.4

If this is the case, we write (E1, A1) ~ (E2, A>).



14 2 Linear differential-algebraic equations with constant coefficients

Similar definitions can be found in the literature in the context of matrix pencils,
linear matrix functions, or generalized eigenvalue problems, often with the notation
AE — AoraE — BA instead of (E, A), see, e.g., [88], [99].

As already suggested by the definition, relation (2.4) fixes an equivalence rela-
tion.

Lemma 2.2. The relation introduced in Definition 2.1 is an equivalence relation.

Proof. We must show that the relation is reflexive, symmetric, and transitive.

Reflexivity: We have (E, A) ~ (E, A)by P = I, and Q = I,,.

Symmetry: From (E1, A1) ~ (E2, Az), it follows that £ = PE|Q and Ay =
P A1 Q with nonsingular matrices P and Q. Hence, we have E| = P 'E, 071,
A1 = P71 A, 07! implying that (E3, Ay) ~ (Eyq, Ay).

Transitivity: From (E1, A1) ~ (E2, A2) and (E», Ay) ~ (E3, A3) it fol-
lows that Ey = P1E1Q1, A» = P1A1 Q1 and E3 = PyE;Q», A3 = P,A>Q»
with nonsingular matrices P; and Q;, i = 1,2. Eliminating E,, A gives E3 =
P,P1E1Q10Q2, A3 = P,P1A1 0102, such that (E7, A1) ~ (E3, A3). o

Having defined an equivalence relation, the standard procedure then is to look for
a canonical form, i.e., to look for a matrix pair which is equivalent to a given matrix
pair and which has a simple form from which we can directly read off the properties
and invariants of the corresponding differential-algebraic equation. In the present
case, such a canonical form is represented by the so-called Kronecker canonical
Sform. It is, however, quite technical to derive this canonical form, see, e.g., [88].
We therefore restrict ourselves here to a special case and only present the general
result without proof. In the next chapter, we will derive a canonical form for linear
differential-algebraic equations with variable coefficients which will generalize the
Kronecker canonical form at least in the sense that existence and uniqueness results
can be obtained in the same way as from the Kronecker canonical form for the case
of constant coefficients.

Theorem 2.3. Let E, A € C™". Then there exist nonsingular matrices P € C"™"
and Q € C*" such that (for all » € C)

PAE—-A)Q =diag(Le;, ..., Le,, My ooy My, Fprsevvs Fors Noys ooy Noy),
where the block entries have the following properties:
L. Every entry Le; is a bidiagonal block of size €j X (€j + 1), €; € No, of the form

0 1 1 0
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2. Every entry M,; is a bidiagonal block of size (nj + 1) X nj, n; € No, of the
form

3. Every entry 3, is a Jordan block of size pj x pj, pj € N, A; € C, of the form

1 a1

S
1 A

4. Every entry Ny, is a nilpotent block of size 0 x 0, 0 € N, of the form

0 1 1

The Kronecker canonical form is unique up to permutation of the blocks, i.e., the
kind, size and number of the blocks are characteristic for the matrix pair (E, A).

Note that the notation for the blocks in Theorem 2.3 implies that a pair of 1 x 1-
matrices (0, 0) actually consists of two blocks, a block £ of size 0 x 1 and a block
Mo of size 1 x 0.

Example 2.4. The Kronecker canonical form of the pair

1 1

o O
O =
O =
- O

(E,A) =

0 0

consists of one Jordan block §; = A1 — 1, two nilpotent blocks N>, N1, and three
rectangular blocks £1, Lo, M.
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With the help of the Kronecker canonical form, we can now study the behavior
of (2.1) by considering single blocks, cp. Exercise 1.

A special case which we want to discuss here in more detail and for which
we want to derive the associated part of the Kronecker canonical form is that of
so-called regular matrix pairs.

Definition 2.5. Let E, A € C™". The matrix pair (E, A) is called regulariftm = n
and the so-called characteristic polynomial p defined by

p(l) =det(AE — A) (2.6)
is not the zero polynomial. A matrix pair which is not regular is called singular.

Lemma 2.6. Every matrix pair which is strongly equivalent to a regular matrix
pair is regular.

Proof. We only need to discuss square matrices. Let E; = PE;Qand Ay = PA1Q
with nonsingular P and Q. Then we have

p2(A) =det(AEy — Ap) =det(APE1Q — PA1Q)
=det Pdet(LE; — Aj)det O = ¢ p1(V),

with ¢ # 0. O

Regularity of a matrix pair is closely related to the solution behavior of the
corresponding differential-algebraic equation. In particular, regularity is necessary
and sufficient for the property that for every sufficiently smooth inhomogeneity f
the differential-algebraic equation is solvable and the solution is unique for every
consistent initial value. To show sufficiency, we return to the problem of finding
an appropriate canonical form, which can be derived on the basis of the Jordan
canonical form of a single matrix, see, e.g., [87].

Theorem 2.7. Let E, A € C"" and (E, A) be regular. Then, we have

N

where J is a matrix in Jordan canonical form and N is a nilpotent matrix also in
Jordan canonical form. Moreover, it is allowed that one or the other block is not
present.

Proof. Since (E, A) is regular, there exists a Ay € C with det(lgE — A) # 0
implying that AgE — A is nonsingular. Hence,

(E, A) ~ (E, A — hE + hoE)
~ (A= 2E) "E, I+ (A —AE)"'E).
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The next step i~s to transforn} (A — AE)~LE to Jordan canonical form. This is
given by diag(J, N), where J is nonsingular (i.e., the part belonging to the nonzero
eigenvalues) and N is a nilpotent, strictly upper triangular matrix. We obtain

(1T 0] [1+xl 0
(E. 4) ([o N][ 0 1+/\01\7D'

Because of the special form of N, the entry I +AoN is a nonsingular upper triangular
matrix. It follows that

L 0 J'+ a0l O
(E, 4) ([0 (1+A01\7)—11\7]’[ 0 1])

where (I + AgN)~'N is again a strictly upper triangular matrix and therefore
nilpotent. Transformation of the nontrivial entries to Jordan canonical form finally
yields (2.7) with the required block structure. O

With the help of (2.7), which is sometimes called Weierstraf3 canonical form,
we are now able to write down the solutions of (2.1) in the case of a regular matrix
pair explicitly. In particular, we utilize that (2.1) separates into two subproblems
when (E, A) is in canonical form. Denoting for both subproblems the unknown
function by x € C!(I, C") and the inhomogeneity by f € C(I, C"), we get for the
first subproblem

X =Jx+ f (@), (2.8)

which is a linear ordinary differential equation, while for the second subproblem
we obtain

Ni=x+ f(). 2.9)

Since initial value problems for linear ordinary differential equations are always
uniquely solvable for f € C(I, C"), see, e.g., [65], [106], we only need to consider
(2.9) in more detail.

Lemma 2.8. Consider (2.9) with f € C'(I,C"), n > 1. Let v be the index of
nilpotency of N, i.e., let N’ = 0 and NV~ £ 0. Then (2.9) has the unique solution

v—1
x=—Y NfO. (2.10)
i=0

Proof. One possibility to show that a solution must have the form (2.10) is to
separate (2.9) further into the single Jordan blocks and to solve then componentwise.
A simpler proof is given by the following formal approach. Let D be the linear
operator which maps a (continuously) differentiable function x to its derivative x.
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Then (2.9) becomes NDx = x+ f or (I —ND)x+ f = 0. Because N is nilpotent
and N and D commute (N is a constant factor), we obtain

oo v—1
x=—(I—=ND)'f==> (ND)'f==> N'f©

i=0 i=0
by using the Neumann series [87]. Inserting this into (2.9) gives

v—1 v—1

i=0 i=0
thus showing that (2.10) is indeed a solution. O

Looking at the result of Lemma 2.8, we can make two important observations.
First, the solution is unique without specifying initial values or, in other words, the
only possible initial condition at ty is given by the value of x from (2.10) at t.
Second, one must require that f is at least v times continuously differentiable to
guarantee that x is continuously differentiable. In this sense, the quantity v plays an
important role in the theory of regular linear differential-algebraic equations with
constant coefficients.

Definition 2.9. Consider a pair (E, A) of square matrices that is regular and has a
canonical form as in (2.7). The quantity v defined by N* = 0, N"~! #£ 0, i.e., by
the index of nilpotency of N in (2.7), if the nilpotent block in (2.7) is present and
by v = 0 if it is absent, is called the index of the matrix pair (E, A), denoted by
v =ind(E, A).

To justify this definition and the notation v = ind(E, A), we must show that v
does not depend on the special transformation to canonical form.

Lemma 2.10. Suppose that the pair (E, A) of square matrices has the two canonical

forms
I 0 Ji 0 -

where d;, i = 1,2, is the size of the block J;. Then di = dp and, furthermore,
NP =0and NJ™" # 0 ifand only if Ny = 0 and N}~ # 0.

Proof. For the characteristic polynomials of the two canonical forms, we have

pi(A) = det [“ N s N N_O_ ,} = (=" det(AI — J;).

Hence, p; is a polynomial of degree d;. Since the normal forms are strongly
equivalent, p; and p; can only differ by a constant factor according to the proof
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of Lemma 2.6. Thus, d; = d> and the block sizes in the canonical forms are the
same. Furthermore, from the strong equivalence of the canonical forms it follows
that there exist nonsingular matrices

_|Pu Po |91 Qn
P_[le Pzz] Q_|:Q21 sz]

partitioned conformably, such that
Py Pof|l O _ I 0lOQn Qn
Py Pn||0 N 0 Ni||Qa On

|:P11 P12i| |:Jz 0i|=[11 0i| |:Q11 Q12i|
Py Pp||0 I 0 I[|0xn 0QOn]

Thus, we obtain the relations

and

P11 = 011, PiuN>»= 012, P =N1021, PxNy=N102,

and

PiJy =001, Pr=J010Q1wn, Pulr=02n, Pn=0x».

From this, we get P,y = N;|P1J, and, by successive insertion of Py, finally
P>1 = 0 by the nilpotency of Ny. Therefore, P1; = Q11 and P»; = (»> must be
nonsingular. In particular, J; and J; as well as N; and N, must be similar. The
claim now follows, since the Jordan canonical forms of N; and N, consist of the
same nilpotent Jordan blocks. O

This result shows that the block sizes of a canonical form (2.7) and the index,
as defined in Definition 2.9, are characteristic values for a pair of square matrices
as well as for the associated linear differential-algebraic equation with constant
coefficients.

Remark 2.11. It would be much more elegant to use a different counting for the
index by taking it to be the smallest x > 0 such that N**! = 0. This would
allow a rigorous treatment of nilpotent endomorphisms ¢ of a vector space V.
With the usual definition, the case that V has zero dimension is not clearly defined.
Obviously, if V = {0}, then every endomorphism maps O to O and is therefore the
identity map, i.e., an isomorphism.

The zero matrix is the matrix that maps every vector to 0 and it is the matrix
representation of the endomorphism ¢: V. — V with ¢(v) = Oforall v € V.
Thus, for V = {0} the zero matrix equals the identity matrix.
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Using the usual convention that N 0is the identity matrix, and thus nonzero, im-
mediately leads to difficulties in the classical definition of the index of nilpotency v,

e.g., by
v = min{¢ € Ny | kernel N = kernel Ne},

since for V = {0} this would yield v = 0 although N is the zero matrix. See also
[74] for an extended discussion on properties of matrix representations of linear
mappings associated with zero dimensional vector spaces.

‘We can now summarize the above results.

Theorem 2.12. Let the pair (E, A) of square matrices be regular and let P and Q
be nonsingular matrices which transform (2.1) and (2.2) to Weierstraf3 canonical
form, i.e.,

PEQ:[(I) 1(3,} PAQ:[é (1)] Pf:[j;j (2.11)
and set

0 'x = [%1} . 0 'xo= [%"0} . (2.12)

X2 X2.0
Furthermore, let v = ind(E, A) and f € C"(I, C"). Then we have the following:

1. The differential-algebraic equation (2.1) is solvable.

2. An initial condition (2.2) is consistent if and only if
v—1 )
f20 ==Y N A" (w0).
i=0

In particular, the set of consistent initial values xg is nonempty.
3. Everyinitial value problem with consistent initial condition is uniquely solvable.
Example 2.13. Consider the differential-algebraic equation Ex = Ax + f(¢) with
0 0

1 1
0 , A=]| 0 1 ., fo=| -1
0 1 —t

0
E = 0

The solution is unique and given by x(¢) = [ 3t> #3 ¢ ]7 independent of an initial
condition.
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It remains to consider what happens if a given matrix pair (E, A) is not regular,
i.e., if the matrices are not square or the characteristic polynomial (2.6) vanishes
identically. In particular, we want to show that in this case the corresponding initial
value problem either has more than one solution or there are arbitrarily smooth
inhomogeneities for which there is no solution at all. With the well-known principle
for linear problems that two solutions of the inhomogeneous problem differ by a
solution of the homogeneous problem, this is equivalent to the following statement.

Theorem 2.14. Let E, A € C™" and suppose that (E, A) is a singular matrix pair.
1. If rank(LE — A) < nforall A € C, then the homogeneous initial value problem
Ex =Ax, x(to)=0 (2.13)

has a nontrivial solution.

2. If rank(L\E — A) = n for some . € C and hence m > n, then there exist
arbitrarily smooth inhomogeneities f for which the corresponding differential-
algebraic equation is not solvable.

Proof. For the first claim, suppose that rank(AE — A) < n for every A € C. Let

now A;, i = 1,...,n + 1, be pairwise different complex numbers. For every 1;,
we then have a v; € C" \ {0} with (\; E — A)v; = 0 and clearly the vectors v;,
i =1,...,n+ 1, are linearly dependent. Hence, there exist complex numbers «;,
i=1,...,n+ 1, not all of them being zero, such that

n+l1

Z ojv; = 0.
i=1

For the function x defined by

n+l
x(t) = Zaivieki(’_t‘)),
i=1
we then have x(ty) = 0 as well as

n+1 n+1
Ex(t) = ZaikiEvie)"'(’_tO) = ZaiAvie’\"(’_’O) = Ax(1).

i=1 i=1
Since x is not the zero function, it is a nontrivial solution of the homogeneous initial
value problem (2.13).

For the second claim, suppose that there exists a scalar A € C such that

rank(LE — A) = n. Since (E, A) is assumed to be singular, we have m > n.
With x (1) = €M %(t), we have

5(t) = ME(t) + M (1)
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such that (2.1) is transformed to
Ex=(A—AE)X +e ™ f(1).

Since A — ALE has full column rank, there exists a nonsingular matrix P € C"™"
such that this equation, multiplied from the left by P, gives

Evf: (I |/i@®
)=l [R0]
Obviously the pair (E7, I) is regular, implying that

EiX =i+ fi(t), (o) = %o

has a unique solution for every sufficiently smooth inhomogeneity f and for every
consistent initial value. But then

fr(t) = Exx(1)

is a consistency condition for the inhomogeneity f> that must hold for a solution
to exist. This immediately shows that there exist arbitrarily smooth functions f for
which this consistency condition is not satisfied. O

Example 2.15. Consider the differential-algebraic equation Ex = Ax + f(¢) with

0 1 1 0 N

E = 1|, A= o1, f=1| r

1 V!
We obtain X, = x1 + f1, X3 = f2, and x3 = — f3, independent of initial values.
For a solution to exist, we need f, = — f3. The solution is not unique, since any

continuously differentiable function x| can be chosen.

2.2 The Drazin inverse

In this and the following section, we discuss the question whether it is possible

to write down an explicit representation of the solutions of (2.1) in terms of the

original data E, A, and f. For convenience, we restrict ourselves to the case m = n

of square matrices E and A. The presentation follows the work of [42], [43].
Considering linear ordinary differential equations

X =Ax+ f(@), x(to) = xo,
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we have the well-known formula
t
x(t) = eAUT0) o + / A9 £ (s) ds (2.14)
0]

obtained by variation of constants. Let us first consider the special differential-al-
gebraic equation
Ex =x, x(ty) = xp. (2.15)

If E is nonsingular, then (2.14) yields
x(t) = e =0y

For general E, we apply the results of the previous section to obtain a solution.
Since (E, I) is a regular matrix pair, we can transform it to Weierstral} canonical
form (2.7). The easiest way to get this is to transform E to Jordan canonical form.

Let therefore
_ C 0
_ 1 _
E=7"'JT, J= |:0 N:| ,

where C is nonsingular and N is nilpotent. The differential-algebraic equation
(2.15) then becomes

I 0][&] _[c™' o][x x1(to) | _ [*1,0
0 N[|&]| | 0 I||x] [x@)]| |xo|
|:x1:| =Tx, |:X1,():| = Txog.

X2 X2,0

Applying Theorem 2.12 yields that x2 0 = 0 must hold for the initial condition to
be consistent and that the solution is then given by

|:x](t)i| _ [ec_l(’_“’) 0} [X1,0:|
x| 0 I]|x20]

cl o
D _
=% 1)

Tx(t) = eIy

with

Defining

we can write this as

Transforming back, we obtain

D
x(1) = eET U0y
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with

EP =T17'JPT. (2.16)
Comparing this formula with that for nonsingular E, we see that £~ is just replaced
by the matrix E”. Although E may in general be singular, there is a matrix that plays
the role of an inverse when looking for a solution formula of the above kind of differ-
ential-algebraic equations. In such situations, one speaks of so-called generalized
inverses, see, e.g., [56]. We will therefore first have a closer look at such inverses
before we return to solution formulas for differential-algebraic equations. Although
we have already defined the desired object, we shall start here with a different, more
algebraic definition of the same object.

Definition 2.16. Let E € C™". The quantity v = ind(E, I) as in Definition 2.9 is
called index (of nilpotency) of E and is denoted by v = ind E.

Definition 2.17. Let E € C'" have the index v. A matrix X € C*" satisfying

EX = XE, (2.17a)
XEX =X, (2.17b)
XEVH = Ev (2.17¢)

is called a Drazin inverse of E.

Remark 2.18. As we have already discussed in Remark 2.11, the usual index of
nilpotency is not rigorously defined in the case that E is a matrix representation
of the isomorphism ¢: {0} — {0}. Analogously, we have difficulties to define the
Drazin inverse of this matrix E. As an isomorphism between vector spaces, E is
invertible, actually the identity matrix, so the Drazin inverse of E should be E itself,
and clearly the three conditions (2.17a), (2.17b) and (2.17¢) hold. But the definition
based on (2.16) is ambiguous, since we must distinguish between zero and identity
blocks. Observe that in (2.17c) we again must use the convention that £ 0 is the
identity matrix and that the identity matrix is different from the zero matrix.

Theorem 2.19. Every E € C*" has one and only one Drazin inverse EP.

Proof. The matrix EP given in (2.16) satisfies the axioms (2.17), since
: . . I 0] [ch o .
v=1ind(E, I) =ind(J, I) = ind (|:0 N:|’ |: 0 I]) =ind(N, I),

implying that N¥ = 0 and N"~! # 0 according to Definition 2.9 and Defini-
tion 2.17. To show uniqueness, we suppose that X; and X» are two Drazin inverses
of E. Applying the axioms (2.17), we get

Xi=X1EX; ==XV EY = XU X, B = XVH EYPIX, = X EX)
=X BT X = X XS BT = XU EY = = X0EXy =X, O
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Lemma 2.20. For nonsingular E € C™", we have

EP =E!, (2.18)

and for arbitrary E € C*" and nonsingular T € C*", we have
(rT7'ET)P = T7'EPT. (2.19)
Proof. Both assertions follow by direct verification of the axioms (2.17). O

Lemma 2.21. Consider matrices E, A € C"" with EA = AE. Then we have

EAP = APE, (2.20a)
EPA = AEP, (2.20b)
EPAP = APEP, (2.20c)

Proof. Since EA = AE, for arbitrary A € C we have that
(M —E)A=XA—EA=)AA—AE = A(\I — E).
If A is not an eigenvalue of E, then the matrix A/ — E is nonsingular and we get
A=OI—E)'AQI — E).
With (2.19), it follows that
AP =1 — E)y'AP(1 - E)

or
(M — E)AP = AP(L1 — E),

hence (2.20a). By interchanging the roles of E and A, (2.20b) follows. Finally,
(2.20c) follows by replacing E by EP in the proof of (2.20a). O

Theorem 2.22. Let E € C"" with v = ind E. There is one and only one decom-
position

E=C+N (2.21)
with the properties

CN=NC=0, N'=0, N"'#£0, indC<1. (2.22)

In particular, the following statements hold:
CPN =0, NCP =0, (2.23a)
EP =CP, (2.23b)
CCPC =2, (2.23¢)
CPC = EPE, (2.23d)

C=EEPE, N=EU-EPE). (2.23e)
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Proof. We first show that the desired properties of the decomposition imply (2.23a)—
(2.23e) in the given order which finally gives an explicit representation of the desired
decomposition. Claim (2.23a) follows from

CP =cCPccP =cPcPc=ccPc?

and CN = NC =0 by application of Lemma 2.21. For (2.23b), we verify the
axioms (2.17) by

ECP =CCP+NCP =ccP =cPC=CPC+CPN=CPE
CPECP =CPCCP +CPNCP =CP,
CDEU+1 — CD(C + N)U-l—l — CD6U+1 — év — (Cv _|_ N)V
Since ind C < 1, we have CCPC = C and therefore (2.23c). With
EPE =CP(C +N)=CPcC,

we get (2.23d). Finally, we obtain (2.23e) by

C=CcCP?
N=E-

C=(E—-N)CPC=ECPC=EEPE,
C=E-EEPE=E(U - EPE),

which also shows the uniqueness of the desired decomposition of E.

To show the existence of such a decomposition, it suffices to verify that the
matrices C and N from (2.23¢) satisfy the properties (2.21), which is trivial, and
(2.22). For (2.22), we transform E again to Jordan canonical form. From

el _|Cc 0
E=T""JT, J—|:O I4E

with C nonsingular and ind N = v, we obtain
~  .oDp_o_1]C 0O][Cc7t 0o][C o0 c 0
C=EE"E=T |:0 N o ollo NT T" 0 OT’

G _pr_~_—2-1/0 0
N=E-C=T |:0 N]T’

and the required properties are obvious. O

Remark 2.23. One can show that a matrix £ € C™”" is an element of a group
G < C™" with matrix multiplication as the inner operation if and only if ind £ < 1.
The inverse of E in such a group G is exactly the Drazin inverse E. In this case,
one also speaks of the group inverse of E and denotes it by E¥, cp. Exercise 12.
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2.3 Explicit representation of solutions

In order to develop explicit representations for the solutions of (2.1) in terms of the
coefficient matrices £ and A and the inhomogeneity f, we first treat the special
case that E and A commute, i.e., that

EA = AE. (2.24)

According to Theorem 2.22, we take E = C + N with the properties of C and N
as given there. Note that due to Lemma 2.21 we always have that EPE = EEP.

Lemma 2.24. System (2.1) with the property (2.24) is equivalent (in the sense that
the solutions are in one-to-one correspondence) to the system

Cx1 = Ax1 + f1(0), (2.25a)
Niy = Axs + fo(1), (2.25b)
where
x1=EPEx, x,=U-EPE)x (2.26)
and
f=EPEf, fp=U-EPE)f (2.27)

Equation (2.25a) together with (2.26) is equivalent to the ordinary differential
equation
%1 = EPAx; + EP f1(0). (2.28)

Proof. Multiplying (2.1) in the form
(C 4 N)(1 +52) = Alx1 + x2) + f(0),

with CPC and utilizing (2.20) and (2.23), we obtain (2.25a) since
CPCA=EPEA=AEPE = ACPC. (2.29)

Subtracting (2.25a) from (2.1) immediately gives (2.25b). Conversely, adding both
parts of (2.25) gives (2.1), since

CEPEx+ N — EPE)x = EEPEx + E(I — EPE)x = Ex.

Multiplying (2.25a) by C? = EP and adding (I — CPC)x; = 0 yields (2.28),
while multiplying (2.28) by C and using (2.29) yields (2.25a). O

Note that the ordinary differential equation (2.28) has solutions x| with values
in range(EP E) as soon as the initial value x{ (o) lies in this space.

Since two solutions of a linear (inhomogeneous) problem differ by a solution
of the corresponding homogeneous problem, we start with analyzing the solution
set of homogeneous differential-algebraic equations.
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Lemma 2.25. Consider the differential-algebraic equation (2.1) with m = n and
suppose that (2.24) holds. For every v € C", the function x € C'(I, C") defined
by

x(t) = eE"MEP Ev (2.30)

is a solution of
Ex = Ax. (2.31)

Proof. Direct computation yields
Ei(t) — Ax(1) = EEP AeE" A EP Ey — AeE A EP Ey
— AE"AMEPEEP By — AEPAEP By — 0. O

The preceding lemma implies that there is a linear space of solutions of (2.31)
with dimension rank(EP E). In view of Theorem 2.14, we must require regularity
of the matrix pair (E, A) in order to show that there are no solutions different from
those of the form (2.30). In the case of commuting £ and A, we do this as follows.

Lemma 2.26. Let E, A € C*" satisfy (2.24) and
kernel E Nkernel A = {0}. (2.32)

Then, we have
(I — EPE)APA = - EPE). (2.33)

Proof. We again begin with a transformation of E to Jordan canonical form accord-
ing to
e |C O 1, _ |An An
T ET_[O N] T AT_|:A21 An |’
with C nonsingular and NV = 0, NV~! £ 0, where v = ind E. Since EA = AE,

we have
CAn CArp
NAy1 NAp

AnC AN
AC AnN |’

In particular, we see that Ay} = NAyCVand Aj = C'A;5N. Successive
insertion until the nilpotency of N can be utilized then shows that A>; = 0 and
A2 = 0. With this, we obtain

kernel E = {T[:j;] | v =0, Nvy =0},

kernel A = {T[z;] | A11v1 =0, Axpuvy = O},
or

kernel E Nkernel A = {T['] | vi =0, Nv, =0, Aypv, = 0}.

vl
v2
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The aim now is to show that (2.32) implies that Ay, is nonsingular. Suppose that
Ajpp is singular, i.e., suppose that there is a vector v # 0 with A»pv = 0. Since
NAy = AN, we have

AzzNZv = NZAzzv =0
and therefore
N € kernel A

for all £ € Ny. Since N is nilpotent, there exists an £ € Ny such that
Nv#£0, NFlw=0
and therefore
0#N v € kernel N N kernel A
in contradiction to (2.32). Hence, Aj; is nonsingular and we have

_ 00 _ AP A, O
lyy gD _ 14D _ 141
7' -EPE)T [0 1]’ T 'APAT [ A 1]

which implies (2.33). O

Note that for commuting matrices £ and A, condition (2.32) is equivalent to the
regularity of (E, A) in the sense of Definition 2.5, see Exercise 8.

Theorem 2.27. Let E, A € C"" satisfy (2.24) and (2.32). Then every solution
x € CY(I, C") of (2.31) has the form (2.30) for some v € C".

Proof. We write E as E = C + N according to Theorem 2.22. Using Lemma 2.21,
we obtain
AN = AE(I — EPE)=E( — EPE)A = NA.

Because of Lemma 2.26, we then get the implications

ANx =0 = APANx =0
= (I — EPEYAPANx =0
= (I —EPE)Nx =0
= Nx =0.
Let now x € C!(I, C") be a solution of (2.31) with the splitting x = x| + x»
according to Lemma 2.24. With v = ind E and f, = 0, we obtain from (2.25b)

that
0=N"%=N"1Ax; = AN" ",
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and therefore

NV_IXQ =0.
Differentiation yields
0= I\N/v_lfcz = I\N/v_zsz = ANU_sz,

hence N"2x, = 0. Successively applying this procedure finally yields Nx, = 0.
A further differentiation then gives Ax; = 0. Since x, = (I — E D Eyx, it follows
that

x2=(0—EPE)x, =( — EPE)APAx, =0

and therefore x = x;. But since x; solves the ordinary differential equation (2.28),
there exists a v € C" such that

D
x1(t) = eF Ay,

and hence b
x(t) = x1(t) = EPEx (1) = ¢ A EPEv. O

Lemma 2.25 and Theorem 2.27 describe the solutions of a homogeneous dif-
ferential-algebraic equation for the case that the coefficient matrices commute and
satisfy the regularity condition (2.32). As in the case of linear algebraic equations or
ordinary differential equations, we only need a single (so-called particular) solution
of the corresponding inhomogeneous problem to be able to describe all solutions.

Theorem 2.28. Let E, A € C"" satisfy (2.24) and (2.32). Furthermore, let f €
C"(I, C") with v = ind E and let ty € 1. Then, x € C'(I, C") defined by

t v—1
x(t) = / EPACIED f(s5)ds — (1 — EPE) Y (EAPY AP fO (1) (2.34)

0 i=0
is a particular solution of (2.1).

Proof. The representation (2.34) obviously corresponds to the splitting (2.25) with

t
x1(8) :/ eEDA(’_S)EDf(s) ds,
0]

v—1
x(t) = —(I — EPE) Z(EAD)iADf(i)(t).
i=0

Thus, we get

Exi(t) = EEPAx (1) + EEP f(t) = Ax1(t) + EEP f (1)
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and
v—1
Eiy(t) = —E(I — EPE) Y (EAP) AP f+D (1)
i=0
v—1
&
i=0
v—1
=—(I - EPE)APAY (EAP) D)
i=1
v—1
= —A(I = EPE)Y (EAPY AP fO(t) + (1 — EPE) f (1)
i=0
= Ax(t)+ (I — EPE) f(1),
where we have used (2.33) and (I — EPE)E” = 0. O

As usual in the theory of linear problems, we can merge the preceding two
theorems into the following statement.

Theorem 2.29. Let E, A € C™" satisfy (2.24) and (2.32). Furthermore, let f €

C’(I, C") with v = ind E and let ty € 1. Then every solution x € C'(I, C") of
(2.1) has the form

t
x(t) = CEPAU—10) gD By, +/ eEDA(’_S)EDf(s) ds
0]

- - (2.35)
— (I —EPE)Y (EAPY AP D)
i=0

for some v € C".

Corollary 2.30. Let the assumptions of Theorem 2.29 hold. The initial value prob-

lem consisting of (2.1) and (2.2) possesses a solution if and only if there exists a
v € C" with

v—1
xo=EPEv— (I — EPE)Y (EAPY AP £ O (1y). (2.36)
i=0

If this is the case, then the solution is unique.
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So far, we have required the coefficient matrices of the differential-algebraic
equation to commute. Using a nice trick due to Campbell (see [42]), the general
regular case (i.e., without (2.24)) can be easily reduced to the special case.

I:emma 231. Let E, A € C"" with (E, A) regular. Let A € C be chosen such that
AE — A is nonsingular. Then the matrices

E=0QE—-A7'E, A=QE-A"'A (2.37)
commute.

Proof. By construction, we have AE — A = I which directly yields that E and A
commute. O

Since the factor (AE — A) ™! represents a simple scaling of (2.1), results similar
to Theorem 2.29 and Corollary 2.30 hold for the general case provided that the
coefficient matrices form a regular matrix pair, cp. Exercise 9. We only need to
perform the replacements

E<~ ME—-AT'E, A< GQE—-A'A, f< QE-AT'f (238
in (2.35) and (2.36).

Remark 2.32. In Theorems 2.28 and 2.29, we have required that f € CV(I, C"*)
in order to guarantee that x € C'(I, C"). Looking closely at the proof of The-
orem 2.28, one recognizes that the v-th derivative of f actually does not appear
in Xx. One may therefore relax the smoothness requirements for f when one in
turn relaxes the smoothness requirements for a solution x of a differential-algebra-
ic equation as given in Definition 1.1. We will come back to this problem in the
case of generalized solutions and also in the case of linear equations with variable
coefficients.

Example 2.33. Consider the differential-algebraic equation 0 = x — |f|. The
function x given by x (¢) = [¢| satisfies this equation, but itis not a solution according
to Definition 1.1, since x is not differentiable at r = 0.

2.4 Generalized solutions

In Remark 2.32, we have noted that the smoothness requirements for the forcing
function f can be mildly relaxed if the solution is allowed to be less smooth. The
consistency conditions for the initial values, however, cannot be relaxed when con-
sidering classical solutions (i.e., solutions in the sense of Remark 2.32). Another
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route that one can take to remove consistency conditions and to relax smoothness
requirements is to allow generalized functions (or distributions), see [199], as solu-
tions of (2.1). For the analysis of differential-algebraic equations, this approach is
relatively recent. Several different directions can be followed that allow to include
nondifferentiable forcing functions f or non-consistent initial values. A very ele-
gant and completely algebraic approach was introduced in [96] to treat the problem
by using a particular class of distributions introduced first in [112] in the study of
control problems. We essentially follow this approach.

The physical relevance of treating non-differentiable forcing functions can be
seen best in the context of switches in electrical circuits.

Example 2.34. The discharging of a capacitor via a resistor, see Figure 2.1, can be
modeled by the system

X1 — X2
R =

where x1, x2, x3 denote the potentials in the different parts of the circuit. This
system can be reduced to the ordinary differential equation

x1—x3=u(), C(3—x2)+ 0, x3=0,

Let the input voltage u be defined by u(t) = ug > 0 fort < 0 and u(¢) = 0 for
t > 0. Thus, we want to study the behavior of the circuit when we close a switch

X1
07
R X2
u(t) .
C
o—%

Figure 2.1. Discharging a capacitor

between x; and x3. As initial condition, we take x>(0) = ug. The differential
equation can then be solved separately for + < 0 and # > 0. Since both parts can
be joined together to a continuous function, we may view x; defined by

ug fort <O,

xX2(t) =
2(1) upe /K¢ fort > 0.
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as solution everywhere in R. This procedure can be formalized for linear differen-
tial equations working with piecewise continuous inhomogeneities and continuous,
piecewise continuously differentiable solutions. Note, however, that such a solution
is not differentiable at points where the inhomogeneity jumps.

Example 2.35. A mathematical model for a differentiator, see Figure 2.2, is given
by the system

.. X3 —X
X1 — x4 =u(), C(x;—x2)+ 3R 220, x3=A(4—x2), x4=0.

Typical values for the constants are R = 10, C = 107%, and A = 10°. Again, we
want to study the behavior when the input voltage jumps. Assume that the ideal

o] | ~_ ¥
o
c x
u(t) . 3
A
O O
x4

Figure 2.2. An electronic differentiator

input profile is u(t) = 0 fort < O and u(¢) = 1 fort > 0. Approximating this u by

1
u(t) = E(tanh yt+ 1),

with successively larger y > 0 and taking consistent initial values at r = —1 with
x2(—1) = x3(—1) = x4(—1) = 0, we get solution profiles as shown in Figures 2.3
and 2.4. In particular, the component x3 exhibits an impulsive behavior. In the limit
A — oo (representing an ideal operational amplifier), the third model equation must
be replaced by x; = 0. In this case, the above system can be reduced to

x3 = —RCi(1).

Of course, for this equation there cannot exist a function as limit for increasing y .
Thus, in order to treat such problems we need solution spaces that are more general
than spaces of functions.

Let us recall a few important facts about generalized functions, see, e.g., [199].
Let D = C3°(R, C) be the set of infinitely differentiable functions with values in
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Figure 2.3. Behavior of a non-ideal differentiator — input profiles

C and compact support in R. We say that a sequence (¢; (t));eN converges to zero
in O and write ¢; — 0, if all functions vanish outside the same bounded interval
and the sequences (qbi(‘I))ieN of the g-th derivatives converge uniformly to zero for
all g € Ng. The elements of O are called rest functions.

Definition 2.36. A linear functional f on D, i.e., a mapping f: O — C with

flardr +azxn) = ay f(d1) +az f($2) (2.39)

for all @1, ap € C and ¢1, ¢ € D, is called a generalized function or distribution
if it is continuous in the sense that f(¢;) — 0 in C for all sequences (¢;);cn With
¢; — 01in D. We denote the space of all distributions acting on D by C.

For convenience, we also write ( f, ¢) instead of f(¢) in order to express the
bilinearity of the expression f(¢) according to (2.39) and

(a1 f1 + o2 2)(@) = a1 f1(P) + a2 f2(h) (2.40)
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Figure 2.4. Behavior of a non-ideal differentiator — output profiles

foralla;, a0 € C, f1, o € C,and ¢ € D.
Every locally Lebesgue integrable function f: R — C defines a distribution
by

(f. 9) =/Rf(t)¢>(t) dr. (2.41)

Distributions that are obtained in this way are called regular distributions. As
usual, we identify f with the associated distribution. Note that by definition two
distributions f, f, € C are equal if (f1, ¢) = (f2,¢) for all p € D. Even if
f1, f> are regular distributions (i.e., if they come from functions fi, f>: R — C),
this does not imply that fi(t) = f,(¢) for all + € R. This is due to the integral
involved in (2.41) that allows to alter the values of f|, f> on a set of measure zero.
In general, it therefore makes no sense to speak of values of distributions at some
point in R.

While (2.40) includes as special case the definition of the sum of two distri-
butions (in the usual way for mappings), there is no meaningful way to define
the product of two distributions unless one factor is infinitely often differentiable.
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Taking a € C*(R, C) and f € C, the definition
(af, ) = (fa, ¢) = (f,ap) forallp € D (2.42)

is straightforward.

In order to use distributions in the framework of differential-algebraic equati-
ons, we need derivatives and primitives of distributions. The g-th order derivative
f@, g € Ny, of a distribution f € € is defined by

(fD,¢) = (=DI(f, D) forallp € D. (2.43)

The so obtained functional f(@ is obviously linear. It can also be shown, see, e.g.
[199], that it is continuous without imposing any restriction on f. Hence, every
distribution has derivatives of arbitrary order in C. If f € C9(R, C) with classical
derivative f@, then the associated distributions f and f () satisfy (2.43) which is
nothing else than partial integration. Note that there are no boundary terms because
of the compact support of the test functions.

The Dirac delta distribution § is defined via

(6,¢) =¢(0) forallg € D. (2.44)

Since for given ¢ € O and sufficiently large f € R
A i i,
¢(0) = —(¢() — ¢(0)) = —¢(t)‘0 = —/0 ¢ (1) dt

_ —/0 () di = —/RHmS(r) di = —(H.$) = (H. ¢),

where
0 fort <0
H() = ’ 2.45
® {l fort > 0, ( )
is the Heaviside function, we find that § = H. We will also use the shifted versions
Hy, defined by Hy,(t) = H(t — tp) and &y, = H,,.
In order to define a primitive x € C for a distribution f € C, let us consider the
equation
x=f. (2.46)

We can rewrite this equation as

(,¢) = (x, —¢) = (f.¢) forall¢p € D. (2.47)

Thus, x is already defined for every ¢ € & which s the derivative of a test function,
i.e., for which there is a ¢ € D with ¢ = ¢. Note that for such a ¢

(1,g) = (1,¢) = —(0,¢) =0 (2.48)
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holds. In order to extend x to &, we introduce a test function ¢ for which

/ o1(t)dr = 1. (2.49)
R
Then, any test function i can be written in the form

v =Arp1+ 0, (2.50)

where A € C and ¢ is a test function which is the derivative of another test function.
Observing that (2.50) implies

(L) = A1, ¢1) + (1, 9},
and using (2.48) and (2.49), we see that A and ¢ must be given by

A=(Lv), o=v —(L,¥)¢. (2.51)
Indeed, we have (1, ¢) = 0 and the function ¢ defined by

t
¢(t)=/ @(s) ds (2.52)

—00

is a test function satisfying ¢ = ¢. Thus, we define a primitive x of f by

(x,9) = (x, 21+ o) = (L ¥)(x, d1) +(x, ) = (L, ¥)(x, 1) — (f, #). (2.53)

Since we have only extended the relation (2.47), it is clear that this x satisfies (2.46)
in the distributional sense. Of course, one must show that x is linear and continuous.
For details, see, e.g., [199], [219]. Again, if x is a primitive of f € C(R, C) in the
classical sense, then the same holds for the associated distributions.

If f = 0in (2.46), then a corresponding primitive x must satisfy

(x, ¥ = (L) (x, ¢1) = (¢, )

with ¢ = (x, ¢1). Hence, all primitives of f = 0 correspond to constant functions.
This also shows that (like in the classical case) two primitives of the same distribution
differ by a distribution which corresponds to a constant function. For arbitrary f
in (2.46), we get a special primitive x by

(. ¥) =—(f. ¢) (2.54)

requiring (x, ¢1) = 0 in (2.53) as kind of initial condition.
Note finally that all results carry over to vector valued problems with test spaces
of the form D" and corresponding distribution spaces C”, by using

n

(f )= (fir i) (2.55)

i=1
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for f=[f1 -~ ful" €C"andp =[¢1 --- ¢, 1" € D" Inaddition, we can
use multiplication by matrix functions in the form

(Ax, ¢) = (x, AT o) forall ¢ € D™, (2.56)

where A € C*®° (R, C™") and x € C".

Our motivation to use generalized solutions was the desire to treat initial condi-
tions that are inconsistent in the classical framework, but we are still faced with the
problem that we cannot assign a value at a point 7y € R to a distribution. In C”, it
makes therefore no sense to require a condition like (2.2). The idea now is to restrict
the considerations to a subset of " in such a way that we can speak of values at
some point. If we require (2.2), then a possible nonsmooth behavior of the solution
should be restricted to the point #9. Away from £y, the solution should be as smooth
as the solution in the classical sense. Thus, nonsmooth behavior of the solution may
occur due to inconsistent initial data or nonsmooth behavior of the inhomogeneity.
We will discuss both problems in what follows, assuming that nonsmooth behavior
only occurs at a single point. For simplicity, we assume without loss of generality
that this point is the origin. In the next chapter, we will discuss extensions to the
case when nonsmooth behavior appears at more than one point.

Let us begin with the definition of an appropriate subspace of C. For ease of
notation, we treat every function x: I — C, I € R, as being defined on R by
trivially extending it by zero, i.e., by setting x(¢) = 0 for ¢ & L.

Definition 2.37. A generalized function x € C is called impulsive smooth if it can
be written in the form

X =X_ + Xy + Ximp; (2.57)
where x_ € C®((—00,0],C), xy € C>([0, 0o), C) and the impulsive part Ximp

has the form
q

Ximp = » 8", ¢ €C.i=0,....q, (2.58)
i=0

with some g € Ny. The set of impulsive smooth distributions is denoted by Cjimp.

We state here without proof (for details see [219]) that the distributions of the
form (2.58) are exactly those distributions xjmp for which

(Ximp, ¢) =0 forall ¢ € O with supp¢p C R\ {0}
holds.
Lemma 2.38. Impulsive smooth distributions have the following properties:

1. A distribution x € Cimp uniquely determines the decomposition (2.57).
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2. With adistribution x € Cimp, we can assign a function value x(t) for everyt # 0
by
(1) = x_(t) fort <O,
x4(t) fort >0,

and limits
x(07) = lim x(¢), x(01) = lim x(¢).
t—0— t—0t

3. All derivatives and primitives of x € Cimp are again in Cimp.

4. The set Cimp is a (complex) vector space and closed under multiplication with
functions a € C*°(R, C). In particular, we have

q q-i
ax =ax_+axy+y Y (=D (7T)a?0)c;p 8¢ (2.59)
i=0 j=0
for x as in (2.57) with (2.58).
Proof. The proof is left as an exercise, cp. Exercise 14. O

With the obvious generalization of Cjy,p to vector valued problems, we can
again define the multiplication of an element x € Gi’l’np with a matrix function
A € C*®(R,C™"). Decomposing x according to (2.57) and (2.58), where we
replace C by C”, the distribution Ax € C" is given by

imp
q qii . . . . .
Ax = Ax_+Ax; + ) Z(—l)l(fj+.’)A<J>(0)c,-+,~5<'>. (2.60)
i=0 j=0
Finally, we introduce a measure for the smoothness of impulsive smooth distri-
butions. Note that we use the typical rules for calculations that involve +o0.

Definition 2.39. Let the impulsive part of x € G _ have the form

imp

q
Ximp = Y 8", ¢ €C’i=0,....q. (2.61)
i=0
The impulse order of x is defined as iord x = —g — 2 if x can be associated with
a continuous function, where ¢ with 0 < g < oo is the largest integer such that
x € C4(R, C). Itis defined as iord x = —1 if x can be associated with a function
that is continuous everywhere except at t = 0 and it is defined as

iordx =max{i e Ng |[0<i <gq, ¢; #0}

otherwise.
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Lemma 2.40. Let x € C' _and A € C®(R, C™"). Then

imp
iord Ax < iordx
with equality for m = n and A(0) invertible.

Proof. The claim is a direct consequence of (2.60). O

With these preliminaries, we have the following characterization of generalized
solutions of ordinary differential equations

X=AWMx+ f, (2.62)

with f € Gi’;np and A € C*®°(R, C™"). For details and extended results, see, e.g.,
[180].

Theorem 2.41. Let A € C®(R,C"™") and let f € Gﬁnp have impulse order
iord f = q € Z U {—o0}. Furthermore, let ty € R\ {0} and xy € C". Then, we
have the following:

1. All generalized solutions of (2.62) are in Gﬁnp and have impulse order g — 1.

2. There exists a unique solution of (2.62) in Gi”mp

conditions

satisfying one of the initial

x(19) =x0, x(07) =xo, x(07)=uxo. (2.63)
Proof. Let M € C*°(R, C™") be the (unique) solution of the fundamental system
M=A0OM, M@ =I.

Then M (¢) is invertible for all # € R. With M~ defined pointwise by M 1) =
M (1)~ !, it follows that x € C” solves (2.62) if and only if 7 = M~'x € @" solves
;=g=M7"f ie., zis a primitive of g. Since f € Gﬁnp, then also g € Gﬁnp
with the same impulse order according to Lemma 2.40.

Consider the decomposition g = g4 + g— + gimp, Where gimp = Y 1o ¢i8®
with¢; € C",i =0,...,q, and ¢4 # 0, using the convention that gy, = 0 for
g < 0. A primitive of g then has the form

t g-1
z=c+ / (8—(8) + g () ds +coH + Y _ cir18?,
1o i=0
with some ¢ € C". Hence, every primitive z of g has impulse order ¢ — 1 and so
every solution x = Mz of (2.62). This finishes the proof of the first part.

To prove the second part, we must show that the transformed initial conditions
z(tg) = z0, 2(07) = 20, and z(0™) = z¢ fix the constant in the representation of z.
But this is obvious due to z(#y) = ¢ + cg H (fp) in the first case and (setting formally
to = 0) due to z(0™) = c and z(0T) = ¢ + ¢¢ otherwise. O
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This result gives a useful generalization of the classical solution theory for linear
ordinary differential equations, since it allows discontinuous or even generalized
forcing functions f, while still the uniqueness of solutions for the initial value
problems is retained.

Now we return to differential-algebraic equations

Ei = Ax + f, (2.64)

with a given f € @i”n’qp and we assume that an initial condition of one of the forms

(2.63) is given. Since we can decompose f = f_ + fi + fimp, We also consider
the differential-algebraic systems

Ex=Ax+ f_, t € (—00,0] (2.65)
and

Ei=Ax+ fy, te[0,00). (2.66)

Note that f— € C*®((—o0, 0], C"™) and f+ € C*°([0, oo0), C™), hence it makes
sense to consider initial values for (2.65) and (2.66) at o = 0.
We have the immediate extension of Theorem 2.41.

Theorem 2.42. Consider system (2.64) and assume that m = n and that the pair
(E, A) is regular with index v = ind(E, A). Assume further that iord f = q €
7. U {—o0}. Then, we have the following:

1. All generalized solutions of (2.64) are in Gﬁnp and have impulse order at most
qg+v—1

2. If to # 0 and xq is consistent for (2.65) or (2.66) respectively, then the initial

value problem (2.64) together with x(tg) = xq has a unique solution in Gi’:np.

3. If ty = 0 and xq is consistent for (2.65) or (2.66) respectively, then the initial
value problem (2.64) together with x(07) = xo or x(07) = xq respectively, has
a unique solution in C!!

imp*

Proof. The proof follows immediately by transforming (E, A) to Weierstral3 canon-
ical form (2.7) and then considering the different parts in the distributional sense.
We obtain the two distributional systems

x1=Jx1+ N (2.67)
and

Nxy =x3+ fo. (2.68)
The initial condition transforms analogously as

x1(tp) = x1,0, x2(tp) = x2,0.



2.4 Generalized solutions 43

For (2.67), we can apply Theorem 2.41 and obtain directly all assertions.

For the analysis of (2.68), we use the decomposition f2 = f2 — + f2, + + f2,imp-
Applying the construction in Lemma 2.8, we obtain that this part has the unique
solution

v—1
w2 = =Y N+ L%+ Fri): (2.69)
i=0

Hence, x, is impulsive smooth and the impulse order is at most ¢ + v — 1. Thus,
the first part of the assertion follows.
To prove the second part, observe that consistency of xo implies that xp 0 =
x3(tp), 1.e., the initial condition does not contradict the only possible solution x;.
The third part follows analogously. O

We see from this theorem that for a regular matrix pair and consistent initial
values, we have in principle the same existence and uniqueness result for distribu-
tional forcing terms as in the classical case. The only difference is that we have no
smoothness restriction for the inhomogeneity. But up to now, we have not addressed
the problem of inconsistent initial conditions. Suppose that (2.64) is given together
with x? € C%°((—o0, 0], C") to indicate how the system has behaved until r = 0.
The initial condition x (07) = x( with xo = x° (0), however, may not be consistent
for (2.65). Setting

fo=Ex% — Ax° (2.70)

forces x? to be a solution for the part (2.65), thus making the initial condition
consistent. The problem under consideration therefore should be

Ex =Ax+ f, x_=x", (2.71)
where f = f_ + fi + fimp and f_ satisfies (2.70).
Theorem 2.43. Let (E, A) be regular with index v = ind(E, A). Let x° ¢
C®((—00,0],C") be given and let f = f_ + fi + fimp € Gﬁnp, where f_
satisfies (2.70). Then the following statements hold:

1. The problem (2.71) has a unique solution x € @ﬁnp withiord x <iord f+v—1.

2. Letx = x_~+Xx4+Ximp be the unique solution of (2.71)and f = f_+ f1+ fimp-
Then X = x4 + Ximp is the unique solution of

EX = AX+ f + Ex¢8, i_ =0, (2.72)

where xg = x°(0) and f = fi + Simp-



44 2 Linear differential-algebraic equations with constant coefficients

Proof. The first part immediately follows from Theorem 2.42. For the second part,
we observe that x = ¥ + x_. Since

%= g A g+ Fimp + (14(0) — x_(0))8, ¥ = Xy + Fimp + x4 (0)3,
(2.71) is equivalent to
EG+i —x_(008)=AG+x)+ f, i.=0,
hence to (2.72) due to (2.70). O

Remark 2.44. Within the framework of distributions, inconsistent initial conditions
can be treated by changing the inhomogeneity to make the system satisfy a given
history. The second claim of Theorem 2.43 shows that the impulsive behavior and
the future smooth development of the system do not depend on the whole history but
only on the (possibly inconsistent) initial condition. In this sense, problem (2.72)
is the adequate form to treat inconsistent initial conditions. Observe that the initial
condition does not appear as it is stated in the classical formulation (we cannot
specify values of distributions) but as part of the inhomogeneity. The physical
relevance of the solution x (or equivalently x) follows from the following property.

The inhomogeneity f € @ﬁnp can be represented as

f= lim f,
£— 00

where fy € C°(R,C") and f(t) = f¢(¢) for all + € R with |¢| > 1/£. Here the
limit is meant to be taken in C”, i.e.,

(f,¢) = lim (f;, ¢) forallg € D"
{— 00
Let x¢ be the (classical) solution of
Ex = Ax+ fi(t), x(—1/0)=x"(=1/0).
Then
x = Klggo x¢ € Ciyp

is the unique solution of (2.71). Hence, the generalized solution can be seen as limit
of (classical) solutions by “smearing out”” nonsmooth behavior of the inhomogene-
ity. For more details, see [180].

Example 2.45. If wesetu = ug(1— H) in the mathematical model of Example 2.34,
we get the differential-algebraic equation

. . X1 — X2
x1—x3=uo(l—H), Cx3—x2)+ R =0, x3=0,
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which hasindex v = 1. Sinceiord f = —1, Theorem 2.42 yields that all solutions x
satisfy iord x < —1. Hence, they can be associated with functions. The initial
condition x(07) = [ug ug 0]7 is consistent such that there exists a unique solution
of the corresponding initial value problem. Indeed, this is given by the distributions
corresponding to

ug fort <O,

x1(1) = uo( (), xa2(t) uoe~"/RC fort > 0,

x3(t) =0.

In this way, we have shown that there is a mathematically rigorous argument that
x3 solves the differential equation given in Example 2.34, although it is not differ-
entiable for + = 0.

Example 2.46. For u = H and A — oo, the model equations of Example 2.35
take the form
X3 — X2

x1—x4=H, C(x1—2x)+ R =0, x=0, x4=0.

This is a differential-algebraic equation with index v = 2 and iord f = —1. Since
the initial value x (—1) = 0 is consistent, Theorem 2.42 guarantees that there exists
a unique solution x with iord x < 0. Indeed, we find

x=[H 0 —RCs 01"

and Figures 2.3 and 2.4 nicely demonstrate the possible limiting behavior when we
use smooth approximations to the inhomogeneity, cp. Remark 2.44.

In the case of singular matrix pairs, the analysis can be carried out as in the
classical case. Indeed, we obtain the same results as in Theorem 2.14.

Theorem 2.47. Let (E, A) with E, A € C™" be a singular pair of matrices.

1. If rank(AE — A) < n for all A € C, then the distributional version of the
homogeneous initial value problem

Ex=Ax, x°=0 (2.73)

has a nontrivial solution in Gi"mp.

2. If rank(AE — A) = n for some . € C and hence m > n, then there exist
arbitrarily smooth forcing functions f in Gi’fnp such that (2.64) does not have a

. L a
generalized solution in Gimp.

Proof. The proof of Theorem 2.14 works verbatim in the case of distributions. O
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The formulation (2.72) of an initial value problem suggests that for sufficiently
smooth f the smoothness of X will depend on the initial condition. We therefore
assume now that in the (possibly nonsquare) problem

Ex =Ax+ f+ Exos, x-=0 (2.74)
the distribution f € C’i’:’np has iord f < —1 and satisfies f— = 0.
Definition 2.48. Let f € C be given with f_ = 0 and iord f < —1. We say

imp
that xo € C" is weakly consistent with f if there exists a solution x € Gﬁnp of (2.74)

with iord x < —1. We say that xq is consistent with f if xq is weakly consistent

with f and there exists a solution x € Gﬁnp of (2.74) satisfying x(0™) = xo.
We have the following theorem which is a reformulation of a result in [96].

Theorem 2.49. Let the concatenated matrix [ E A in (2.74) have full row rank and
let f € C" be given with f_ = 0 and iord f < —1. Then we have the following

imp
characterizations:

1. All vectors xo € C" are consistent with f if and only if

range E = C". (2.75)

2. All vectors xo € C" are weakly consistent with f if and only if

range E + Akernel E = C™. (2.76)

Proof. For the first part, suppose that all vectors in C”" are consistent and that there
exists a nonzero z € C” such that z// E = 0. Then (2.74) implies that

0=z"Axo+ " F(0h)

for a corresponding solution x. Since this must hold for all xg € C", we get
zZ#A =0and [ E A ] cannot have full row rank. For the reverse direction, assume
that range £ = C™. Without loss of generality, we may assume that £ = [ I, 0]

and that
X1 X1,0
A=A A, x= , Xxo= ’
R i R

are partitioned accordingly. We then obtain the system
X1 =A1x1 + Axxo + f 4+ x1,06.

If we choose xo = Hxj, then the inhomogeneity of this differential equation
satisfies
iord(Azx2 + f 4+ x1,06) <0.
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Theorem 2.43 yields iordx; < —1 for the corresponding solution x;. Since
x1(0T) = x1.0 (cp. Exercise 15) and x2(0") = x50, we have that xq is consis-
tent.

For the second part, we may assume without loss of generality that the system
has the form

I Of|x1| _|Ann An||x il I 0f|x10
o ol =an AR la]+[R)+1o oLl

The statement to prove is then that all vectors xo € C" are weakly consistent
with f if and only if Aj; has full row rank. Suppose that Ay does not have full
row rank. Then there exists a nonzero vector z such that z7 A», = 0 and thus
0= zHAzlxl,o + sz2 for all x1,0. But then Ay = 0and [ E A ] cannot
have full row rank. For the other direction, let xj o, x2,0 be given. Let A;‘z be
the Moore—Penrose pseudoinverse of Ay, see, e.g., [56] or Section 3.4. Then, the
distribution
x2 = —AJ,(Anix1 + f1)

solves the second block equation for any given distribution x1, since AzzAzr2 =1
due to the full row rank of Ay. Moreover, iord x, < max{iord x1, —1}. For x1, it
remains to solve

%1 = (A1 — ApALAa)x1 + (fi — AinAL, fr) +x1,08.

By Theorem 2.43, it follows that iord x; < —1. Thus, the corresponding xp is
weakly consistent. Note here that x1(0") = X1,0 but

x(01) = =A% (Azixi 0+ £1OT))
may be different from x; o. O

Remark 2.50. If (E, A) forms a regular matrix pair, then condition (2.76) in The-
orem 2.49 means that the pair has v = ind(E, A) < 1. For a singular pair under the
assumption that [ £ A ] has full row rank, this condition means that all the nilpotent
blocks in the Kronecker canonical form have dimension less than or equal to one,
i.e., the index of the regular part is less than or equal to one.

We see from Theorem 2.49 that the consistency of initial values still represents
a restriction if we want a regular distribution as solution, i.e., a solution that can
be associated with a function. Thus, as noted in Remark 2.32, we can relax the
smoothness requirements for f, but not the consistency requirements for the initial
values. On the other hand, the second part of Theorem 2.49 shows that for the
case of systems with a regular part of index less than or equal to one, generalized
solutions exist that can be associated with functions, regardless of the choice of
initial conditions.
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Example 2.51. Consider the system in distributional form

R A R A R R B

with f_ = 0. Note that this differential-algebraic equation has index v = 1.
Requiring that x_ = 0, we obtain x» = — f> and x solves X1 = x1 + f1 + x1,06.
Ifiord f < —1, then both components can be associated with functions, regardless
of the choice of the initial condition. Thus, Remark 2.50 says that all vectors xq are
weakly consistent in this case.

If we take the differential-algebraic equation from Example 2.46, then the cor-
responding system (2.74) reads

. . X3 — X2
x1—x4=H, Cx—x2)+

=C(x1,0 —x20)8, x =0, x4=0.
The unique solution satisfying x_ = 0 is given by
x=[H 0 RC(x1.0—x20— 18 0]7.

Thus, we have X, = 0 if and only if x; 90 — x2,0 = 1. In particular, for this
differential-algebraic equation with v = 2 the set of weakly consistent values xg is
restricted.

2.5 Control problems

Linear control problems with constant coefficients (sometimes also called descriptor
systems) have the form

EXx = Ax + Bu+ f(1), (2.77a)
y=Cx+ g(t), (2.77b)

with E, A € C™", B e C"™!,C e CP", f € C(I,C™) and g € C(I, CP). Here, x
represents the state, u the input or control, and y the output of the system. Typically,
one also has an initial condition of the form (2.2). The distinction between x and y
naturally occurs in applications, since we cannot expect that all quantities necessary
to model a physical system can be measured.

Example 2.52. Consider a simple RLC electrical circuit shown in Figure 2.5,
cp. [67]. The voltage source vg is the control input, R, L, and C are the resistance,
inductance and capacitance, respectively. The corresponding voltage drops are
denoted by vg, vy, and vc, respectively, and / denotes the current.
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R L
@ —vg ve
] C

Figure 2.5. A simple RLC circuit

Applying Kirchhoff’s laws, we obtain the following circuit equation.

L 0o 0|[1F 0 10 0][1 0
00 colloz| |1 00 0||u 0
000 0||lic|=|=r 00 1|]ve|T] 0]
00 0 0f]ig 0 1 1 1]/|ve —1

If we measure the voltage at the capacitor as output, we also have the output equation

I
y=[00107|"
vc
UR

The general theory of control problems for differential-algebraic systems is still
a very active research area. For this reason, we discuss only topics that are related
directly to the theory of existence, uniqueness and regularization by feedback. For
a general behavior approach and its analytical treatment, see [167].

We begin with two major properties of the system, namely consistency and
regularity.

Definition 2.53. A control problem of the form (2.77) is called consistent, if there
exists an input function u, for which the resulting differential-algebraic equation is
solvable.

It is called regular, if for every sufficiently smooth input function u and inho-
mogeneity f the corresponding differential-algebraic equation is solvable and the
solution is unique for every consistent initial value.

Animmediate consequence of Theorem 2.12 is the following sufficient condition
for consistency and regularity of control problems.
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Corollary 2.54. If the pair (E, A) of square matrices is regular, then the control
problem (2.77) is consistent and regular.

Proof. Taking the control u = 0, we obtain from Theorem 2.12 that the system
is solvable and hence we have consistency. The regularity follows trivially by
Theorem 2.12. O

Applying Theorem 2.14, we can show that regularity of (2.77) is equivalent to
regularity of the matrix pair (E, A) as in the case of differential-algebraic equations.

Corollary 2.55. If (E, A) with E, A € C"™" is a singular matrix pair, then (2.77)
is not regular.

Proof. If rank(AE — A) < n for all A € C, then we choose u = 0 and f = 0.
Following the first part of Theorem 2.14, the resulting homogeneous differential-
algebraic equation Ex = Ax together with x (f9) has more than one solution.

If rank(LE — A) = n for some A € C and hence m > n, then we again choose
u = 0. The second part of Theorem 2.14 then yields that there exist arbitrarily
smooth inhomogeneities f for which the resulting differential-algebraic equation
is not solvable.

Hence, in both cases, system (2.77) is not regular. O

We have thus shown that the characterization of regularity can be obtained anal-
ogously to the analysis of the differential-algebraic equation. In the control context,
however, it is possible to modify system properties using feedbacks. Possible feed-
backs are proportional state feedback

u=Fx+w (2.78)
and proportional output feedback
u=Fy+w. (2.79)
If we apply these feedbacks, then we obtain the so-called closed loop systems
Ex=(A+ BF)x+Bw+ f(1) (2.80)

or
Ei=(A+BFC)x+ Bw+ f(t) + BFg(1), (2.81)

respectively. Thus, these feedbacks can be used to modify the system properties,
in particular to make non-regular systems regular or to change the index of the
system. This is important in realistic control applications, where the input function u
typically is discontinuous like in bang-bang control, see [16]. In such a situation
it is essential to choose a feedback so that the closed loop system is regular and of
index at most one. There exists a completely algebraic characterization when this
is possible.
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Theorem 2.56. Given a matrix quadruple (E, A, B, C) as in (2.77).

1. There exists an F € C'" such that the matrix pair (E, A+ BF) is regular and
of index v = ind(E, A 4+ BF) at most one if and only if E, A are square and

rank [ E AT B]=n, (2.82)
where T is a matrix whose columns span kernel E.

2. There exists an F € CLP such that the matrix pair (E, A + BFC) is regular
and of index v = ind(E, A + BF C) at most one if and only if E, A are square
and (2.82) as well as

E

rank | ZHEA | =n (2.83)
C

hold, where Z is a matrix whose columns span kernel E H

Proof. Tt is clear that the system has to be square, since otherwise the closed loop
pair cannot be regular. Let P, QO € C™" be nonsingular matrices such that

I 0 A A B
PEQ:[(; o] PAQ:[A; AZ] PB:[B;], CO=[C G

Then condition (2.82) is equivalent to

rank [ Ay By ]l=n—r (2.84)
and condition (2.83) is equivalent to
rank [AZZ} =n—r (2.85)
6))

It is sufficient to prove only the second part, since the first part follows from the
second part for C = I. Following Exercise 3, the matrix pair (E, A + BFC)
is regular and of index at most one if and only if the matrices are square and
Ay + By F(C; is either not present or nonsingular. Let U, V be nonsingular with

1 |10
U A22V—|:O Oi|.

Setting

_ I 0f,
=yl o

we have Ay A,, Az = Ap, such that

A5, 0]TA
Ay + BoFCy=[ Ay Bz][ & F} [ CZ;]. (2.86)
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Suppose that there exists F' € Cl-P such that Ay + BoFC is nonsingular. Then
the factorization (2.86) of Ay + By F'C> immediately implies (2.84) and (2.85).
Conversely, let (2.84) and (2.85) hold. With the transformation of Ay by U, V we
obtain

Lo BT o0l o
rank (A2 + By FC,) = rank [o 0 El} 00 0|0 O
2o 0 F i (O

By similar transformations for Bz and C~'2, which have maximal rank due to (2.84)
and (2.85), we have that

I 0 0 O I 0

_ I 0 By Bppl|lo 0O 0 O 0 O

rank(Ax+ By FCy) = rank [0 0 I 0] 00 Fiy Follcy 1
00 Fy Fy|[Cx O

The choice F|; = I, Fjp = 0, F2; = 0, and F,; = 0, corresponding to a specific
choice of F, finally gives

rank(Az> + By FCy) = rank |:I +BuCn Bll:| =n-r.

Cii ! O
For further reading on control problems for differential-algebraic equations with
constant coefficients, we refer the reader to [67], [155], [167].

Bibliographical remarks

Linear constant coefficient systems are discussed in the textbooks [29], [42], [43],
[100], [105], [108]. Corresponding control problems are studied in [2], [67], [155].

The complete theoretical analysis follows already from the work of Weierstral3
[223], [224] and Kronecker [121] on canonical forms of matrix pairs under strong
equivalence transformations. The application to differential-algebraic systems can
be explicitly found already in the book of Gantmacher [88].

Later work on matrix pairs has taken many different directions. The main
interest came from pairs with structure [98], [212] and numerical methods [69],
[701, [77], [78], [216], [226]. The explicit solution formulas of Section 2.3 were
derived in [57]. Generalizations to the nonsquare case can be found in [41]. See
also [42], [43].

Although matrix pairs and also the theory of distributions were well established
in the mathematical literature, major developments in the context of distributional
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solutions are rather new. They started with the work of Cobb [64] and Verghese,
Levy, and Kailath [217] in linear control theory. The analysis was essentially
completed in the work of Geerts [96], [97], and Rabier and Rheinboldt [179], [180],
[182]. The presentation that we have given here is mostly based on this work.

The regularization via feedback for control problems associated with linear
differential-algebraic equations with constant coefficients has been studied in [33],
[34], [39], [132].

Exercises

1. Discuss the inhomogeneous differential-algebraic equations belonging to a block
diag(L,, My), e,n € Np, of the Kronecker canonical form with respect to solvabil-
ity and consistency of initial conditions and inhomogeneities.

2. Check whether the matrix pairs

1 1 0 1 0 0 2 -1 1 1 0 0
0O -1 1{,{0 1 -1 , 3 -2 2{(,]0 1 -1
0 0 O 0 -1 1 0 0 0 I -1 1

are regular or singular and determine their Kronecker canonical forms by elementary
row and column transformations.

3. Show that the matrix pair

(L Of [An A
en=([5 o[ az))
with E, A € C™" and r < min{m, n}, is regular and of index one if and only if Ay, is
square and nonsingular.

4. For A € C™", the matrix exponential is defined by

21

eA = Z;Al

i=0

(a) Show that the series is absolutely convergent.
(b) Show that T~ 1eAT = eT AT for nonsingular 7 € C™".
(c) For A, B € C™" with AB = BA, prove that eA18 = ¢4¢B and eA B = Be?.

(d) Show by counterexamples that the claims from (c) do not hold in general, when the
matrices do not commute.

5. Show that the solution of the initial value problem x = Ax, x(fy) = xo is given by
x(t) = eAU=0)xq. Use this result for variation of the constant to obtain an explicit
representation of the solution of the initial value problem x = Ax + f(¢), x(t)) = xo.
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. Determine the Drazin inverse E” and the corresponding decomposition E = C+N as

in (2.21) for
2 1 -1
E=(0 1 1
1 2 1|
and for _
1 0 1
E=]6 -6 6
8 —9 8]

7. Prove that ((EP)P)P = EP forall E € C™".

10.

11.

12.

13.

14.
15.

16.

. Let E, A € C™" satisfy EA = AE. Show that kernel E Nkernel A = {0} if and only if

(E, A) is a regular matrix pair. Also show that in this case ind(E, A) = ind E.

. Let E, A € C"" with (E, A) regular and v = ind(E, A). Furthermore, let % € Chbe

chosen such that LE — A is nonsingular. Show that
ind(lE — A)"'E) = v.
Let E, A and A be given as in Exercise 9 and let EA = AE. Show that
(GE—A'EY? = EPGE — A).

Let E, A and A be given as in Exercise 9 and let E=GE-A"'E,A=GE—A)A.
Show that ED(XE — AL AD(XE — AL EDE, EA~D, and ind E are independent
of A.

If ind E < 1, then the Drazin inverse EL of E is also called group inverse of E and
denoted by E*. Show that E € C"" is an element of a group G € C™" with respect to
matrix multiplication if and only if ind E < 1, and that the inverse of E in such a group
is just E*.

Let f € C(R, C) be given and suppose that there exists a closed interval I € R such
that f restricted to I is continuous and vanishes on the complement. Identify f with its
induced distribution. Show that

(f.¢)=0 forallg € D
implies that f(z) =0 forallt € R.

Prove Lemma 2.38 using Exercise 13.
LetA € C®[R,C™"), f € @i’l'np with f_ = 0andiord f < —1,andlet xog € C". Show
that
xX=AWx+ f+x08, x-=0
has a unique solution x that satisfies iord x < —1 and x(0™) = xo.
Analyze the system Ex = Ax + f + Exod, x— = 0 with

2 2 -1 -1 0 -1 1 0 38

1 1 -1 -1 0 -1 1 0 26
E= 00 -1 -1} A= 0o -1 2 1|’ /= §+H

0 0 O 0 0 0 1 1 H



17.
18.

19.

20.

21.
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(a) Characterize all the solutions for xo =[1 —1 1 0]7.

(b) Does there exist a generalized solution x with iord x < —1 for some x¢?

Show that condition (2.76) is invariant under (strong) equivalence transformations.

Analyze condition (2.76) for the different types of blocks in the Kronecker canonical
form.

Let a control problem (2.77) be given with a regular pair (E, A) and f = 0, g = 0.
Suppose that we have a periodic input u(r) = ¢!“'ug, where i is the imaginary unit and
o is the frequency. Show that if iw E — A is regular, then there exists a periodic output
of the system given by y(1) = W(iw)u(t). Determine the function W.

Consider the control problem

1 0 0 0][% 0 1 0 0][x 0
00 1 0ff&af_[1 00 0zl [0
000 0|]l&|= =1 00 1|]|xs o |
00 0 0] 0 1 1 1||x -1

with output

X1
_ x2
y=10010]7
X4

Check consistency and regularity for this system.

Consider the control problem of Exercise 20. Does there exist a proportional state or
output feedback that makes the closed loop system regular and of index at most one?



Chapter 3

Linear differential-algebraic equations with
variable coefficients

In this chapter, we discuss general linear differential-algebraic equations with vari-
able coefficients of the form

E@)x = A@)x + f(), 3.1)

where E, A € C(I, C™")and f € C(I, C™), again possibly together with an initial
condition
x(t9) = xo. 3.2)

3.1 Canonical forms

Comparing with the case of constant coefficients in Chapter 2, in view of Theo-
rem 2.12, an obvious idea in dealing with (3.1) for m = n would be to require
regularity of the matrix pair (E(¢), A(¢)) for all ¢ € 1. But, unfortunately, this does
not guarantee unique solvability of the initial value problem. Moreover, it turns out
that these two properties are completely independent of each other.

Example 3.1. Let E, A and f be given by
—t 12 -1 0 0

detLE(t) — A1) = (1 — A)(1 + Ar) + 2% =1,
the matrix pair (E(¢), A(t)) is regular for all # € I. A short computation shows

that x given by
1
x(0) = e(1) [1]

is a solution of the corresponding homogeneous initial value problem for every
c e C'(I, C) with ¢(tg) = 0. In particular, there exists more than one solution.

Example 3.2. Let E, A, and f be given by

o=} 2] wo=[3 i =[] =5

Since
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with f € C2(I, C?). Since
det(ME(t) — A(t)) = —At + At =0,

the matrix pair (E(t), A(t)) is singular for all ¢+ € I. With x = [2 ], we can write
the corresponding differential-algebraic equation as

0=—x1(0) +1x200) + f1 (1),  X1(1) — tx2(t) = f2(0).

The first equation gives x(¢t) = tx;(t) + f1(¢). Differentiating this equation and
inserting it into the second equation then gives the unique solution

x1(1) = 1f@) —tfi@®) + fi@), x0) = for) = [i@).

In this case therefore every initial value problem with consistent initial condition is
uniquely solvable.

The reason for this, at first sight, strange behavior is that the equivalence relation
(2.4) is not adequate for differential-algebraic equations with variable coefficients.
We must admit invertible, time-dependent transformations, which pass a differen-
tial-algebraic equation with variable coefficients into an equation of similar form.
Given matrix functions P and Q of appropriate size which are pointwise non-
singular, we can scale the equation by multiplying with P from the left and the
function x according to x = QX as in the case of constant coefficients. But to
determine the transformed equation, we must now differentiate x = QX according
to x = QX + QX. Thus, due to the product rule we get an additional term QX. In
particular, this means that we must consider a different kind of equivalence.

Definition 3.3. Two pairs (E;, A;), Ei, A; € CA,C™"), i = 1,2, of matrix
functions are called (globally) equivalent if there exist pointwise nonsingular matrix
functions P € C(I, C"™"™) and Q € C'(I, C*") such that

Ey=PE|Q, Ay=PAQ—PEQ (3.3)
as equality of functions. We again write (E1, A1) ~ (E», A3).
Lemma 3.4. The relation introduced in Definition 3.3 is an equivalence relation.

Proof. We show the three required properties.

Reflexivity: We have (E, A) ~ (E,A)by P = I,, and Q = I,.

Symmetry: From (Eq, A1) ~ (E2, Az), it follows that £y = PE|Q and Ay =
PA|Q — PE|Q with pointwise nonsingular matrix functions P and Q. Hence, we
have

Ey=P'E07", Ar=P A0 '+ P E07 007!
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by pointwise deﬁnition.of the inverse, and it follows that (E;, Ay) ~ (E1, A1),
since £ 01 = —0~1007L.

Transitivity: From (Eq, A1) ~ (E2, A2) and (E;, Az) ~ (E3, A3) it follows
that

Ey = PiE|Q1, Ay=PAQ|— PiE O,
Ey = PE2Q2, A3z = PA202 — P2E2Qo,

with pointwise nonsingular matrix functions P; and Q;, i = 1, 2. Substituting E3
and A; gives

Es= P,PIE10102, A3z= P,P1A1Q102 — P,PIEI(Q102 + 0102),
such that (E{, Ap) ~ (E3, A3). O

We see from Example 3.1 that regularity of the matrix pair (E(¢), A(t)) for fixed t
is not an invariant under global equivalence, since the pair of matrix functions is
equivalent to the singular pair of matrices

en= (o [0 0)

This raises the question what the relevant invariants under global equivalence are
and how a possible canonical form looks like. It turns out that it is very hard to treat
this question in full generality, since the matrix functions £ and A may depend in
a nonlinear way on ¢. Possible effects, even if the dependence is linear, can be seen
from the example 0 = rx + f(¢) of a scalar differential-algebraic equation. Here,
existence of a solution requires the necessary condition f(0) = 0. To exclude this
and similar effects, we impose additional conditions on the functions E and A. To
get a feeling how they must look like, we first consider the action of the equivalence
relation (3.3) at a fixed point ¢ € I. If we take into account that for given matrices
P, 0, and R of appropriate size, using Hermite interpolation, we can always find
(even polynomlal) matrix functions P and Q, such that at a given value t = 7 we
have P(f) = P, Q(f) = Q and Q(t) = R, we arrive at the following local version
of the equivalence relation (3.3).

Definition 3.5. Two pairs of matrices (E;, A;), E;j, A; € C"™",i = 1,2, are called
(locally) equivalent if there exist matrices P € C™™ and Q,R € C"", P, Q
nonsingular, such that

E,=PE|Q, Ay=PA Q- PE(R. (3.4)

Again, we write (E1, A1) ~ (E», A) and distinguish from the equivalence relation
in Definition 3.3 by the type of pairs (matrix or matrix function).
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Lemma 3.6. The relation introduced in Definition (3.5) is an equivalence relation.

Proof. The proof can be carried out along the lines of the proof of Lemma 3.4. The
details are left as an exercise, cp. Exercise 2. O

Note that we obtain the transformation (2.4) belonging to strong equivalence by
setting R = 0. Hence, there are more transformations available for local equiva-
lence to simplify a given matrix pair. We can therefore expect a simpler canonical
form compared with the Kronecker canonical form. For convenience, we say in the
following that a matrix is a basis of a vector space if this is valid for its columns.
We additionally use the convention that the only basis of the vector space {0} € C”
is given by the empty matrix @, o € C™ with the properties rank @, o = 0 and
det¥p,0 = 1. We usually omit the subscript. For a given matrix 7', we use the no-
tation 7’ to denote a matrix that completes T to a nonsingular matrix, i.e., [T T’ ]
constitutes a nonsingular matrix. This also applies to matrix functions. The prime
should not be confused with the notation of a derivative. The latter meaning will
only be used in Section 4.5 and in Section 5.1, where a special notation adapted to
the topic discussed there is introduced.

Theorem 3.7. Let E, A € C™" and introduce the following spaces and matrices:

T  basis of kernel E, (3.5a)
Z  basis of corange E = kernel EX (3.5b)
T’ basis of cokernel E = range EH, (3.5¢)
V  basis of corange(Z7 AT). (3.5d)
Then, the quantities
r =rank E, (rank) (3.6a)
a =rank(Z7 AT), (algebraic part) (3.6b)
s = rank(VHZHAT/), (strangeness) (3.6¢)
d=r—s, (differential part) (3.6d)
u=n-—r—a, (undetermined variables) (3.6e)
v=m-—r—a-—s, (vanishing equations) (3.61)

are invariant under (3.4), and (E, A) is (locally) equivalent to the canonical form

Iy, 0 0 O 0 0 0 Of\s
0 I, 0O 0 0 0 0]]d
0 0 0 0(,]0 O I, Of]a, 3.7
0 0 0O I, 0 0 Of]s
0 0 0O 0 0 0 Of/v
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where all diagonal blocks with the exception of the last one are square and the last
block column in both matrices has size u.

Proof. Let (E;, A;), i = 1,2, be equivalent. Since
rank E; = rank(P E{ Q) = rank Eq,

it follows that r is invariant. For a and s, we must first show that they do not depend
on a particular choice of the bases. Every change of the bases can be represented by

T=TMr, Z=2ZMz, T =T My, V=M;'VMy
with nonsingular matrices M7, Mz, M7/, My. From
rank(Z# AT) = rank(M% 2" AT M7) = rank(Z" AT)
and
rank(VAZH ATy = rank(MEVE M MY 77 AT M71) = rank(VH 27 AT'),

it then follows that ¢ and s are indeed well defined. Let now 73, Z5, Tz’, V> be bases
associated with (E», A»), i.e., let

rank(E>T>) = 0, TZH T, nonsingular, rank(TzH ) =n—r,
rank(ZfIEg) =0, Z{I Z> nonsingular, rank(ZzHZz) =m-—r,
rank(E2Ty) = r, TZ/HTZ/ nonsingular, rank(Tz’HTz/) =7,

rank(V4? Z A,T5) =0, V! V3 nonsingular,  rank(V4?V5) = &,

with k = dim corange(Zf A;T»). Inserting the equivalence relation (3.4) and
defining
T\=0n, zF=2z%p, 1/ =01, V=V,

we obtain the same relations for (E1, A1) with the matrices 77, Z1, and T{ . Hence,
T\, Zy, Tl’ are bases according to (3.5). Because of

k = dim corange(ZfAsz)
= dim corange(Z¥ PA|QT, — Z¥ PE|RT»)

= dim corange(ZfiAl 1)),
where we have used Z f{ E1 = 0, this also applies to V. With

rank (Z¥ Ay Ty) = rank(Z¥ PA1QT> — Z3 PE|RT>) = rank(Z1 A1 Ty)
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and

rank(Vy! Z¥ A, 1)) = rank(V! 7 PA, QT) — V! Z¥ PE|RT))
= rank(V{"Z{ A\ T)),

we finally get the invariance of a and s and therefore also of d, u, and v.

For the construction of the canonical form (3.7), let first Z’ be a basis of range E
and V' a basis of range(Z” AT). The matrices [T’ T ),[Z Z],[V' V ]are
then nonsingular. Moreover, Z' ET’ and similarly constructed matrices are also
nonsingular. With this, we obtain

'H ’ 'H ’ 'H
(E,A)~([Z ET o]’[z AT Z ATD

0 0 [ zHAT ZHAT
(| O 0 0
0 0|’ |ZHAT ZHAT
(L]0 07 [ 0 [0 0
~|l ofo o |.| vvFzHAT |1, ©
| 00 0 | VEZHAT | 0 0
F.|0 07 [ 0 [0 0
~ 0/0 0 |, 0 I, 0O
L 00 0 | [ VEZHAT |0 O
and finally (3.7) by a corresponding transformation of V7 ZH# AT’. O

Since the quantities defined in (3.6) are invariant under the local equivalence
relation (3.4), we call them local characteristic values in the following.

Remark 3.8. Theorem 3.7 remains valid if we only require 7’ to complete 7 to a
nonsingular matrix. This may not be important from the theoretical point of view
but may simplify computations done by hand, see, e.g., the proof of Theorem 3.30.

Proof. If [ T" T ] is nonsingular and T = TMy,then [T’ T ]is nonsingular if and
only if 7’ has the form
T' =T My + TRy

with nonsingular M7 and arbitrary R7. The critical relation
rank(VIZH AT = rank(VH ZH AT")

still holds, since V¥ ZH AT = 0. O
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For a pair (E(t), A(t)) of matrix functions we can compute the characteristic
values (3.6) for every selected ¢ € I. In this way, we obtain functions r, a, s: I —
Np of characteristic values. A possible simplifying assumption then would be to
require these functions to be constant on I, i.e., to require that the sizes of the blocks
in the canonical form (3.7) do not depend on ¢ € I. This restriction then allows for
the application of the following property of a matrix function of constant rank, see
also [157], [179]. We will discuss at a later stage (see Corollary 3.26) how far this
actually is a loss of generality.

Theorem 3.9. Let E € CY(I, C™"), £ € Ng U {oo}, with rank E(t) = r for all
t € I Then there exist pointwise unitary (and therefore nonsingular) functions
U e CYI,C"™™) and V € CY(I, C™"), such that

Hpo |20
U EV_[O J (3.8)

with pointwise nonsingular £ € C*(I, C"").

Proof.: We begin the proof with the case £ = 0. For this, let E € C°(I, C"™") with
rank E(t) = r forall t € .

Forf € 1, using the singular value decomposition, see, e.g., [99], there exist
U e cm.m. Ve Cnn unitary with

fHpas |20
UE(;)V_[O o]

and 3 € C"" nonsingular. If we define the matrix functions Ey, E13, E21, E2; by

En Elz]

UHEV =
[EZl En»

we have that E{{(f) = 3. Hence, E 11() is nonsingular and there ex1sts a (rela—
tively) open interval I cIwith7 e land E (t) nonsingular for all € I. Onl, we
therefore get

En Ep|_[I EjER]_ [L E;'En
Ey E E E 0 Eyp-—E)E'E
21 Ex 21 22 22 2E En2

by elementary row operations. Since rank E(¢) = r, we have

Ex» — E21E1_11E12 =0

ghey |t Pz
Eyy EnkE| Enn

such that
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We can then define
~ — _1 ~ ~ ~ ~
T=[ b;nElZ}, sz[ﬂ, V=[T T
n—r

and 5 ; y o
Z" =[—EnkEy! Lny), ZM=[1,0]1, U=[ZZ]

Obviously, U and V are continuous on [ and
~u | E1l E1p ~_ (0 0
uH - V= :
[E21 E21E111E12] |:0 E11:|
In the following considerations, we concentrate on V. The treatment of U will be
analogous.

Applying the Gram-Schmidt orthonormalization process to V., we get a point-
wise upper triangular R € CO(I, C™") such that

R R12j|

7 _ e i
VR_[TT]|:O R

is unitary. Setting

[T T 1=V[T T][R22 0 }

Ri2 Ry

the matrix function [ T T’ ] is continuous, pointwise unitary, and satisfies

Ry 0
Rz Rn

o [En En I —Ej'En][Rz 0
Ex EnEy'Enn]|o0 Iy—r Rz Ru

0 Eiy O||Rxn O _0 E11R»n 0
Eyi O|[Ri2 Rn E>iRyp 0O
Onﬁ.

Performing this construction for every f € I, we obtain a covering of I by
(relatively) open intervals. This covering contains a finite covering by open intervals

according to
N
1= J1;.
j=1

Without loss of generality, the covering is minimal, i.e.,

E[T T'1=EV[T 7"‘][

e, jkell,....N} = j=k
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Hence, we may assume that the intervals are ordered according to
I, =7, j=1,....N = 1; <t3,Tj <t forj <k

Since we have a covering,

;j>_tj+1, j=1,...,N—1
must hold. Thus, there exist points

tje(_tj+1,fj)=]ljﬂ]lj+1, j=1,...,N—1.

Together with I = [#g, 5], we then have intervals

]Ij:[tj_l,tj], jZl,...,N

with .
]IjCHj, j=1,...,N.

Recall that on every i j»J =1,..., N the above construction yields a pointwise
unitary matrix function V; € C 01 i, € with

EV,=[%; 0],

where X ; has pointwise full column rank . In a neighborhood of 71, we therefore
have pointwise unitary matrix functions

Vi=I[T/ ], Va=I[T, T»]

with
E(t)Ti(t) =0, E@)Tx(t1) =0.

Observing that
Vi) = Va) Vae) Vi) = Va1 Q,
where Q is obviously unitary, and using the block structure of V| and V,, we have

011 le}
021 On]|’

Since the columns of Ti(¢;) and 7>(¢;) form orthonormal bases of kernel E (1)
and the columns of Tl/ (t1) and Tz’ (t1) are orthogonal to kernel E(¢1), it follows that
Q12 = 0and Q>; = 0. Defining now a matrix function V on [fg, t2] via

[T{(t) Ti(t) 1= [To(t1) Ta(t1) ] [

f I
V) = Vi(t) ort e 1,
Vo(t)Q fort e I,
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we have
EV=EVi=[%2; 0] on I,
EV =EV,0=[2,011 0] onl.

Moreover, the matrix function V is pointwise unitary and continuous on [fy, £2].
Repeating this construction for #5, .. ., ty—1 finally gives a pointwise unitary V €
CO(IL, C™") with

EV =[Zy 0]

on I such that ¥y has pointwise full column rank r.
In the same way, we get a pointwise unitary U € C°(I, C""™) with

Hp- | 2ZU
o]

on [ such that Xy has pointwise full row rank r. Together this yields

[E’(J)V} =U"EV=[U"3%y 0].

Hence, we have that
¥ 0
H —
U"EV = |: 0 0:| ,
where ¥ € CO(I, C"") is pointwise nonsingular.
For £ € N U {oo} we proceed as follows. Given fg € I, there exist Uy € C™™
and Vy € C™" unitary with

% 0
Ug! Eto)Vo = [00 O}

such that o9 € C"" is nonsingular. Let Uy = [ Z) Zo]and Vo = [T Tp ].
Obviously,
S(t) = E(0)T}

has full column rank for all ¢ in a sufficiently small neighborhood of #y. Hence,
if IT denotes the (pointwise defined) orthogonal projection onto range £, we have

n=SsHs)"1s#

in this neighborhood. This local representation shows that IT is as smooth as S,
which in turn is as smooth as E, i.e., [T € CY(I, C™™). Recall that I1, as an
orthogonal projection, satisfies TTIT = IT and IT¥ = II.
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The initial value problem for the ordinary differential equation
W= I0ONe - DOIE)W, (3.9)

with initial value W (tp) = I,,, is known to have a unique solution W € cta, cmmy,
see, e.g., [65], [220]. Moreover, since

Lwhwy=wHtw+wHw
= WHII — A w + w11 — nrmw
= WH(IIII — [IIHW + WH (111 — IIIHW =0,

we have WHIW = I, and W is pointwise unitary. Since IT = ITIT + ITIT and
therefore ITTIIT = 0, we get

4(Mw) — (I — IIHIIW = W + OW — I[TIW + OITIw
= [IW + II(ITI1 — TIIH)W — [IIIW
= (IT1— I - IIHW = 0.

Thus, TTW also solves (3.9) but with respect to the initial value I1(#). Since W is
a fundamental solution, we immediately have

W = W (z).

Defining now
7' =Wz, Z=WZ
yieldsthat U = [ Z' Z ] = W[ Z, Zo ]is pointwise unitary with

Z'=WZy=WI)Zy=NWZ,=1Z,
Z=WZo=Wy — (o) Zo = (W —TIW)Zy = (I, — IDZ.

In particular, the columns of Z’ and Z form orthonormal bases of range E and
corange E, respectively, and are as smooth as E. By symmetry, the corresponding
claim holds for V = [ T’ T ] with similarly constructed 7" and T'. O

Corollary 3.10. If E € C(1, C™"), then suitable functions U = [ Z' Z ] and
V = [T T]in (3.8) can be obtained as solution of the ordinary differential
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equation
re\NH . T~/ \NH I
[Z (Tt)(t)g(t)] P = — Z'(t) g(t)T(t)]’
1 \H HT . 7/ \H 5 (1\H
[T (tZ)(tf?H(t) ]Z(t)z_ T'(1) EO(t) Z(t)]
. (3.10)
T [TOPT'@)
T/(t)H (t) - = i O )
HT . 7 (\H 7/
(20 ) g = - [P000],
with initial values
T(to) =To, T'(to) =Ty, Z(to) =Zo, Z'(t0) = Z, (3.11)

so that
/ H / 2:0 0 .
[Zy Zo1"E@)[Ty To 1= 0o ol X nonsingular.

In particular, suitable functions U and V can be determined numerically, provided
that E and E are available in form of implementable subroutines.

Proof. LetU =[Z' Z]land V = [T’ T ] be given according to Theorem 3.9. Then,
all matrix functions multiplying the derivatives on the left hand sides of (3.10) are
pointwise nonsingular. Moreover, we have

ENOT@) =0, EO"zZ@) =0, TOHT' t)=0, ZzO)"Z' 1) =0

for all # € 1. Hence, differentiation with respect to ¢ gives the first block of each
equation in (3.10). The other blocks of (3.10) consist of equations of the form

w®OEwW (@) = 0.

Note that a given matrix function W with pointwise orthonormal columns does not
necessarily satisfy this relation. Defining Q as solution of the (linear) initial value
problem

0=-WnWwmno, 0w =1,
we find that
L H0)=0"0+0"0=-0"Wilwo - 0"wHWwQ
=-—0HWHW +wHW)0 =-0" L(WHwW)0 =0
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and Q is pointwise unitary. Hence, the columns of Q and W Q both pointwise form
an orthonormal basis of the same space. Instead of WH# W = 0, the relation

WL wo)=o"wHwo+wQ) = 0wl wo-wwHwQ)=o.
holds. In particular, the other blocks of (3.10) only select a special renormalization

of the given U and V which does not change the property (3.8). O

Using Theorem 3.9, we can construct the following global canonical form for
the equivalence relation (3.3). Since we must satisfy R = Q in (3.4), we expect the
canonical form to be more complicated than the local canonical form (3.7). Note
that we use here the term canonical form in a way that differs from the terminology
of abstract algebra.

Theorem 3.11. Let E, A € C(I, C"™") be sufficiently smooth and suppose that
r)=r, a(t)=a, s{t)=s (3.12)

for the local characteristic values of (E(t), A(t)). Then, (E, A) is globally equiv-
alent to the canonical form

I, 0 0 O 0 Ap 0 Ap K
0 I; 0 O 0 0 0 Ay d
o o0 o o0|,]0 O I, O a (3.13)
0 0 0 O I, 0 0 O s
0O 0 0 O 0O 0 0 o0 v

All entries A;j are again matrix functions on I and the last block column in both
matrix functions of (3.13) has sizeu =n —s —d — a.

Proof. In the following, the word “new” on top of the equivalence operator denotes
that the indexing is adapted to the new block structure of the matrices such that
the same symbol can denote a different entry. Using Theorem 3.9, we obtain the
following sequence of equivalent pairs of matrix functions.

o] [An A
0] A1 Ax
0] [An A
0] A2z A2

N i o] [ A A1V _ I, 0[]0 0
i 0 ’_UlHAzl U1HA22V1 0 0|0 W

(E,A)N<

new
~

00 A [An A
00 ], Ax
00 A3z

I, O
0 O
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AuVa |Ann A I |
AnVs 1, O —
UZH A1 Vo| O

0
0
A1l A |Az A )

-

o ol
o olo
o oo

00
00
00

Ayl Ap | A A24
.| Azl An| I,

new

Z
I
oo
o o|lo
o o|lo
o o|lojloo

A |Aiz Al
Ax|Axz Any
Ap| I, O

new

Ax|Axz Ay

Ap|Aiz A |
Ap| I, O

I
O OO Ooloo s

o olo s~
<

A | Az A
Ax|Axz Ay

new

O OO O OO0 oSV oo oS olo o

A
A

O OO O OO0 OC O OO0 OO0 oololo0

O OO O OO0 OO0 o000 oo

[\S)

o ololoc o

o ololoc o

oSN ojlo ©
o

new

COOIT O ocoloio ColoT o oolo o o olo o

O OO O OIOOLY OO oOolooS

o ololo o
o olo|lo o
o SNo|lo o

[l e] Nl Ne)
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In the last step, Q7 is chosen as the solution of the initial value problem

02 =An(t)Q2, Qato) =14

on I. The unique solvability of such problems (see, e.g., [65]) ensures that Q> is
pointwise nonsingular. O

We now apply this result to the two examples from the beginning of this chapter.

Example 3.12. For Example 3.1, we immediately see that 7 = rank £ = 1 on L.
With the choice of bases

=l =i 2]
1 —t —t
we find that @ = rank(Z# AT) = 0 holds with V = [ 1 ] and therefore s =

rank(VAZH ATy = 1.

Example 3.13. For Example 3.2, we also have r = rank £ = 1 on I. With the

choice of bases
|t P |1
r=[i] m=[4) 2=[o)

we find that ¢ = rank(Z# AT) = 0 holds with V = [ 1] and therefore s =
rank(VAZHAT) = 1.

For the pairs of matrix functions of both examples, we obtain the same charac-
teristic values (r, a, s). This shows, that essential information must be hidden in
the matrix functions A2, A4, and Ay4 of (3.13). Writing down the differential-al-
gebraic equation associated with (3.13), we obtain

X1 =Ap®x2 + A)xs + f1(1), (3.14a)
X2 = Aoa(t)xsa + f2(1), (3.14b)
0=x3+ f3(2), (3.14¢)
0=x1+ fa(?), (3.144)
0= f5(1). (3.14e)

We recognize an algebraic equation (3.14c) for x3 (algebraic part) and a consis-
tency condition (3.14e) for the inhomogeneity (vanishing equations). Furthermore,
(3.14b) looks like a differential equation (differential part) with a possible free
choice in x4 (undetermined variables). The intrinsic problem, however, is the cou-
pling between the algebraic equation (3.14d) and the differential equation (3.14a)
for x1. The idea now is to differentiate (3.14d) in order to eliminate x; from (3.14a)
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which then becomes purely algebraic. This step of differentiating and eliminating
corresponds to passing from the pair (3.13) of matrix functions to the pair

0 0 00 0 Ap 0 Ay s
0 I 0 0 0 0 0 Axu d
o o0 00,0 O I, O a (3.15)
0 0 00 I, 0 0 O s
0 0 00 0 0 0 O v

Since the algebraic equation (3.14d) is preserved, we can reverse this procedure
by differentiating (3.14d) and adding it then to the new first equation. This also
shows that the solution set of the corresponding differential-algebraic equation is
not altered.

For the so obtained new pair (3.15) of matrix functions, we can again deter-
mine the corresponding characteristic values (r, a, s) and, if they are constant on
the whole interval I, transform it to global canonical form. But before we can
proceed in this way, we must show that the new values are characteristic for the
original problems. After all, it might happen that two different but equivalent global
canonical forms can lead to new pairs with different characteristic values.

Theorem 3.14. Assume that the pairs (E, A) and (E, A) of matrix functions are
(globally) equivalent and in global canonical form (3.13). Then the modified pairs
(Emod, Amod) and (Emod, Amod) obtained by passing from (3.13) to (3.15) are also
(globally) equivalent.

Proof. By assumption, there exist sufficiently smooth pointwise nonsingular matrix
functions P and Q, such that

PE =EQ, (3.162)
PA=AQ — EQ. (3.16b)
From (3.16a), we deduce

Py P 0 O O Qi 013 Q4

Py Pp 00 021 On 0 0xn

Py Pyp 0 Of = 0 0 0 o |,

Py Py 0 O 0 0 0 0

Psg Ps; 0 O 0 0 0 0

if we partition P, Q according to (3.13). With this, we obtain for the last three
block rows of (3.16b) that

Py 0 P33 0 031 O3 033 QO34
Py 0O Pi3z O0|=|Quu Q12 O 0
Psy 0 Ps3 O 0 0 0 0
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The matrix functions P and Q are therefore of the form

On O
021 O»
P = 0 0
0 0
0 0

In particular, the functions Q11, Q22, Q33, Q44, and Ps5 must be pointwise non-

Pr3
P>
033

0
0

Py
Py
031

O11
0

?5 011

> 021
Psl 2= 031
Pas Ou
Pss

0

02
0

O

singular. From the first two block rows of (3.16b), we then get

Arp
0

Thus, it follows that (E mod» A~mod) is equivalent to

0

Q22j|

O11
021

|

0
02

On
021

S O O O O

S O

o o &~

S O O o O

SO~ O o o

S o

o o &

S O O o O

e ol ol ==

SN O o o

Ay
Aoy

S~ O O O
o o o o
[ EEE— = W e e N e )

(=)

[AIZ A14][Q22 0]_
0 Axu||Q4 Qu
0 0 O
I; 0 O
0 0 0f,
0O 0 O
0 0 O
0 Ap 0 Ap
0 0 0 Ay
0 0 1, 0
I 0 0 0
0 0 0 0
Ap 0 Ap L 0 o0
0 0 A 0 O0»n O
0 1, 0
0 0 1,
0 0 0 0 0m 0
0 0 0
0 0
0 O»n
- 10 0
0 0
0 0

3 Linear differential-algebraic equations with variable coefficients

0
0

033
Ou43

0
On

|

0

S © O o O
S O © O

0
0
0

Quq

o)
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M 0 0 0
0 0» 0 of[h 0 b
~llo0 0o o0 o0 0 ,
0 0 00 0 0 la 0
0 —0,000% 0 0
0 0 0 0 44 22 44
[0 A 0 Ap 0 0 00 -
. I 0 0 0
0 0 0 Ay 0 O» 0 0 05 0:] N
0 0 L 0 |—]0 0 0 O0ffy 32 Lo
I, 0 0 0 0 0 00 1 ey
0 0 0 0 0 0 0 0]L0 7QuQnuln 0 Ol
0 0 0 0] 0 0 0
0 Q22 0 0 0 d —1 0 0
-0 0o 00 ar 9z
0 0 0
0 0 00 d -1 —1 d H-1
0 0 0 0 0 _E(Q44Q42Q22) 0 EQ44
0 0 0 0 0 A 0 Au
0 I; 0 0 0 X 0 Ay
~1lo o o of,|l0 0o 1, O
0 0 0 0 I, 0 0 0
0 0 0 0 0 0 0 0
with
— -1 d-ly_ _d o S
X = _(Q22Q22 + QZQEsz) = _E(QZZsz) =—1s=0. U

The statement of Theorem 3.14 allows for the following inductive procedure.
Starting from (Eg, Ag) = (E, A), we define asequence (E;, A;),i € Ny, of pairs of
matrix functions by transforming (E;, A;) to global canonical form (3.13) and then
passing to (3.15) to obtain (E;+1, A;j4+1). Observe that we must assume a constant
rank condition of the form (3.12) in every step of this procedure. Although (E, A)
does not uniquely determine the resulting pairs (E;, A;), Theorem 3.14 implies that
it uniquely determines a sequence of invariants (r;, a;, s;), which are characteristic
for (E, A), where (r;, a;, s;) denote the characteristic values of (E;, A;). The
relation r; 1 = r; —s;, which can directly be deduced by comparing the left matrices
in (3.13) and (3.15), guarantees that after a finite number of steps the strangeness s;
must vanish. If this is the case, the sequence (r;, a;, s;) becomes stationary because
the pairs (3.13) and (3.15) are then the same. The index when this happens is also
characteristic for the given pair (E, A).

Definition 3.15. Let (E, A) be a pair of sufficiently smooth matrix functions. Let
the sequence (r;, a;, s;), i € Np, be well defined. In particular, let (3.12) hold for
every entry (E;, A;) of the above sequence. Then, we call

1t =min{i € Ny | s; = 0) (3.17)
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the strangeness index of (E, A) and of (3.1). In the case that u = 0 we call (E, A)
and (3.1) strangeness-free.

Remark 3.16. In Section 3.2, we will show that the requirement that the sequence
(ri, ai, si), i € Np, is well defined in the whole interval I can be significantly
relaxed. This then immediately yields a new definition of the strangeness index
under some weaker assumptions.

We summarize the above discussion in the following theorem.

Theorem 3.17. Let the strangeness index . of (E, A) as in (3.17) be well defined
(i.e., let (3.12) hold for every entry (E;, A;) of the above sequence) and let f €
CH(I, C™). Then the differential-algebraic equation (3.1) is equivalent (in the
sense that there is a one-to-one correspondence between the solution spaces via a
pointwise nonsingular matrix function) to a differential-algebraic equation of the
form

x1=Ap®x3+ fit), d, (3.18a)
0=x2+4+ fo(1), au (3.18b)
0= f3(2), vy (3.18¢)

where A1z € C(I, C%"n) and the inhomogeneities f1, f>, f3 are determined by

f(O), . f(u)‘

Proof. By the above discussion, it follows that the pair (E,, A,,) is strangeness-free.
Thus, (3.13) reduces to three block rows and columns leading directly to (3.18).
Additionally, all transformations are reversible and do not change the structure of
the solution set in the described sense. O

Theorem 3.17 allows to read off the existence and uniqueness of solutions
of (3.1).

Corollary 3.18. Let the strangeness index p of (E, A) as in (3.17) be well defined
and let f € CHTI(I, C™). Then we have:

1. The problem (3.1) is solvable if and only if the v,, functional consistency condi-
tions

f3=0
are fulfilled.

2. Aninitial condition (3.2) is consistent if and only if in addition the a,, conditions
x2(to) = — f2(10)

are implied by (3.2).
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3. The corresponding initial value problem is uniquely solvable if and only if in
addition

u, =0
holds.

Observe that the stronger assumption on the smoothness of the inhomogeneity,
ie., that f € CATI(I, C™) rather than f € C*(I, C™), is only used to guarantee
that x; is continuously differentiable. The structure of (3.18), however, suggests that
it is sufficient to require only continuity for the parts x, and x3 of the solution. We
will examine this problem in more detail in the context of an operator formulation
of differential-algebraic equations, see Section 3.4.

Remark 3.19. Comparing Theorem 3.17 with Theorem 2.12 (the strangeness index
is trivially well defined for pairs of constant matrix functions), we can obviously
replace the condition of regularity for pair (E, A) by the condition

u, =0, v, =0, (3.19)

which automatically implies that m = n. Furthermore, p plays the role of v — 1.
Again, we must treat the case v = 0 separately.

Instead of actually performing the transition from (3.13) to (3.15), we can apply
all equivalence transformations to (E, A). The aim then would be to construct a
pair of matrix functions which is (globally) equivalent to (E, A) and from which
we can read off the whole sequence of characteristic values (r;, a;, s;) of (E, A).

Lemma 3.20. Let the strangeness index  of (E, A) as in (3.17) be well defined.
Let the process leading to Theorem 3.17 yield a sequence (E;, A;), i € Ny, with
characteristic values (r;, a;, s;, d;, u;, v;) according to (3.6) and

I, 0 0 0] o A% o A7\

0 I 00/ o o o AY|]| d
(E.A)~|]0 0 0 0|.|l0o o 1, O ai ., (3.20)

0 0 00| |, 0 0 O i

0 0 0 0 ()l 0 0 0 v;

where the last block column in both matrix functions has size u;. Defining

bo = ao, biy1 =rank A'), (3.21a)
co=ap+so, ciy1 =rank[ A AV, (3.21b)
wo = Vo, Witl = Vi1 — Vi, (3.21¢)
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we have
Tig1 =Tri — S, (3.22a)
aiv1 =a; +8i +biy1 =co+ -+ Cit1 — Sit1, (3.22b)
Si+1 = Ci+1 — bit1, (3.22¢)
dit1 =rit1 — Sit1 = di — Si+1, (3.22d)
Wil =S8 — Ci+1, (3.22¢)
Wip1 =ug — by —--- —biy1, (3.221)
Vigl =V +wy -+ wiyg. (3.22g)

Proof. The proof is left as an exercise, cp. Exercise 12. O

In the following, for convenience, we denote unspecified blocks in a matrix
by .

Theorem 3.21. Let the strangeness index i of (E, A) as in (3.17) be well defined.
Then, (E, A) is (globally) equivalent to a pair of the form

I, 0 W] [0 % 0
o o F|.lo o ol]. (3.23)
0 0 G| [0 o0 I,
with
0 F, * 0 G, *
F= R . G = R , (3.24)
R -
0 0

where F; and G; have sizes w; X ¢j—1 and c¢; X c;_1, respectively, with w;, ¢; as in
(3.21),and W = [0 x --- x]is partitioned accordingly. In particular, F; and G;
together have full row rank, i.e.,

rank I:g’i| =c¢i+w =si—1 <cCi—1. (3.25)
1

Proof. To start an induction argument, we first permute (3.13), such that the iden-

tities of the right matrix come into the bottom right corner. Additionally changing

the order of blocks and adapting the notation, we get

Iy, 00 0 Ap 0
0 0 U Ayl An 0
(£, 4) 0O 0 of’lo o0 o0
0 0 0 0 0 I
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with 00 =[1; O0]and co = ap + so. We therefore take as inductive assumption
that

Iy O * 0 Ap 0
EoiN 0 0 U Arx1 Ax 0
EH~EA=L oo E T o
0 0 G,‘ 0 0 Ia,'—i-\,
with
0 0 F * 0 0 G *
P = 0 0 O G = 0 0 O
F Gy
0 0 0 0 0 0
and 17,- =[1; 0 % ... %], partitioned accordingly.

In addition, the inductive assumption includes that the last block column of E i
would become zero if we performed the step from (3.13) to (3.15). Comparing with
(3.21), this gives b;11 = rank Az>. We must then carry out the equivalence trans-
formation that separates the corresponding null-spaces. It is sufficient to consider
the first two block rows only, because there will be no transformations acting on
the other block rows. Thus, we obtain

(|: ~:||:0 120:|>
U Azl‘Az‘O
0 ‘Alz A13‘O

, | A2 0 0 0
U2 A1l O I 0

HCW

i+1

Comparing again with (3.21) shows that s; 41 = rank A>;. This yields

(Ftora ) et
00]0 |'] Ax[An |0

Iy 0O [0 O] % 0 0 |A3 A | O

0 I, |0 O 0 0 | Ay Ay |O

= 0 0 00U |.] 0 0 [0 0 [0
0 0 |0 0|0, 0 I,,| O 0 |0

0 0 0 0|U;3 As1 Asp 0 Iy, |0
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The entries A4, A24, Asy, and Asp can be eliminated by appropriate row and
column operations. Adding the unchanged third and fourth block rows of the initial
pair and performing appropriate row and column permutations, we get

lag, 0 % 0 Ap 0
new 7 . 0 0 UiJr] A21 A22 0
(E7 A) (El+17 Al+1) — 0 O Fl+1 ) 0 0 0
0 0 Giy 0 0 Iai+l+5i+l
with
0 0 U,
~ 0 0 U ~
Fiy1 = [ ~1} , Giq1=10 0 U3,
0 0 F 00 G
1

and Ui+1 = [I5;,, 0 %], partitioned accordingly. Since U, U, and U3 are obtained
from U; by row transformations only, their leading s; columns have full rank thus
proving (3.25). If we had performed the step from (3.13) to (3.15), then the entry
I;;,, in 0,-+1 would be replaced by zero. Together with the vanishing third block
column of E; this yields that the third block column of E;| would vanish as well.
This completes the induction argument and we obtain (3.23) fori = p in (E i AD,
since s, = 0. O

The canonical form (3.23) can be seen as a generalization of the Kronecker
canonical form to the case of matrix functions, at least if we are interested in
properties of the corresponding differential-algebraic equation. One can therefore
expect that it plays a central role in the analysis of pairs of matrix functions and
linear differential-algebraic equations with variable coefficients.

Remark 3.22. In the construction of the canonical form (3.23), we make use of two
types of transformations. These are the global equivalence transformations of the
form (3.3), which generate a one-to-one correspondence between the two solution
sets, and the process of adding derivatives of some block rows to other block rows,
which is the step from (3.13) to (3.15), that does not alter the solution set.

We now illustrate the results on the Examples 3.1 and 3.2. We use here the

abbreviation “dif” on top of the equivalence operator to mark the step of passing
from (3.13) to (3.15).
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Example 3.23. For the problem of Example 3.1 we have
[—t 2] [-1 0

eo=(5 52
([0 tq[- 2] [0 1][-1 ©

|1 —r|[-1 | [l —¢f[O0 -1
A1 Qv oo =1 ] _[-1 «][0 1

L0 Of|0 T1f"[-1 ][0 1 0 0]]10 O
N [1 0] [0 O

[0 0]"|1 O
gt ([0 0] [1 0

[0 0]7|10 0])°

Hence, the characteristic values are given by

ro=1, ay=0, so=1, dpo=0, up=1, v9=0,
rn=0 a=1, s51=0 d=0, =1 v =1,

together with 4 = 1. The corresponding differential-algebraic equation therefore
consists of one algebraic equation in combination with one consistency condition
for the right hand side and one undetermined solution component. In particular, the
solution of the homogeneous initial value problem is not unique, in agreement with
the results of Example 3.1.

Example 3.24. For the problem of Example 3.2 we have
[0 07][-1 ¢

L ()
N_001t—1t1t_0001

I —¢||0 11”0 O0][|0 1 1 —¢||0 O
N [0 0] [-1 0 ({1 0] {0 -1

L oj’Lo -1 0 o1 O
dif [0 0 1 0

10 070 1])°

Hence, the characteristic values are given by

ro=1, ay=0, so=1, do=0, uo=1, v9=0,
rr=0, ag=2, s1=0, d1=0, u; =0, v =0,
together with © = 1. The corresponding differential-algebraic equation therefore

consists of two algebraic equations. In particular, the solution is unique without
supplying an initial condition, in agreement with the results of Example 3.2.
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It remains to discuss the question how restrictive the constant rank assumptions
(3.12) are that we had to apply in each step of the described inductive transformation
procedure. The answer lies in the following observation on the rank of continuous
matrix functions.

Theorem 3.25. Let I C R be a closed interval and M € C (I, C™"). Then there
exist open intervals 1; C 1, j € N, with

UL:I[, LNL =0 fori# ], (3.26)
jeN

and integers rj € No, j € N, such that
rank M(t) =r; forallt €1;. (3.27)
Proof. See, e.g., [56, Ch. 10]. O

Applying this property of a continuous matrix function to the construction lead-
ing to Theorem 3.17, one immediately obtains the following result.

Corollary 3.26. Let I C R be a closed interval and E, A € C(I, C™") be suffi-
ciently smooth. Then there exist open intervals 1, j € N, as in Theorem 3.25, such
that the strangeness index of (E, A) restricted to 1} is well defined for every j € N.

As a consequence, the strangeness index is defined on a dense subset of the
given closed interval, and we can transform to the global canonical form (3.23) on
each component I; separately.

3.2 Local and global invariants

In Section 3.1, we have introduced characteristic values (invariants) of matrix pairs
together with a canonical form which we called local, because we obtained the
matrix pairs as evaluation of a pair of matrix functions at a fixed point. We then
required these (local) invariants to be global, cp. (3.12), and developed a whole
sequence of invariants and a corresponding global canonical form. We call these
global invariants, since they are only defined by a process involving transformations
by matrix functions. We have shown that the involved constant rank assumptions are
satisfied on a dense subset of the given interval. At an exceptional point, where any
of the ranks changes, the only available information is given by the local invariants
of the pair evaluated there. In particular, we cannot associate a strangeness index
with these points. In this section, we will develop purely local invariants which will
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allow to determine the global invariants including the strangeness index, wherever
they are defined.

Since the process in Section 3.1 included differentiation, the idea (which is due
to Campbell, see [47]) is to differentiate the original differential-algebraic equation
(3.1). In this way, we get so-called derivative arrays or inflated differential-alge-
braic equations

My(t)Ze = Ne(t)ze + 8o (1), (3.28)

where

AD fori=0,...,¢, j=0,
0 otherwise, (3.29)

(zo)j =xY, j=0,...,¢,
(g)i=fD,i=0,...,¢,

(Ne)ij =

using the convention that (;) =0fori <0,j <0Oorj > i. In more detail, we
have

E
E—A E
M, = E —2A 2E—A E ’
EWO _ pp=D ... tE—A E
- (3.30)
A 0 --- 0
A 0 0
Ny = A 0 -~ 0
AD 0o ... 0

For every £ € Ny and every ¢ € I, we can determine the local characteristic values
of the pair (M,(t), N¢(¢)) if it is defined. To do this, we first show that these local
quantities are invariant under global equivalence transformations of the pair (E, A)
of matrix functions. For this, we need some elementary lemmas.

Lemma 3.27. For all integersi, j, k,lwithi >0,i > j>0,i —j >k >0, we
have the identities

GO+ (N =REHTET, 631
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(LT = DA, 331
G (T + @) + ) = GO (3.310)
Proof. The proof follows by straightforward calculation. O

Lemma 3.28. Let D = ABC be the product of three sufficiently smooth matrix
valued functions of appropriate dimensions. Then

DO — ZZ l j A(])B(k)c(l J=K) (3.32)
j=0k=0
Proof. The proof follows immediately by induction using (3.31c¢). O

Theorem 3.29. Consider two pairs (E, A) and (E, A) of sufficiently smooth matrix
functions that are equivalent via the transformation

E=PEQ, A=PAQ - PEQ (3.33)

according to Definition 3.3, with sufficiently smooth P and Q. Let (M, N¢) and
(M o N ¢), £ € Ny, be the corresponding inflated pairs constructed as in (3.29) and
introduce the block matrix functions

M)y = (5P, (@0 = (i) 0=,

o fori=o0,....¢ j=0, (3.34)
(For; = {O otherwise.
Then
[Fe(r) M) ] = T M) Ne() ] [6’5(’) ‘G‘iig)} (335)

foreveryt € 1. Inparticular, the corresponding matrix pairs are locally equivalent.

Proof. All matrix functions My, Ny, My, Ny, T1;, ©p, and W, are block lower
triangular with the same block structure. Observe, furthermore, that Ny, N ¢, and
W, have nonzero blocks only in the first block column. From Lemma 3.28 we
obtain (leaving out the argument #)

i i—kp
”‘(l) l k k k —k1—k
Z Z k1 N pko gk gli=ki—k2)
=0ky=0
i i—kp
A® 1 k ki) 4 (k —ki—k
ZZ k1 N Pk pAk) oli=ki—k2)
=0k2=0

(kt )(l k1)P(k1)E(k2)Q(l+l ki— k2)]
1
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and

i
(ITgM¢®y);,j = Z Z(He)i,ll (M) 1, (Op)i, j

h=j lz*j
— —1)[1(h pi—1 ! h—b-1D7(h+1\ Hla—j
ZZ P(l 1) 1)E(1 2 _ (2—]%-1)A(1 > )](;H)Q(z )
h=jh=j
by inserting the definitions. Shifting and inverting the summations and applying
(3.31a) and (3.31b) then leads to

(TeM®y);
i—j ki+j

= Z Z kl j )PU=i= kl)[(kl+J)E(k1+j by

=0lh=j

(’;li{)A(er - 1)](12+1)Q(12 ib)
2

i—j i—j—k

S5 S (e
! k1=0 k=0 1 ’
i—j—li—j—1—k

J+1 Z Z l ! lp(kl)(l Jkkl 1)A(kz)Q(l J—1=ki—k2)
_( i )p(kl)(l Jk1 kl)E(kz)Q(i—j—kl—kz)]
1 2

NG iy 7—j=1) ~
= (ET — (L)ATT = ity
In a similar way it follows that

(HZNZ("DIZ)i 0— (IIgM¢Wy)io

i I
= Z(He)z L (NOL0©)0.0 — > ([Me)it (Mo, 1, (We)iy.0
11=0 11=01,=0
i i—1-k
Z P(kl)A(l kDO 4 Z Z P(kl)l kl)A(kz)Q(l —ki1—k2)
=0 ky=
i i—kp
_ Z Z P(kl) i kl)E(kz)Q(l —ki—ka+1)
=0ky=

()
=A" = (N)io- O
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Thus, we have shown that the local characteristic values of the inflated pair
(My(t), N¢(t)), in the following denoted by (#¢, ay, S¢, dy, iig, D¢), are well defined
for equivalent pairs of matrix functions. This observation immediately raises the
question, whether these quantities are related to the global characteristic values
(ri,a;i, si, d;, u;, v;) derived in the Section 3.1.

Theorem 3.30. Let the strangeness index . of (E, A) as in (3.17) be well defined
with (global) characteristic values (ri, a;, si), i € Ng. Moreover, let (My(t), N¢(t)),
£ € Ny, be the corresponding inflated matrix pair at a fixed t € 1 with (local) char-
acteristic values (F¢, ag, S¢). Then,

J4 l
Fo=C+ Dm— Zci — Z i, (3.36a)
i=0 i=0
dag =cy — Sy, (3.36b)
—1
5o=s0+ Zc,-, (3.36¢)
i=0

with c; defined in (3.21b).

Proof. By Theorem 3.29, we may assume without loss of generality that the pair
(E, A) is already in the global canonical form (3.23). For fixed ¢ € I, we must
determine the local characteristic quantities of (M,(t), N¢(¢)). For convenience,
we omit the argument 7. We first observe that, with the help of the entries 1, coming
from (3.23), we can eliminate all other entries in the corresponding block rows and
columns of (M, Ny). Recall that this is an allowed equivalence transformation
of the form (3.4). It is then clear that the entries I, always contribute to the rank
of M, and the (transformed) kernel and corange vectors must have zero entries at the
corresponding places. In addition, we can omit the zero columns of the normal form
(3.23), since these do not affect the characteristic values a, and sy. It is therefore

sufficient to consider
~ F 0
&n=([a][n])

Denoting the corresponding inflated pairs by (Mg, N¢), we perform a suitable block
row and column permutation. In particular, we write the block rows and columns
in opposite order and then exchange block rows and columns in such a way that the
entries coming from F and those from G are separated. Thus, with respect to local
equivalence, we have

o fe Yy 0 0
(Mg, Ne) ~ | |ge Xe—=11|,[0 O]],
0 be 0 e
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where
F G
_O _0 h_()...()F {0 -~ 0 0
f(— ’ gK— ) L= O 0 G ’ e@— 0 0 Iau ’
0 0
and
G - ... GO ¢F ... ... FO©O
X¢ = G , Y= F
G G F F

Since G and all its derivatives are nilpotent due to their structure, X is nilpotent.
Hence, X; — I is invertible. Since, in addition, X; — I has upper block Hessenberg
form, we can decompose it according to

Xe—1=Up(L¢—=1)

with
I —H, % *
Ue = c S
' *
i I —H
B 0
(I —He—))™'G 0
L, =
i (I-H)'G 0

Typically, the arising entries here and in the following are sums of products, where
the first factor is F' or G or a derivative of them and the other factors are G or
derivatives of it. For convenience, we call a term which is a sum of products with
at least k factors a k-term. Note that k-terms with k > 1 are automatically nilpotent
due to the structure of F and G and their derivatives. In this sense, it follows by
induction that H;,i = 1, ..., £, and the entries % of Uy are 1-terms.

Let Y, denote the upper block triangular part of the upper block Hessenberg
matrix Y. The relation

Ry(Ly — 1) =Y, + Dy
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uniquely determines an upper block triangular matrix R; and a matrix Dy which

only has nontrivial entries in the lower block diagonal (similar to L;). Induction

shows that the nontrivial entries of Ry are 1-terms and those of Dy are 2-terms.
With these preparations, we get

o fe Y, 0 0
(Mg, Ne) ~ | |ge U(Le—=D|,]0 0
_0 f)g 0 e
[fe— ReU 'ge Yo—Ye— D] [0 0
~ U; g Le—1 |.|0 0],
L 0 hg 0 (97

where all nontrivial entries besides the identities have the form F or G plus 2-terms.
Hence, these blocks differ from F or G only in the entries * in (3.24).
Therefore, we have (by reordering the block rows)

{}o 0 7
Go _{aﬂ 0]0
Fi 0
- - G 0
(Mg, Ny) ~ ! i :
’ Foy 0
G-y | —1a, 0| 0
Fy 0
L Gy L Ia/t .
with
0 F, * 0 Gu *
Fl: ’ Giz ) l:Oa ’E
F G
0 0

For a further refinement of the structure of the matrix pair, let

I

"

Wi=11, . W= Iy | j=0,....n+1.

IC()_
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Then, the columns of W; form an orthonormal basis of corange G ; and the relations

[ W]/. W; 1 = I,, and range Gj W]’. = range WJ/-Jrl hold. By induction, it follows

that (M, Ny) ~ (M, Ny) with

[ Fow
GoW, Wi | W
P W,
G\W| Wy | W)
(Mg, Ny) = ,
@—1 Wé—l
Go_ Wé—l W, Wé
FW,
I Gow; |
- o -
0 01]0
0
0O 0] 0
0
0 0 0
0 0
L We | Wy
We see that the block rows of M ¢ are decoupled such that
. oW, 0 Fo W) 0
rankMgzrank[~o 9 ]—i—---—}—rank[f Pt i|+rank|:
G()WO 14} GE—IW[_l We

Recognizing that

[F,W! 0
rank | =" 1
G:W, Wi
and

Fow,

ank | ~
ran [G(Wé

FoW,
G|

i|=aM+(wi+1+‘--+wM), i=0,...,0—1,

}=(Ce+1+~-+cu)+(wz+1+~-'+wu),
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we obtain

7o = rank My = (€ + 1)d,, + rank M
=W+ Dd, +Lay, + (ce41+ -+ )
+ i+ Fwy)H(wet-Fwy) + - (Wepr -+ wy)
=r1+dy+a,—co—(c1+---+cp)
—(wr+--F+we)+(so+ - +su—1)
=rg—1+m—co—vo+co—ce— (wi+---+wp)
=Te—1+m—cg— v

as asserted.

To compute a, and sy, we first must determine the corange and the kernel of M 0.
Let

U; = L,_, , j=0,...,n+1
L L |
Then, the corange of My is given by
- -
0
U
2= 0
Ue
0
Ui
L Werr

The computation of the kernel is more complicated, since M, does not decouple
with respect to the block columns. Let the columns of K;,i =0, ..., £, span

.
kernel | Vi ,
Giw,

and let K l’ be given, such that [ K l/ K ; ] is invertible. Then the kernel of Mz and a
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possible complement (cp. Remark 3.8) are given by

Ko | = - * * |
0 o --- 0 0
K
fez 0 )
I%g_l *
0 0
L Ky
0 I
K| 0
A 0 I
Ty =
K, , O
0 1
i K, _
Hence, we have that
0 0
A 0 0 0
ZHNmz[ H H } 0 0
‘ 0 Wi, We Wi, W 0 Ky

We can choose K¢ together with a possible complement K , as

I, 0 -~ 0 0O --- 0
g - K, * ’ Izé _ K//L |
Kot | Ké+1
where the columns of K;,i =1, ..., u, span the common kernel of F; and G; and

[ K] K;]is nonsingular. From (3.25), it follows that

. F;
rank K; = dim kernel |:Gl-:| =Ci_]—Ci — W =Cj_] — Si_].
l
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Since
I, 0 - 0
g Ie, K, * Kot
Wi WeKe = . = ;
Kyt

we obtain that
ap = rank(ZlﬁNﬁ"@) = rank(ngil W,Ky) = rank K¢41 = ¢ — 5.
The columns of

K/

41
~ 1 Iey
Ve—[ V/z]’ Ve = ,
I,
span corange@ f Ng fg). Thus, we have that
sk
A A A A 0 0 0
VHZHNgT’=|: Hv H HyH ] I
£ ‘ O VWi We VIWL W, I?,g
|:0 0 0 :|
= HywH HyH e |
0 Vv Wil We v, Wz+1Wz/Kz,
with
H /
Ie,_ - K2+1Ke+1
vEAWE W, = w1 . VAWE WK, =
I,
It finally follows that

§¢ = rank(VH ZH Ny T)) = rank[ VAW W  VEWHE WK, 1r

= rank(VgHWﬁIWg) + rank K2+1 =(co+---+ce—1)+ s¢. O

We also have the converse of this result, i.e., the knowledge of the sequence
(r¢, ag, s¢) allows for the determination of the sequence (r;, a;, s;) of the (global)
characteristic values of (E, A).
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Corollary 3.31. Let the strangeness index . of (E, A) as in (3.17) be well defined
and let (r¢,ag, S¢), £ = 0, ..., u, be the sequence of the (local) characteristic
values of (My(t), N¢(t)) for some t € 1. Then the sequence (r;,a;, s;) of the
(global) characteristic values of (E, A) can be obtained from

co = ao + 30, Cit1 = (Git1 — a;) + Sip1 — 5), (3.37a)
v = m — co — 1o, Vigl =m — ciy1 — (Fip1 — 1i), (3.37b)
si=c¢i —a;, (3.37¢)
ai=co+---+c —si, (3.37d)
ri=m-—a; —S§; — ;. (3.376)

Proof. The claim follows by trivial rearrangements of (3.36) together with the
relations of Lemma 3.20. O

With these results, we have shown that for well-defined strangeness index u
the complete structural information on the global characteristic values of (E, A)
can be obtained from the local information of the inflated pairs (My(t), N¢(1)),
£ =0,...,u. Inview of Theorem 3.17, an immediate question is whether it is
possible to derive a system of the form (3.18) by using only local information from
(M (1), Nyu(2)).

Let (E, A) be a normal form of (E, A) according to (3.23) with inflated pairs
(M s IVM). For convenience, in the following we omit the subscript u.

Note first that, if the columns of Z span the corange of M, multiplication of (3.28)
for £ = ., now reading M (t)z = N(t)z+g(t), by Z(t)" gives0 = Z()) ' N(t)z +
Z(@)" ¢(1). But recall that the only nontrivial entries in N are in the first block
column belonging to the original unknown x. Hence, we get purely algebraic
equations for x. Comparing with (3.18b), we are looking for a, such equations.
Indeed, (3.36¢) gives @, + 5, = a,. Since the rank of M is constant, Theorem 3.9
yields the existence of a continuous matrix function Z, whose columns form a basis
of corange M. By definition, ZH N has rank dy ~+5,. Applying again Theorem 3.9,
it follows that there exists a continuous matrix function Z, of size (u + 1)m x a "
with

zi =1z3,z3 - 231, 23, =1001,,1. Z3,=[00%], ¢=1,....pu,

such that
o 0777+ 0
rank(ZS N[ 1, 0 --- 0]y =rank | | © 00 0]]|=a,
Iy 00 I
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As already mentioned, with Z» we obtain the complete set of algebraic equations.
Next, we must get d,, differential equations which complete these algebraic equa-
tions to a strangeness-free differential-algebraic equation. In each step of the itera-
tive procedure of the previous section, the number of equations with derivatives of
the unknown function is reduced. Therefore, the differential equations we look for
must be already present in the original system. If we set

~ Idu 0
T2 = 0 qu ’
0 0

then we get o _
ZEN[L, O --- 01T, =0

I, 0

o Idu 0 =
rank(ET») = rank 0 0 F 0 Iy, =d,.

0O 0 GO O

Obviously, the desired differential equations correspond to the first block of ET.
The construction obtained in this way must now be carried over to the matrix
functions of the original problem. From

M =TIM®, N =TIIN® —I[IMV¥
according to (3.35), it follows that
ZiM =z nmMe =0
and, due to the special structure of N,
a, =rank(Z¥N[ 1, 0 --- 01%)

= rank(Z¥'TIN®[ I, 0 --- 01%)

=rank(ZTIN[ QF % ... %1%)

= rank(ZETIN[ Q% 0 --- 01%)

= rank(ZY'TIN[ 1, 0 --- 017 Q).
So there exists a smooth matrix valued function Z, = IT# Z, of size ( w4+ Dm xay

such that
ZAM =0, rank(Z¥N[I, 0 --- 01%) =aq,. (3.38)

From

0=ZIN[I,0 --- 018D,

= ZHTINO[ 1, 0 --- 019 T,
ZHTIN[ I, 0 --- 017 0T,
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and
dy = rank(ET») = rank(PE QT») = rank(E QT>),

it follows that there exists a smooth matrix function 7, = Q fz of size n X (dy, +uy)
such that

ZEN[L, 0 --- 01T, =0, rank(ET») =d,,. (3.39)

Thus, there exists a smooth matrix function Z; of size m x d;, such that
rank(ZE ET) = d,,. (3.40)

In summary, we have constructed a pair of matrix functions

o E;l TA
(E,A) = 01,|A]|]: (3.41)
0 0
with entries
Ey=2zHE, A =zFMA, Ay=ZzUN[I,0 --- 0", (3.42)

which has the same size as the original pair (E, A). Moreover, we can show that
(E , A) is indeed strangeness-free with the same characteristic values as (3.18). This
will turn out to be important in the context of the index reduction methods discussed
in Section 6.

Theorem 3.32. Let the strangeness index p of (E, A) as in (3.17) be well defined
with global characteristic values (ri, a;, s;),i = 1, ..., . Then, every pair (E, A),
constructed as in (3.41), has a well-defined strangeness index i = 0. The global
characteristic values (F, a, §) of (E@t), At)) are given by

(7, a,3) = (dy, ay, 0) (3.43)
uniformlyint € L

Proof. For convenience, in the following we again omit the argument ¢. By con-
struction, the columns of 7, form a basis of kernel Az. Because E 1 has full row
rank, we can split 7> without loss of generality into 7> = [ T{ T3] in such a way that
E; T{ is nonsingular. Choosing T, such that A, T, is also nonsingular, we obtain a
nonsingular matrix [Tl/ T2’ T3 ]. To determine the characteristic quantities of (E , A),
we multiply with this matrix from the right. In particular, we get the following local
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equivalences:
C(TET TA
(E7 A) = O ’ A2
L 0
_E]Tll E]T2 E]T3 A1T1 AT) Ang
. 0 0 0 0 0 0
(E\T) 0 O] [* * =
~ 0 0 0|,]0 A1y O
| O 00 0 0 0
_Idﬂ 0 0] [* = x|
~ 0 0 O0f,{0 I O
L0 0 0] [0 0 O]
_Idu 0 0] [o 0 O]
~ 0 0 0|,[0 I, O
L0 00| [0 0 0]
From the last pair, we obtain 7 = d,,, @ = a,, and § = 0. O

Setting f 1= Z f and fz = Z2H g, we can deduce from the inflated differential-
algebraic equatlon M(t)z = N(t)z + g(¢t) the equations El(t)x = Al(t)x + f1 (1)
and 0 = Az(t)x + f2 (t). In contrast to the construction that led to (3.18) the un-
known function x is not transformed. Compared with the canonical from (3.18), we
are missing an equation 0 = f3(t) associated with the consistency of the inhomo-
geneity. Of course, it would suffice to select some Z3 with v, linearly independent
columns satisfying ZfM = 0 and ZfN = 0 and set f3 = Z3Hg. Because of
dim corange(M, N) = vg + - - - 4+ vy, such a Z3 certainly exists. But, in general, it
is not clear whether there is an invariant way how one can select Z3. One possibility
would be to enlarge the system by letting Z3 have vg + - - - + v, linearly indepen-
dent columns (which then span corange(M, N)). In order to check solvability, this
would be an appropriate way, but it would be an artificial extension of the system
and we would not have a result analogous to Theorem 3.18. If the system is solv-
able, however, then every choice of Z3 will give f3 = 0. We may therefore simply
set f3 = 0 in this case and obtain a system

Ex=Ax + f(1) (3.44)

similar to that of Theorem 3.17. To set f3 = 0 can be seen as a regularization, since
we replace an unsolvable problem by a solvable one. It should be emphasized that
due to the construction of (3.44), every solution of the original differential-algebraic
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equation (3.1) is also a solution of (3.44). We will come back to this discussion in
Section 4.3 for the case of nonlinear differential-algebraic equations.
Let us study again our two examples from the beginning of the section.

Example 3.33. For the problem of Example 3.1 with u = 1, we get

-t 210 0 -1 0]0 0
1 t]0 0 0 —1]/0 0
MO=\——21= 2| YO=|—"9""0T0 0
0 2|—1 ¢ 0 01]0 0

We have rank M (t) = 2 independent of ¢ € I and we can choose
ZH6y=[1-t100], Z¥@®) =[00]|1 —1].

With this choice, we get

E(t>=[8 8} Am:[_ol 6] f(t)=[8],

and we can directly read off the solution as given in Example 3.1.

Example 3.34. For the problem of Example 3.2 with © = 1, we get

0O 010 O
1 =0 O
0 —1|1 —t¢

We have rank M (¢) = 2 independent of ¢ € I and we can choose

A0 =510
With this choice, we get
~ . foo oo -1 P fi@)
E(”‘{O 0}’ A(”‘[o —1] f(t)_[fz(l)—fl(t)]

Again, we can directly read off the solution as given in Example 3.2.

3.3 The differentiation index

Another idea for the construction of a global characteristic quantity for systems of
differential-algebraic equations is based on the construction of an ordinary differ-
ential equation for the unknown function x from the inflated system (3.28) for some
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sufficiently large £ € Ny. This approach, which is most common in the literature,
has the disadvantage that it is only feasible for square systems with unique solu-
tions, since a differential-algebraic equation with free solution components cannot
lead to an ordinary differential equation because of the infinite dimension of the
solution space of the homogeneous problem.

In order to compare the analysis that we have presented so far with these other
concepts, we must therefore restrict ourselves to the case m = n, i.e., throughout
this section we assume that £, A € C(I, C*"). Recall that we still assume that
the functions that we consider are sufficiently smooth, but that we will not specify
the degree of smoothness. Most of the following results are due to Campbell, see,
e.g., [48].

The first basic notion that we need is that of 1-fullness of a block matrix.

Definition 3.35. A block matrix M € CF" is called 1-full (with respect to the
block structure built from n x n-matrices) if and only if there exists a nonsingular
matrix R € C¥¥" such that

I, O
RM = |:0 Hi| . (3.45)

A corresponding matrix function M € C (I, CK") is called smoothly 1-full if and
only if there is a pointwise nonsingular matrix function R € C(I, C¥k") such
that (3.45) holds as equality of functions.

Lemma 3.36. Consider a block matrix function M € C(I, Ck") as in Defini-
tion 3.35 and suppose it has constant rank. Then M is smoothly 1-full if and only
if it is pointwise 1-full.

Proof. One direction of the claim is trivial. For the other direction, let M €
C (I, CknIny pe pointwise 1-full with constant rank. Writing

My M
M =
|:M21 Mzz}

with My; € C(I, C*™"), the first block column must have pointwise full column
rank. Therefore, by Theorem 3.9 there exists a smooth, pointwise nonsingular
matrix function R; such that

R\M = Iy My .
0 My

By assumption, Ma; has constant rank. Hence, again by Theorem 3.9, there exist
smooth, pointwise nonsingular matrix functions P and Q with

PM»nQ = [(I) 8}
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Setting
|1 0
ko= [o P] ’
we obtain . .
I 0 I, M M3
RoR\M |:61 Q] =0 I 0
0 0 0

Since M is pointwise 1-full, the matrix on the right hand side must also be pointwise
1-full, hence we must have M3 = 0. Finally, setting

_In —Mlz 0
R;=1|0 1 01,
| 0 0 1

we end up with
L, 0| [L O ~ [1 0
R3R2R‘M[o Q__[O H:| H‘[o 0}’

or (3.45) with R = R3R,R; and H = HQ . o

Note that the constant rank assumption in Lemma 3.36 cannot be removed,
cp. Exercise 20.

Definition 3.37. Letapair (E, A) be given with inflated pairs (M, N¢) constructed
as in (3.28). The smallest number v € Ny (if it exists), for which M,, is pointwise
1-full and has constant rank, is called the differentiation index of (E, A) or (3.1),
respectively.

If the differentiation index v is well defined for (E, A), then there exists a

smooth, pointwise nonsingular matrix function R € C (I, CV+Dm0+Dny with

I, O
RM, = |:0 Hi| . (3.46)

From
My,(t)zy = Ny(t)zy + g (1)

according to (3.28), we then obtain with
X = [ In O]R(I)Mv(t)z.v = [In 0 ]R(I)NU(I)[ In O]Hx + [ In O]R(t)gv(t)

indeed an ordinary differential equation which is often called underlying ordinary
differential equation. Observe that it is clear from the construction that solutions of
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the original problem (3.1) are also solutions of this underlying ordinary differential
equation.

In order to compare the concepts of strangeness and differentiation index, we
must first show that the differentiation index is characteristic for a pair of matrix
functions.

Theorem 3.38. The differentiation index is invariant under (global) equivalence
transformations.

Proof. We use the notation of Theorem 3.29. We must show that M, is pointwise
1-full and has constant rank if the same is valid for M,,. Since

M, =T1,M,0,

with pointwise nonsingular I, and ®,, M, has constant rank if and only if M), has
constant rank. Let now M,, be pointwise 1-full according to (3.46). Then we have

1 e I, O

e [ 0l[e 01 [ o0 0
ki, M”_[O H||©y ©Oxn| |HOy HOxp

with pointwise nonsingular Q. Block row elimination yields

0! 0 T I A
[—H®21Q—1 1| BF =10 pey,

and thus M, is pointwise 1-full. O

or

Up to now, we have shown that the differentiation index is characteristic for a
given pair of matrix functions and the related differential-algebraic equation and
that, if the differentiation index is well defined, then we can derive an ordinary dif-
ferential equation from the corresponding inflated differential-algebraic equation in
such a way that all solutions of the differential-algebraic equation are also solutions
of this ordinary differential equation. We will now show that this statement can be
reversed in the sense that for every differential-algebraic equation that has a solu-
tion behavior similar to that of an ordinary differential equation the differentiation
index is well defined. We begin with the construction of a canonical form similar
to (3.23).

Theorem 3.39. Let (E, A) be a pair of sufficiently smooth matrix functions and
suppose that the interval 1 is compact. Suppose that (3.1) is solvable for every
sufficiently smooth f and that the solution is unique for every ty € 1 and every
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consistent initial condition xo € C" given at to. Suppose furthermore that the
solution depends smoothly on f and the initial condition. Then we have

B () I

where d is the dimension of the solution space of the corresponding homogeneous
differential-algebraic equation, a = n — d, and

G(t)x2 =x2 + fo(1) (3.48)

is uniquely solvable for every sufficiently smooth f> without specifying initial con-
ditions.

Proof. We first show that
I, Ep| |0 Ap
~ d
so~([5 £ 4) aa

Exn(t)xy = An(t)x2 + f2(1)

is uniquely solvable for every sufficiently smooth f>.
If the homogeneous equation

where

E()x = A(t)x

has only the trivial solution, then the first block is missing (i.e., d = 0) and the
claim holds trivially by assumption. In any case, the solution space is finite dimen-
sional, since otherwise we could not select a unique solution by prescribing initial
conditions. Let {¢1, ..., ¢;} be abasis of the solution space and ® = [¢p; --- ¢; ].
Then we have

rank & () = d forallr e,

since, if we had rank ®(¢) < d for some to € I, then there would exist coefficients
ap, ..., 0 € C, not all being zero, with

a1¢1(to) + -+ + ayd;(t0) =0

and o191 + - - - + a;¢; would be a nontrivial solution of the homogeneous initial
value problem.
Hence, by Theorem 3.9 there exists a smooth, pointwise nonsingular matrix

function U with
I
H _ d
U"d = [0:| .
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, . To
CD_U[’J

yields a pointwise nonsingular matrix function Q = [ ® ®']. Since E® = Ad,
we obtain

Defining

(E,A)~ ([E® ED'|,[AD AP |—[ED ED' )= (E; E21,[0 Az ]).

In this relation, £ has full column rank d. To see this, suppose that rank E1(f) < d
for some 7 € I. Then there would exist a vector w 7 0 with

E\(Hw = 0.
Defining in this situation

o {t%;El(t)w fors # 1,

4(E|(tyw) fort

fy
we would obtain a smooth inhomogeneity f. The function x given by

() = |:log(|t0— t|)w:|

would then solve
[E1(t) Ex(t) ]x =[0 Ax(®) Ix + f(1)

on I\ {#} in contradiction to the assumption of unique solvability, which includes
by definition that solutions are defined on the entire interval 1.
Hence, since E has full column rank, there exists a smooth, pointwise nonsin-
gular matrix function P, with
I a
PE =4
1 [ O ] 9

I, Ep| |0 Ap
en~([§ 5]l a2))

Exn(t)x2 = Axn(H)x:

only admits the trivial solution. To see this, suppose that x, # 0 is a nontrivial
solution and x| a solution of the ordinary differential equation

and thus

The equation

X1+ Epp(®)x2(t) = Apn(H)xa(t).
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Then we obtain

o] x1(1)
[El(t) EZ(t) ] |:)C2(l)i| - [0 AZ(I) ] |:)C2(t)] ’

Transforming back gives

x1(1)

E() Q1) [m)

} — (AW O() — E®)O(1)) [xl(”}

x2(1)

or E(1)%(t) = A(t)x(t) with

x=0 [2] #0, x ¢span{en,.... by,

since x; #% 0. But this contradicts the construction of ¢, ..., ¢ G Thus, we have
shown (3.49).
For smooth, pointwise nonsingular S, we can then further transform (3.49)

according to
I; Ep| |0 Ap
~ d
e~ (5 gl a2))
- IdA E;rS 0 AppS . 0 E12$
0 ExnS|[’|0 AxnS 0 ExnS|)’

and, if also A2 S — Ex S were pointwise nonsingular, then

new (|15 Eq3 0 Ap I, W 0 0
ea=([g 2]l )-8 el b))

It therefore remains to show that there exists a smooth, pointwise nonsingular S,
for which A2 S — E2, S is pointwise nonsingular as well.
Let S be the unique (smooth) solution of

An(t)S — En()S = 1.

By the Weierstraf} approximation theorem (see, e.g., [138]), there exists an elemen-
twise polynomial matrix function S, such that

A=§-8
and its derivative are elementwise arbitrary small in the Lo-norm and

A22§ - EZQS = A22§ — A A — EZQS + E22A =1I; — ApnA+ EZQA =K
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remains pointwise nonsingular (recall that I is assumed to be compact). Let
A1), ..., A;(t) € C be the eigenvalues of S’(I). Since S is (real) analytic, the
set

A={x@®|tel,i=1,...,a}CC

has no interior as a subset of C (see, e.g., [1 19, Ch. II]). Hence, there exists a ¢ € C,
arbitrarily small in modulus, such that S = § — cI; as well as

ApS — EZZS = A22§ —cAy — Ezzs‘ =K —cAy
are pointwise nonsingular. O

Remark 3.40. Note that the argument in the final step of the proof of Theorem 3.39
relies on the fact that we are working in the complex field. If the pair of matrix
functions (E, A) is real, then we can nevertheless treat it as a complex problem and
obtain an equivalent complex pair.

Following Corollary 3.26, we can decompose I according to (3.26) in such a
way that we can transform (E, A) on every interval I; to the (global) canonical
form (3.23). Comparing (3.23) with (3.47), for the characteristic values on I; we

obviously have the relations d;, = d, u, =0,v,=0,anda, = a.
Lemma 3.41. Under the assumptions of Theorem 3.39, we have
rank[ My Ne]l= (£ + Dn (3.50)

for arbitrary £ € Ny, i.e., My and Ny together have pointwise full row rank.
Proof. Suppose that there exists 7 € I with

rank[ M, () N¢(f)] < (£+ Dn.
Then there exists a vector w # 0 satisfying

wi M@ =0, w’Ne(@) =0.

In view of (3.28), for a solution of (3.1) to exist, we then have the consistency
condition
wgo(f) =0,

which is a contradiction to the assumptions. O

Lemma 3.42. Consider a pair of matrix functions (E, A) that is sufficiently smooth
and has a well-defined strangeness index ( as in (3.17). Furthermore, let

(5 B2 e
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according to (3.23), i.e., let uy, = v, = 0. Then, the associated inflated pair
(Mg, Nyp) satisfies
corank My = a,, for £ > . (3.52)

Proof. We may assume without loss of generality that (E, A) is in the canonical
form (3.51). Because of the special structure of (E, A) with the identity 14, as sole
entry in the first block column of E, the rank defect in M, can only be caused by
the second block row. Therefore, we may even assume that (E, A) = (G, I), with
G asin (3.24).

We then consider the infinite matrix function

G

G-1 G
M= ¢ 26-1 G ;

built according to (3.29). To determine its corange, we look for a matrix function Z
of maximal rank with Z”" M = 0, i. e.,

G 0
G G I 0
1z z{ z8 - 15 ¢ 26 ¢ - 1 o0 =0,
where Z# = [ zF zF z® ...]. This is equivalent to
I G G !
I G 26 G
(zfz7..1=z1Go--] - . . . (3.53)

Since G and all its derivatives are strictly upper triangular, all (u + 1)-fold products
of G and its derivatives vanish. Hence, all terms in the above relations are actually
finite and we in fact work only formally with a matrix function of infinite size. This
also shows that the inverse in (3.53) exists, since it is the inverse of the sum of
the identity and a nilpotent matrix function. Via the same argument, it follows by
induction that Z; is a sum of at least j-fold products, i.e., that

Z;=0forj>pn+1

Since Z is parameterized with respect to Zo, the choice Zgp = [ yields maximal
rank for Z showing that the corank of M equals the size of its blocks. But this is
just (3.52) for M,. O
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Lemma 3.43. Under the assumptions of Lemma 3.42, we have that
My is ( pointwise) 1-full for £ > pu + 1. (3.54)

Proof. We must show the existence of a nonsingular matrix R satisfying (3.45) at
a given fixed point ¢ € I (for convenience again we omit the argument #). The
essential property is to fulfill the relation belonging to the first block row of the
right hand side in (3.45). The remaining part then follows by completion of the
first block row of R to a nonsingular matrix followed by a block row elimination to
obtain the zeros in the first block column.

Again we may assume that (E, A) is in the canonical form (3.51). Because of
the entry 14, this part is already in the required form. Thus, we may even assume
that (E, A) = (G, I) with G as in (3.24). As in the proof of Lemma 3.42, we use
the infinite matrix function M. The first block row of (3.45) then reads

G 0
G G I 0
[Ro,0 Ro,1 Ro2 " 1\| G 26 G - I 0 =[100---].
This is equivalent to
I G G -
I G 2G G

[Ro,1 Ro2 - 1=[RooG—10---] -

Setting for example Ry o = I, we obtain a possible first block row for the desired R.
The claim follows, since Ry ; = 0 for j > u + 2. O

Lemma 3.44. Consider a matrix function M € C (I, Ck") with constant rank r
and smooth kernel T € C(I, Clnin—r ) according to Theorem 3.9. Then, M is
(pointwise) 1-full if and only if

[I, 01T =0. (3.55)

Proof. Let M be pointwise 1-full. Then, by Lemma 3.36, M is smoothly 1-full
with (3.45) and T must have the form

[}

Hence, (3.55) holds.



3.3 The differentiation index 105

For the converse, let (3.55) hold. Writing M = [ M; M, ] according to the
block structure in (3.55), it follows that M has full column rank, since otherwise
there exists a w # 0 with Myw = 0 or

Mm _o.

Hence, there exists a smooth, pointwise nonsingular matrix function R with

For every w # 0 with My w = 0, we must have Mow = 0, since
M [_M 12“’} = 0.
w
Thus,

kernel M5, C kernel M2,

implying that

Mix(I — M5M») =0,

where the superscript + denotes the (pointwise) Moore—Penrose pseudoinverse (see
also Section 3.4), such that I — M2+2M22 is the smooth orthogonal projection onto
the kernel of My,. It follows that Mj, = RMa; with R = M 2 M,. Forming the
smooth, pointwise nonsingular matrix function

[, -R
Rz_[o 1]’

we finally obtain

I, 0
0 1 0 My 0 Myl 0
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Theorem 3.45. Let the assumptions of Theorem 3.39 hold. Then the differentiation
index v of (E, A) is well defined.

Proof. We prove that there exists £ € Ny for which M, is (pointwise) 1-full and
has constant rank. Let I be decomposed according to Corollary 3.26 and let 1 ; be
the strangeness index on I;. By Theorem 3.39, the characteristic values on II; must
satisfy

dy; = d, a,; =a.

Lemma 3.42 then yields
corank M, =a onlj.
Using (3.52) on every interval I;, we obtain
corank M1 =a onl{J;enl;
for
A =maxp; <n-—1.
jeN

Since the rank function is lower semi-continuous (for a given matrix there is a
neighborhood such that every matrix in this neighborhood has the same or a higher
rank), it follows that

corank My >a onl.

Assuming without loss of generality that (E, A) is in the canonical form (3.47), we
obviously have
rank Ny =a onl

Lemma 3.41 then implies that
corank M1 <a onl

Thus, we have that
corank M1 =a onl

In particular, M 41 has constant rank on I. Therefore, there exists a continuous
matrix function 7 whose columns pointwise span kernel M 1. Since Mj 1 is
(pointwise) 1-full, we get

[, 01T =0 on{Jjcn1;
by applying Lemma 3.44. Since T is continuous and [ 7, 0]7 vanishes on a dense
subset of I, it follows that

[, O]T =0 onl,

and hence
My 11 is (pointwise) 1-full on .

It follows that the differentiation index v is well defined with v < i + 1. O
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Corollary 3.46. Under the assumptions of Theorem 3.39, the relation

0 i =0,
v=1" fora (3.56)
w+1 fora#0

holds, where
f=maxpu; <n—1 (3.57)
jeN
and (j is the strangeness index on I; as defined in Corollary 3.26.

Proof. Ifa = 0, then the corresponding differential-algebraic equation is equivalent
to an ordinary differential equation. In this case, v = 0 and &t = 0 holds. If a # 0,
then by the definition of /i, there exists a j € N such that /& is the strangeness index
of (E, A) restricted to I[;. For Ry ;4 as introduced in the proof of Lemma 3.43,
induction then shows that
Ro 1 = —G".

But by (3.24) and (3.25), we have that Ry ;41 # 0 pointwise, see also Exercise 17.
Hence, M, cannot be 1-full on I;. O

Corollary 3.47. Let (E, A) be sufficiently smooth with well-defined strangeness
index  as in (3.17) and suppose that u,, = v, = 0. Then the differentiation index
of (E, A) is well defined with

b= 19 for ay =0, (3.58)
uw+1 fora, #0.

Proof. Theorem 3.17 shows that (E, A) satisfies the assumptions of Theorem 3.39
and therefore those of Theorem 3.45. Hence, the differentiation index is well
defined. The assertion then follows from (3.56), since (i = p and a = ay,. O

As in the proof of Theorem 3.45, one can show that already M, has constant
corank a. Looking into the reduction procedure of Section 3.2 leading to (3.44),
we have used the constant corank of M), to obtain the correct algebraic equa-
tions. In the same way, we can determine here a algebraic equations. Comparing
with (3.13) they are related to the block given by (G, I) with G as in (3.24). The
other block then represents the correct differential equation which, together with the
algebraic equations, then constitute a differential-algebraic equation that should be
strangeness-free. To investigate this connection in more detail, we first formulate a
hypothesis that simply guarantees that the reduction procedure of Section 3.2 can
be performed and no consistency condition for the inhomogeneity or free solution
components are present.
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Hypothesis 3.48. There exist integers {i, 4, and d such that the inflated pair
(M, Np) associated with the given pair of matrix functions (E, A) has the fol-
lowing properties:

1. Forallt € Twe haverank My, (t) = (fi+ 1)n — a such that there exists a smooth
matrix function Zy of size (1 + 1)n x a and pointwise maximal rank satisfying
ZiM, =o0.

2. For all t € 1 we have rank Az(t) = a, where Ag = ZfNﬂ[In 0 --- 017 such

that there exists a smooth matrix function Ty of size n X c?, d =n-— a, and
pointwise maximal rank satisfying A>T, = 0.

3. Forallt € Twe have rank ENT(t) = d such that there exists a smooth matrzx
function Zy of size n x d and pointwise maximal rank satisfying rank ET,=d
with Ey = ZIE.

Remark 3.49. Since Gram—Schmidt orthonormalization is a continuous process,
we may assume without loss of generality that the columns of the matrix func-
tions Z1, Z3, and T, are pointwise orthonormal. This will turn out to be important
for the numerical methods discussed in Section 6.

Recall that we have already shown by the discussion in Section 3.2 that Hy-
pothesis 3.48 is invariant under global equivalence transformations and that it holds
for systems with well-defined strangeness index p and u,, = 0, v, = 0 by setting
A=pu,a =aﬂ,andc§ =dy,.

Our next aim is to prove that (up to some technical assumptions) Hypothe-
sis 3.48 is equivalent to the requirement that the differentiation index is well de-
fined. As (3.56) and (3.58) suggest, the main difference between both concepts
will be that, in general, we will need one differentiation less when dealing with
Hypothesis 3.48. We start with the simpler direction of the claimed equivalence.

Theorem 3.50. Consider a pair (E, A) of sufficiently smooth matrix functions with
a well-defined differentiation index v. Then, (E, A) satisfies Hypothesis 3.48 with

A ¢ N A O = Oy
f=max{0,v—1), d=n—a, a= forv=0." s
corank M,,_1(t) otherwise.

Proof. The claim is trivial for v = 0. We therefore assume v > 1. By definition,
a = corank M), is constant on I. Lemma 3.42 then yields

corank M,_; =a on UJGN

Since corank M, < corank M, by construction, we get corank M,,_; < a and
equality holds on a dense subset of I. Because the rank function is lower semi-
continuous, equality then holds on the whole interval I. Together with (3.50), this
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implies that we can choose Z, and T, according to the requirements of Hypothe-
sis 3.48. If (E, A) is in the normal form (3.51), then we obtain 7» = [ 017
and rank ET» = n — a on a dense subset of I and therefore on the whole inter-
val I. The claim follows, since all relevant quantities are invariant under global
equivalence. O

It is more complicated to show that Hypothesis 3.48 implies that the differen-
tiation index is well defined. In principle, we must prove that the assumptions of
Theorem 3.39 are satisfied. For this, we need an existence and uniqueness theorem
on the basis of Hypothesis 3.48. In contrast to the previous sections, where we
knew the structure of the solution space by assuming that the strangeness index is
well defined, we here only know that the reduction to

E@M)x = A@)x + f(1), (3.60)
where R ~
AA E; Aq
E,A) = A%, 3.61
&a=([5][2)) 2
with entries
Ev=2zME, A=2z0A, Ay=ZINy(1, 0 --- 017, (3.62)

preserves solutions. We do not yet know whether all solutions of (3.60) also solve
the original problem (3.1).

Theorem 3.51. Let (E, A) be a pair of sufficiently smooth matrix functions that
satisfies Hypothesis 3.48. Then x solves (3.1) if and only if it solves (3.60).

Proof. As already mentioned, if x solves (3.1) it is immediately clear by construc-
tion that it also solves (3.60). For the other direction, let x be a solution of (3.60).
According to Corollary 3.26, we restrict the problem to an interval I; and trans-

form (E, A) on this interval to the canonical form (E" , A) given in (3.23). Due
to Hypothesis 3.48 and Theorem 3.32, the quantities d and @ must coincide with
the corresponding blocksizes of (3.23). In particular, the second block row and
block column in (3.23) is missing. Let the derivative arrays belonging to (E, A)
and (E , A) be denoted by (M, N¢) and (Mg, ]\7@), respectively. In the notation of
Hypothesis 3.48 and Theorem 3.29, we have

Z{'E=2z{'P"'PEQ = Z|EQ,

2 A=Zzl'P~N(PAQ ~ PEQ) = Z1AQ ~ ZIEQ.

Zy N1, 0 -+ 01" =z 11" (N, © ), — T, M, )[ 1, 0 -+ 017
=ZUN,©u[1, 0 - 01" =ZIN, O * - %17
=ZfNM[[n o --- O]HQ,
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This shows that the reduced problem transforms covariantly with Q. Thus, it is
sufficient to consider the problem in the canonical form (3.23). Hence, we may

assume that
I, W 0 0 fi
_|*a _ _
i B A A

where G has the nilpotent structure of (3.24). Using again formally infinite matrix
functions, by (3.53) we may choose

zy =[01;10 z§ 10 )| -]

with
[zi, z, - 1=(G 0 - 10-Xx)7",

where

Accordingly, we may choose
ZH =11, 00].

The corresponding reduced problem thus reads

s 36 -0
0 Of]x 0 Ipf||x b
with

i a )
] _ fi o B
[fz} B |:f2 +GVH( - X)—lg]’ V= | g = sz

The reduced problem immediately yields x, = — fz. With the block up-shift matrix

0

I 0
I

S = 0 ,

we find that ¢ = S”gand S X = X+ x5, Subtracting S* on both sides of the
latter relation yields

I-X)'st=sHg-x'"—u-x"'xu-x"
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We then get that
VA@ - =vHY X =vH 4 vHEX Y X
i>0 i>0
=vl L GvH +evistya - x) !,
and thus

fr=Gh=p+6VII-X)"g—GhH-GEVII-x)g
~Gvlu-x"'xa-x)"lg-c*vilu-x)7'g
=fHh+GVig+GGVvHaEUI - X) g+ G*VHSH(I —Xx) g
—GhHh-GGVHEU-—x)lg—G?VHSH( —Xx)" g
+GVAI - x) s g — G2V (1 — x)" sty
=Hh+GVig—GfhHh=p.

Hence, we have that

Gir=-GHh=fH—Hh=x+f.

This shows that the transformed x solves the transformed differential-algebraic
equation (3.1) on I;. Thus, x solves (3.1) on I; for every j € N and therefore on
a dense subset of 1. Since all functions are continuous, the given x solves (3.1) on
the entire interval 1. O

As a consequence of these results, we can characterize consistency of initial
values and existence and uniqueness of solutions.

Theorem 3.52. Let (E, A) satist Hypothesis 3.48 with yalues a, d and 4. In
particular, suppose that E, A € CFtI(I, C*") and f € C*MHI(I, C").

1. Aninitial condition (3.2) is consistent if and only if (3.2) implies the a conditions
Ax(t)x0 + falto) = 0. (3.63)

2. Every initial value problem with consistent initial condition has a unique solu-
tion.

Proof. The claims are an immediate consequence of Theorem 3.52 and Theo-
rem 3.17 applied to the reduced problem (3.60). O

In particular, Theorem 3.52 implies that (3.1) and (3.60) have the same solutions
under Hypothesis 3.48. But (3.60) has strangeness index & = 0 and characteristic
values

n=n—-r—a=0, v=n—-r—a—-—5=0, (3.64)
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cp. Theorem 3.32 and Theorem 3.7. Corollary 3.47 then yields that the differenti-
ation index is well defined for (3.60). Thus, (3.60) and therefore also (3.1) satisfy
the assumptions of Theorem 3.39. This argument proves the following corollary.

Corollary 3.53. Let (E, A) be a pair of sufficiently smooth matrix functions that
satisfies Hypothesis 3.48 with characteristic quantities [i, d, and a. Then the dif-
ferentiation index v is well defined for (E, A). If [1 is chosen minimally, then (3.56)
holds.

Together with Theorem 3.50, we have shown that the requirements of Hypoth-
esis 3.48 and that of a well-defined differentiation index are equivalent up to some
(technical) smoothness requirements.

Example 3.54. Consider the differential-algebraic equation

0 r]. (1 O fi@) —r_
b Jx—k Jx+bm),ﬂ—[lJL
see, e.g., [179]. Obviously, E has a rank drop at + = 0 such that the strangeness
index p as in (3.17) is not well defined. Nevertheless, the system has the unique
solution .
x1() = =(fi®) +1/2(0)), x2(t) = —fa(0)

in the entire interval [ = [—1, 1] and + = 0 seems to be not an exceptional point.
Rewriting the system by means of the product rule as

dtx) —xa=x1+ fi(t), O0=x2+ folt)
yields the (unique) solution
x1(t) = () — (A1) + L)), x2(t) = — o),

which makes sense if 7 f> is continuously differentiable, e.g., for f>(¢) = [t].
This shows that ¢ = 0 still is an exceptional point which is reflected by changes
in the characteristic values according to

ro=1, ap=0, s9=1,
rr=0, ag=2, s51=0

fort # 0 and
ro=0, ap=2, s0=0
for t+ = 0. This behavior corresponds to the splitting of the interval I into

[-1,1]={-1}U(-1,0) U {0} U (0, 1) U {1}
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as in Corollary 3.26. Examining the derivative array

0 t 10 0 1 0{0 O
0 010 0 0 1{0 O

(M1 (1), N1(2)) = T 1 To 'l 0o 0To 0o ,
0 —-1]0 O 0 0|0 O

we first find that M has a constant corank @ = 2. Choosing
g, _|1 0]0 ¢
22(”—[0 110 of

we then get

A = [(1) ﬂ O [f ! (t)f:_(tt)fZ([)] .

Thus, (E, A) satisfies Hypothesis 3.48 with i = 1, a = 2, and d = 0. This also
shows that the differentiation index is well defined with v = 2. Observe also that
the last block column of Zf vanishes for t = 0.

Remark 3.55. In this section, we have shown that both the concept of the dif-
ferentiation index and the concept of Hypothesis 3.48 are equivalent approaches
for the investigation of regular linear differential-algebraic equations, at least up to
some technical differences in smoothness assumptions. The principle difference
is that the differentiation index aims at a reformulation of the given problem as
an ordinary differential equation, whereas Hypothesis 3.48 aims at a reformulation
as a differential-algebraic equation with the same solutions but better analytical
properties. These properties essentially are that we have a separated part which
states all constraints of the problem and a complement part which would yield an
ordinary differential equation for a part of the unknown if we locally solved the
constraints for the other part of the unknown. We refer to these parts as differential
part and algebraic part, respectively. In this respect, Hypothesis 3.48 only con-
tains the requirement that such a reformulation is possible. In particular, Part 1
of Hypothesis 3.48 says that we expect a constraints and that Z, points to these
constraints in the derivative array. Part 2 then requires that these constraints are
linearly independent. This also excludes otherwise possible consistency conditions
on the inhomogeneity. The quantity 7> then points to the differential part of the
unknown. Finally, Part 3 requires that there is a sufficiently large part in the original
problem that yields the ordinary differential equation for the differential part of the
unknown if we would eliminate the algebraic part of the unknown. These equations
are selected by Z;.
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3.4 Differential-algebraic operators and generalized inverses

If for a pair (E, A) of a given differential-algebraic equation, the characteristic
values u and v do not both vanish, then we are not only faced with the problem of
inconsistent initial values but also with inconsistent inhomogeneities and nonunique
solvability. In the case of linear equations

Ax =b (3.65)

with A € C™" and b € C™, which can be seen as a special case of (3.1), this
problem is overcome by embedding (3.65) into the minimization problem

1 2 . 1 2 .
§||x||2 = min! s.t. §||Ax — b||5 = min! (3.66)

which has a unique solution in any case. This unique solution, also called least
squares solution, can be written in the form

x=A"b (3.67)

with the help of the Moore—Penrose pseudoinverse A of A.

A more abstract interpretation of (3.67) is that the matrix A induces a homo-
morphism A: C" — C™ by x +— Ax. For fixed A, the mapping which maps b
to the unique solution x of (3.66) is found to be linear. A matrix representation
of this homomorphism with respect to canonical bases is then given by A™*. It is
well-known that A" satisfies the four Penrose axioms

AATA = A, (3.682)
ATAAT = AT, (3.68b)
(AANHH = AAT, (3.68¢)
(AT = AtA, (3.68d)

see, e.g., [25], [56], [101]. On the other hand, for given A € C™" the four axioms
fix a unique matrix AT € C™™, whose existence follows for example by the unique
solvability of (3.66).

The aim in this section is to introduce a least squares solution for linear differenti-
al-algebraic equations with well-defined strangeness index. As for linear equations,
this least squares solution should be unique, even if there is no unique solution of
the original problem, and even if the initial condition or the inhomogeneity are
inconsistent.

Following the lines of the construction of the Moore—Penrose pseudoinverse
for matrices as sketched above, we must deal with homomorphisms between func-
tion spaces, preferably some linear spaces of continuous functions or appropriate
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subspaces. In view of (3.66), the norm of choice would be given by

7
[xll = v, x),  (x,y) =/ x0Ty dr, (3.69)

t

where I = [#, 7] is a compact interval. Since spaces of continuous functions cannot
be closed with respect to this norm, we are neither in the pure setting of Banach
spaces nor of Hilbert spaces. See [25, Ch. 8] for details on generalized inverses
of operators on Hilbert spaces. In this section we therefore build up a scenario for
defining a Moore—Penrose pseudoinverse which is general enough to be applicable
in the setting of linear spaces of continuous functions.

Looking at (3.68), we find two essential ingredients in imposing the four Penrose
axioms. These are the binary operation of matrix multiplication and the conjugate
transposition of square matrices. In the language of mappings, they must be in-
terpreted as composition of homomorphisms (we shall still call it multiplication)
and the adjoint of endomorphisms. While the first item is trivial in any setting, the
notion of the adjoint is restricted to the presence of a Hilbert space structure. The
most general substitute we can find here is the concept of conjugates.

Definition 3.56. Let X be a (complex) vector space equipped with an inner product
(v): Xx X - Candlet A: X — X be an endomorphism. An endomorphism
A*: X — Xis called a conjugate of A if and only if

(Ax,y) = (x, A™y) (3.70)
holds for all x, y € X.

For a unique definition of a Moore—Penrose pseudoinverse we of course need
at least uniqueness of a conjugate. In addition we also need the inversion rule for
the conjugate of a product.

Lemma 3.57. Let X be a (complex) vector space equipped with an inner product
G,): XxX—>C.

1. For every endomorphism A: X — X, there is at most one endomorphism
A*: X — X being conjugate to A.

2. Let the endomorphisms A*, B*: X — X be conjugate to the endomorphisms
A, B: X = X, respectively. Then AB has a conjugate (AB)* which is given by

(AB)* = B*A*. (3.71)

Proof. Let A* and A* be two conjugates of A. For all x, y € X, we then have

(x, A*y) = (Ax,y) = (x, A*y)
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or (x, (A* — A*)y) =0. Choosing x = (A* — A*)y and using the definiteness of
the inner product, we get (A* — A*)y = 0 forall y € Xor A* = A*. The second
assertion follows from

(x, B*A*y) = (Bx, A*y) = (ABx, y). O

With these preparations, we can define the Moore—Penrose pseudoinverse of a
homomorphism acting between two inner product spaces.

Definition 3.58. Let X and Y be (complex) inner product spaces and D: X — Y
be a homomorphism. A homomorphism D*: Y — X is called Moore—Penrose
pseudoinverse of D if and only if DD™ and DT D possess conjugates (D D1)* and
(D' D)*, respectively, and the relations

DD™D = D, (3.72a)
DTDDT = DT, (3.72b)
(DDM)* = DD, (3.72¢)
(DYD)*=D'D (3.72d)

hold.

As for matrices, the four axioms (3.72) guarantee uniqueness of the Moore—
Penrose pseudoinverse, whereas existence in general cannot be shown.

Lemma 3.59. Let X and Y be (complex) inner product spaces and D: X — Y
be a homomorphism. Then D has at most one Moore—Penrose pseudoinverse
Dt:Y - X

Proof. Let DT, D™ : Y — X be two Moore—Penrose pseudoinverses of D. Then
we have
DY =D"DDT =D'DD DD™

=(DTD)"(D"D)*DT = (D" DDVtD)*D"

= (D" D)*DtY =D DD" =D (DD)*

=D (DD DDYH* =D (DDH*(DD™)*

=D DD'DD =D DD  =D". o

According to (3.66) and (3.69), we consider the minimization problem

1 2 . 1 2 .
§||x|| = min! s.t. 5||Dx—f|| = min!, (3.73)

with D defined by
Dx(t) = E(t)x(t) — A(t)x(t) (3.74)
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according to (3.1) or more explicitly

T r
%/ lx(2)||13 dt = min! s.t. %/ |E1)x(t) — A(t)x (1) — f(0)||5 dt = min!.
L L

(3.79)
In order to assure that D represents a reasonable linear operator related to (3.1)
together with (3.2) in the form x(¢) = xp, we make two assumptions. First, we
assume that xo = 0 which can easily be achieved by shifting x(¢) to x(¢) — xo and
simultaneously changing the inhomogeneity from f(¢) to f(¢) + A(t)xo. Second,
we restrict ourselves to strangeness-free pairs (£, A). This is also easily achieved
for the class of pairs (£, A) with well-defined strangeness index, since we can
perform the construction of Section 3.2 which led to a strangeness-free pair (E, A)
with the extra requirement that the functions Z; and Z, have pointwise orthonormal
columns. This is possible due to Theorem 3.9, since the functions Z; and Z, are
unique up to pointwise unitary transformations on the columns and thus, (E, A)
is unique up to a pointwise unitary transformation from the left. Since unitary
transformations leave (3.73) invariant, the solution of (3.73) will not depend on the
specific choice of (E" , A). Recall that we had the problem to define the part f3 of
the inhomogeneity in a reasonable way. Again this will not present a difficulty,
since the results that we derive below will not depend on f3
In contrast to the original problem, where we could use arbitrary pointwise
nonsingular transformations P and Q, the minimization problem (3.73) requires
these to be pointwise unitary. This means that we cannot make use of the canonical
form (3.13). We replace this by a corresponding canonical form under unitary
transformations.

Theorem 3.60. Consider a strangeness-free pair of matrix functions (E, A). Then
there exist pointwise unitary matrix functions P € C(I, C™™)and Q € C' (I, C"*")
such that (3.1) transforms to

EMx =ADI+ f(), (3.76)

via E=PEQ, A= PAQ — PEQ, ¥ = Q'x, f = Pf, with

i e 0 0 3 Ay A Ajs
E=]10 0 0|, A=Ay 24 0 1, (3.77)
0O 0 O 0 0 0

where X g and X 4 are pointwise nonsingular and all blocksizes are allowed to be
zero.

Proof. We proceed as in the proof of Theorem 3.11 by application of Theorem 3.9,
with the only difference that we are now not allowed to transform invertible sub-
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matrices to identity matrices. We therefore obtain

>k 0 0 Al A Ans
(E,A) ~ 0 0 O0|,|A2n X2a 0
0O 0 O Az 0 0

and A3 must vanish because (E, A) is assumed to be strangeness-free. O

Having fixed the class of differential-algebraic equations that we want to con-
sider, we now return to the minimization problem (3.73). To describe the problem
completely, we need to specify the spaces X and Y. Requiring x to be continuously
differentiable, in general, yields a continuous f = Dx. But even in the uniquely
solvable case, f being continuous cannot guarantee the solution x to be contin-
uously differentiable as the case £ = 0 shows. We circumvent this problem by
setting

X={xeCOIC"Y|EYExeC'(I,C"), EYEx(1) =0},

Y = caem (3.78)
and defining D: X — Y indirectly via the canonical form (3.77) by
D= PHDOH, (3.79)
where D: X — Y with
Di(t) = E(i(r) — AZ (1) (3.80)
and
X={feCIC"|EYEf eC'(I,C"), EYEX(z) =0}, 8D

Y = C@ C™).

As usual, all actions for functions are to be understood pointwise. In this way, the
matrix functions P and Q can be seen as operators P: Y — Y and 0: X > X.
The latter property holds, because for x € Xand x = Q% we get

EYEx = (PHEQ")yT(PHEQ)x
= QETPPHEY = QEYEf e C'(I,CY),

since Q € C!(I, C™") and P, Q are pointwise unitary, and hence x € X.
Partitioning

X1 h

|, f=1r (3.82)

3 3

=
Il
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according to the block structure of (3.77) and observing the special form of E, the
condition x € X implies % to be continuously differentiable. But only this part
of X actually appears on the right hand side of (3.80). Thus, (3.79) indeed defines
an operator D: X — Y allowing the use of less smooth functions x compared with
Definition 1.1. In addition, it is obvious that D is a homomorphism. In accordance
with the theory of differential equations we call D a differential-algebraic operator.
Compare this construction with that of a so-called modified pair of matrix functions
which can be found in [100]. Since

Ixll=10"xI = %ll, IIDx—fl=IP(PYDQ"x—f)|=Di-fIl, (3.83)

the minimization problem (3.73) transforms covariantly with the application of the
operators P and Q. Hence, we can first solve the minimization problem for differ-
ential-algebraic equations in the form (3.77) and then transform the solution back to
get a solution of the original problem. Moreover, having found the Moore—Penrose
pseudoinverse D* of D the relation

DT =0DTP (3.84)

immediately gives the Moore—Penrose pseudoinverse of D.
Inserting the explicit form of £ and A into (3.75) for the transformed problem
yields the least squares problem

2
% / G510 + 20 %0) + 30O %3(1)) df = min! s, t.
1 L? (3.85)
; / (@1 (O (1) + B0 D2(1) + B3(0) 03 (1)) di = min!
t

with

W1(t) = TeO)x1(1) — A (DF1() — Ap(D)ia (1) — A (D)%) — fi@1),
Wa(t) = — Ay (OF1(1) — Ta(OF2(t) — fo(1),
W3(t) = — f3(0).

For given f € Y, the minimization is to be taken over the whole of X as in (3.81),
which can be written as

X={feCO,C"|i eClC, %(t) =0}, (3.86)

where d denotes the size of X;. The constraint equation in (3.85) is easily satisfied
by choosing an arbitrary continuous function X3, taking x; to be the solution of the
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linear initial value problem

10 = SN AL — A Za@) " A ) E1(1)
+ 20 (AWM + fi(n) (3.87)
—ApMZA0) " AHW), Fi(t) =0,

and finally setting

Bt) = —Za0) (A F (1) + 1)) (3.88)

Thus, we remain with the problem of minimizing % l|x |2 under the constraints (3.87)
and (3.88). This can be interpreted as a linear quadratic optimal control problem,
where X3 takes the role of the control. But, compared with the standard linear
quadratic optimal control problem treated in the literature (see, e.g., [16], [113],
[168]), the constraints are more general due to the occurrence of inhomogeneities.
The following theorem gives the essential properties of this problem in a new sim-
plified and adapted notation which should not be mixed up with the one used so
far.

Theorem 3.61. Let
AeCOC%ly, BecCOC?y, CeccCcrd,

4 (3.89)
fecCdC, geCdCP).
Then the linear quadratic control problem
1 r
3 / cOFx@) +yOy@) + u@®)u@)) dt = min! 5. 1.
t (3.90)

X)) =A®Mx@) +B@Ou@)+ f@), x(£) =0
y(@) = C(t)x(t) + g()

has a unique solution
xeCHI,CY, yeCOCP), uecCCcCh.

This solution coincides with the corresponding part of the unique solution of the
boundary value problem

Aty =T +Ccocenx) — AOTr®) + C) g(1), M(T) =0,
X(t) = A@O)x (1) + B®u(t) + £(1), x(t) =0,

y()=C@t)x() + g(t),

u() = BOIA@)

(3.91)
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which can be obtained by the successive solution of the initial value problems

P)=1+CHHC@t) — P()A®)
— AW P@) - POBOBMOTP(1), P({)=0,
o) =Cc)gt) — P f (1)
— AWMv(@) = POBOBM®T (1), () =0,
() = A@®)x(t) + BOBOT(P(x(t) +v®) + f(), x(t) =0,
A1) = P()x(t) + v(0),
y(t) = C()x(t) + g(1),
u) = B r@).

(3.92)

Proof. Eliminating y with the help of the algebraic constraint and using a Lagrange
multiplier A, see, e.g., [113], cp. also Exercise 21, problem (3.92) is equivalent to

J[x,x,u, \] = min!,

where (omitting arguments)

!
Jlx, x,u, ] = / [%(xHx +(Cx+ 9 Cx+g) +ulu)
t

+ Re(H (F — Ax — Bu — f))] di

and x, A € CL(I, C9), u € C(I, C). Variational calculus then yields
J[x +edx, x + €8x, u + &du, A + £5A]

_ / [%((x + 80" (x + £8x) + (u + edu)! (u + esu))
t

4+ (C(x + 88x) + ) (C(x +e6x) + g)
+ Re((h + 201 (& + 28%) — Ak +28%) — Blu + e8u) — f))] d
= J[x, x,u, A]

7 r .
+ 8%2[AH8x‘t + / "+ Cx+fc—a"A—if)sxdr
L

t i
+/ (uH—AHB)Sudt+/ SAH()%—Ax—Bu—f)dt]
t !
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1 r
n 82[5 / xH (1 + CH Cyox + suM su) dt
L

t
+ Re / 5.7 (5% — ASx — Bou) dt]
t

after sorting and integration by parts. A necessary condition for a minimum at
(x, u, A) is that for all variations the coefficient of ¢ € R vanishes. This at once
yields (3.91).

Suppose that (x + x, u + edu, A + €5A) is a second minimum. Without loss
of generality, we may take ¢ > 0. It follows that (6x, u, A) must solve the
corresponding homogeneous problem. In particular, we must have

8x = Adx 4+ Bdu, 6x(t)=0

and .
siv=(I+ClC)sx — Aflsx, sx(7T)=0.

This yields
J[x +&dx, x +&8x, L+ &8A, u + edu]
2
1
= J[x, X, A, ul + 82/ E(SXH(I + CHC)ox + sulsu) dt,
t

and it follows that §x = 0, du = 0 and therefore A = 0. Hence, there exists at
most one solution of the linear quadratic control problem (3.90) and thus also of
the boundary value problem (3.91). It remains to show that (3.91) indeed has a
solution. To do this, we set

A=Px+v, A=Pi+Px+0
with some P € C1(I, C4%), v e CI(I, CY). Inserting into (3.91), we obtain
Pi+Px+v=U+CHC)x — A (Px +v)+ CHyg

and
Px = PAx + PBBY (Px + v) + Pf.

Combining these equations, we find
(PA+A"P+PBBP —(1+CPC)+ P)x
+ (PBBv 4+ Pf+ Ay —CHg 4+ 0) =0.
Now we choose P and v to be the solutions of the initial value problems
P=1+CHc—-PA—A"P—-PBBP, P(i)=0,
v=Clg—Pf—A%v— PBB"v, v(7) =0.
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This choice is possible, since the second equation is linear (and hence always has a
unique solution) and the first equation is a Riccati differential equation of a kind for
which one can show that a Hermitian solution exists for any interval of the form I,
see, e.g., [120, Ch. 10].

It remains to show that (3.92) indeed solves (3.91). This is trivial for the third
and fourth equation of (3.91). For the second equation, we of course have x(z ) = 0
but also

X—Ax —Bu—f
= Ax+ BBYPx+ BB"v+ f — Ax — BB Px — BBy — f =0.
For the first equation, we have A(7) = P(#)x(f) + v(z) = 0 and also
A—d+Ccox+ AL —CHyg
=Pi+Px+0—(U+CHCOx+ATPx+A%v—Clyg
= PAx + PBB"Px+ PBB"v + Pf
+U+CcfC)x — PAx — A" Px — PBBT Px
+CHg—Pf—AHy— PBBHy
—d+cfoyx+A"px+ Ay —cllg =o0. O
We can immediately apply this result to the constrained minimization prob-
lem (3.85).

Corollary 3.62. Problem (3.85) with constraints (3.87) and (3.88) has a unique
solution x € X.

Proof. The assertion follows from Theorem 3.61 by the following substitutions
(again without arguments)

A=37 (A —AnZ A, B=3p'An, C=-3"Ay,
f=3(h—AnZ' f), g=-3;'f

The unique solution has the form (3.82), where X as part x of (3.92) is continuously
differentiable with x;(z) = 0. O

(3.93)

With these preparations, we can define an appropriate operator

DT: Y- X (3.94)
as follows. For .

T[4

f=|f|eY
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the image

=
I
=1
)
Il
O
+
)

is given by the unique solution of (3.85) with (3.87) and (3.88). Note that Dt f €
X, because X as part x of (3.92) is continuously differentiable and x;(¢) = O.
Moreover, because the Riccati differential equation in (3.92) does not depend on
the inhomogeneities, the operator D is linear, hence a homomorphism.

Theorem 3.63. The operator D, defined in (3.94), is the Moore—Penrose pseu-

doinverse of D,i. e., the endomorphisms DD™ and D* D have conjugates such that
(3.72) holds for D and D™.

Proof. Let
LT
f=|R|eY. DD'f=|f
3 3

With (3.80), using for simplicity the notation of Theorem 3.61 and Corollary 3.62,
we get
fi = px — An¥ — Ak — A
=XpX —Anx — Ay — Ajzu
= Sg(Ax + BB (Px +v) + f) — Aj1x
— Ap(Cx + g) — A3BH (Px +v)
= Anx — ApSy Ajx + BB (Px +v) + fi — Ay fo
—Anx+AnZ Aax + ApZ o - ZeBBY (Px +v) = fi,

A

fr=—AnX1 — TaXo = —Ayix — Xay
= T4(Cx —y) = Tp(Cx — Cx — g) = fa,

=0,

and DD is obviously conjugate to itself. Since DDt projects onto the first two
components and since f3 has no influence on the solution of (3.85), we also have
DtDD* = D*. Since DX has a vanishing third component for all ¥ € X, the
projector DD acts as identity on D, ie., DD*D = D. The remainder of the
proof deals with the fourth Penrose axiom.

Let

eX, DtDi=

=

Il
T < =
> =
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We must now apply D7 to the inhomogeneity

y Ypx — Anix — Ay — Au
Dx = —A1x — Xy
0

Therefore, we must set

f =37 (Zpx — Anx — Ay — Au+ Az (Azix + ay))
=x — Ax — Bu,

g=3,"(Ayx + Zay)
=—Cx+y.

Recalling that the solution P of the Riccati differential equation in (3.92) does not
depend on the inhomogeneity, we must solve

bv=CH(—Cx+y)—A%v— PBB"v — P(k — Ax — Bu), v(7)=0,
=A%+ BB"(Pf +v)+ (t — Ax — Bu), £(t)=0,
$=Ct—Cx+y,

i=BY(Pi+v),

where A, B, C, D are as in (3.93). Settingv = w — Px, 0 = w — Px — Px, we
obtain
w=Pi+I+CHC)x — PAx — A" Px — PBB" Px
—clex+cty—Aw+ A"Px — PBB"w+ PBBY Px
— Pi+ PAx + PBu
=—(A" + PBB"Yyw + (x + C'y + PBu), w(r)=0.

(3.95)

Let W(t, s) be the Wronskian matrix belonging to A + BB P in the sense that
W(t,s) = (A+ BB PYW(t,s), W(s,s) =1

Then W (¢, s)~ is the Wronskian matrix belonging to —(A" + PBB™). With the
help of W (¢, s) we can represent the solution of the initial value problem (3.95) in
the form

t
w = / Wt s) " H(x+Ccfy+ PBu)ds
!

or
t
v=—Px —1—/ Wiz, s)_H(x + CHy + PBu)ds.
t
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Here and in the following, the arguments which must be inserted start with ¢ and
a Wronskian matrix changes it from the first to the second argument. Setting
X = x + z, we obtain

;=—x+Ax+ Az + BB Px + BB P;
+ BB"w — BB Px +% — Ax — Bu
= (A+BB"P)z+ (BB"w — Bu), 2(1) =0

or
t
z= / Wi, s)(BBHw — Bu) ds.
t
Thus, we get x, 3, i according to
f=x+42z y=y+Cz, i =BU(Pz+w).

Let now, in addition,

< =
m
A

be given and let

O

+

(Wi
St =

I
So<o =0

Then we have
r
/ Gz 4+ 515 +afln) dr
t
T t s
= / [)EHx +;2H/ Wz, s) (BB ﬁ W, r) "+ Ccfy+ PBu)dr — Bu) ds
L t 1
t N
+ 38y + 9HC/ W(t,s)(BB" ﬁ Ws,r) T (x+CHy + PBu)dr — Bu) ds
t t
t N
+ ﬁHB”Pf Wi, s)(BBH/ W(s,r) H(x+CHy + PBu) dr — Bu) ds
t T

t
+af BH ﬁ W, ) H(x+Cfy+ PBu) ds] dt
t
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T
=/()2Hx+§Hy)dt
t
r pt
—/ /(JEH+§1HC+ﬁHBHP)W(t,s)Budsdt
tJr
r pt
+/ ﬁ i’ BEW (t,5) " (x + C®y + PBu) ds dt
t Jr

t ptops
+//:ﬁ(iH+§HC+ﬁHBHP)W(t,s)B
t Jr Ji
-BAIW s, ry"H(x+CHy + PBu)drds dr.

By transposition and changing the order of the integrations, we finally have
T T R . R
/ e+ 59 +aayde = / «x+ 7y +uuydr,
r L

which is nothing else than that Dt D is conjugate to itself. O

It then follows from Theorem 3.63 that (3.79) yields the Moore—Penrose pseu-
doinverse of D, i.e., we have shown the existence and uniqueness of an operator Dt
satisfying (3.72) and thus we have fixed a unique (classical) least squares solution
for a large class of differential-algebraic equations (including higher index prob-
lems) with possibly inconsistent initial data or inhomogeneities or free solution
components.

Using D for solving differential-algebraic equations with undetermined solu-
tions components, however, bears at least two disadvantages. First, the undeter-
mined component X3 need not satisfy the given initial condition and, second, instead
of an initial value problem we must solve a boundary value problem, which means
that values of the coefficients in future times influence the solution at the present
time. A simple way out of this problem is to choose the undetermined part to be
zero. In the following, we investigate this approach in the context of generalized
inverses. To do this, we consider the matrix functions given by

M=EYE+F'F, F=(-EE"AU - ETE). (3.96)
Transforming to the form (3.77), we then have
F=(-EEYHAUI -EYE)
= —-PEQQO"ETPHYPAQ - PEQ)I — Q"ETPIPEQ)

=P —-EEYA-EQQO"U -ETE)Q
= P(I —EEYAU —-ETE)Q = PFQ.
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Thus, F transforms like £ and therefore
M=EYE+F*'F
=QUEtPEPEQ + QUFtPHPFQ
= "ETE+FTF)0=0"10.

A simple calculation then yields

=

o oL
oo

0
0
0

This, in particular, shows that IT is pointwise an orthogonal projector. Note that
I — TT indeed projects onto the undetermined component x3. Hence we are led to
the problem

t
%/ (I = T1(1)x(2)||5 dt = min! s.t.
' (3.97)

T
%/ IE@®)i(t) — A(x(t) — f(t)]3 df = min!
t

replacing (3.75). The preceding results state that again the problem transforms
covariantly with the application of P and Q so that we only need to solve (3.97) for
differential-algebraic equations in the form (3.77). Since (3.97) here implies X3 = 0
by construction, we remain with a reduced differential-algebraic equation (3.87) and
(3.88) that is uniquely solvable. We can therefore carry over all results obtained so
far as long as they do not depend on the specific choice of X3. Recognizing that
only for the fourth Penrose axiom this choice was utilized, we find that (3.97) fixes
a so-called (1,2,3)-pseudoinverse D~ of D satisfying the axioms (3.72a), (3.72b)
and (3.72c). Keeping the spaces as before, we arrive at the following result.

Theorem 3.64. The operatorND; defined via (3.97) is a (1,2, 3)-pseudoinverse
of D, i.e., the endomorphism DD~ has a conjugate such that (3.72a)—(3.72c¢) hold
for D and D™.

Again defining the operator D~ by D~ = Q D~ P then gives a (1,2,3)-pseudo-
inverse of the operator D.

Remark 3.65. Recall that in Section 3.2, following Theorem 3.32, we have dis-
cussed how to fix the inhomogeneity belonging to the third block row in (3.77)
when coming from a higher index differential-algebraic equation. Fortunately,
both generalized inverses D", D™ yield solutions of the corresponding minimiza-
tion problems that do not depend on this part of the inhomogeneity. However, we
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cannot determine the residual associated with the third block row in (3.77). But this
is not really a problem, since we can specify a residual with respect to the original
differential-algebraic equation.

Remark 3.66. In the case that Aj3 = 0 (including A3 empty, i.e., no correspond-

ing block in the canonical form (3.77) exists), we immediately have D~ = D™.
Observing that for £ = 0 the existence of (3.77) requires rank A to be constant on
I, we find D™ = D™ = —A™. In particular, this shows that both D" and D~ are

indeed generalizations of the Moore—Penrose pseudoinverse of matrices.

Remark 3.67. The boundedness of the linear operators D: X — Y and
DT, D™ :Y — X, where X and Y are seen as the given vector spaces equipped
with the norms [lx|lx = lxllz, + | £ (E*Ex)|lz, and |ylly = [ly]lz,. allows for
their extension to the closure of X and Y with respect to these norms, see, e.g.,
[80, Lemma 4.3.16]. In particular, Y becomes the Hilbert space L, (I, C™). Other
choices of norms are possible as well.

Example 3.68. Consider the initial value problem

T 54 ey 4 ) P S R
1 t|lx] "0 =1||x @] [x@)]|  [x20]

It has strangeness index u = 1, whereas the differentiation index is not defined.
To obtain a strangeness-free differential-algebraic equation with the same solution
space according to Section 3.2, we compute

w=[efa 8] =[] «=[]

and obtain (with shifted initial values)

-t 210 0 -1 010 0
1 ¢+]0 0 0 —1/0 0
MO=\——=1T=7|" =010 0|
0 2|-1 ¢ 0 01/0 0
fit) —x10
@) —x20
gy =|—"—"7""F""T"
J1(0)
f2(t)

Since rank M (¢t) = 2 for all t+ € R, the procedure of Section 3.2 reduces to the

computation of an orthogonal projection onto the corange of M (¢) given, e.g., by
1 1 —t|0 O

MT+20 0|1 —r]°

ZH" =
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Replacing E, A, and f by Z”M, ZH N, and Z"g yields the strangeness-free
differential-algebraic equation

1
0= ——=(—x1+1tx2+ f1(t) —x10 — 12(t) + tx20),
1+ 12

1 . .
0= ——=(f1(1) =1 /2(1)),
V1412
together with homogeneous initial conditions. Denoting the coefficient functions
again by E, A and f, we have E(¢) = 0 and

N e _ 1 Th® =x10 =120 +1x20
A(t)_v1+t2[0 O]’ A 1+z2[ fi@) — 1 (1) }

According to Remark 3.66, the least squares solution of this purely algebraic equa-
tion is given by x = —A™ f. Transforming back, we obtain the least squares
solution of the given original problem

1 [—1 0] 1 [fl(t)—{Cl,o—lfg(f)+th,o] [M,o}
T+2Lt O] V/1+¢2 f1(@) —t f(0) X2,0

x(t) =—

or

x(t) =

[ fi@®) —x10—tfat) +tx20 ] [xl,o}
—t(f1(t) — x1,0 — tf2(t) + tx20) x2,0]|

Returning to the notation of Section 3.2, the least squares solution of (3.1) with
initial condition x (#p) = 0 has been defined by

1+1¢2

x=DTf D:X—>Y, Dx(t)=E@®it) —AWD)x({). (3.98)
The vector spaces X and Y, given now by

X={xeCOC"|EtExeC'@,C"), EtEx(t9) = 0},

(3.99)
Y =C(@IC"),
become Banach spaces by introducing the norms
el = lxlly + 1 (ETEDlly,  1f Iy = max | f () lloo. (3.100)

The operator D (and also D ™) is continuous with respect to these norms, i.e.,

ID* flix
IDF|lxy = sup / <0

—_— (3.101)
fevvoy Ny

In this sense, the discussed minimization problems are well-posed. The original dif-
ferential-algebraic equation is well-posed in the same sense, when the minimization



3.4 Differential-algebraic operators and generalized inverses 131

problems reduce to the original differential-algebraic equation, i.e., when D is
invertible. This is the case if and only if the differential-algebraic equation is
strangeness-free with m = n and has no undetermined solution components.

Let x be the least squares solution of (3.1), i.e., let x = D+(f + Axo) + xo,
and let X be the least squares solution of the perturbed problem

EM% = ADE + ) +n@), £(to) = %o (3.102)
with n € CH(I, C™), ie., letx = DT(f + / + Axq) + xo with

n
1
o, =z, =z : ey

=> S

n=

o
=
&

Then the estimate
I — xllx = 1D¥H + R0 — x0)lIx < IDT Ix—v IAlly + X0 — Xolloo

A ) w (3.103)
=< ClIXo = xolloo + lIlly + llly + -+ + 110" lly)

holds. By the definition of the strangeness index, it is clear that (3.103) cannot hold
for a smaller value of L.

The estimate (3.103) shows that the strangeness index is directly related to the
perturbation index that was introduced in [108].

Definition 3.69. Given asolutionx € C'(I, C*) of (3.1). The differential-algebraic
equation (3.1) is said to have perturbation index k € N along x, if k is the smallest
number such that for all sufficiently smooth x € CH(I, C") the defect n € C (I, C™)
defined by (3.102) satisfies the estimate

12 = xllx < C(l%o — Xolloo + Inlly + 1Ally + -+ 1n*lly),  (3.104)

with a constant C independent of X. It is said to have perturbation index x = 0 if
the estimate

1§ = xllx < CQlRo = xolloo +max | n(s) dslee) ~ (3.105)

holds.

The above discussion then has shown the following relation between the strange-
ness and the perturbation index.

Theorem 3.70. Let the strangeness index  of (3.1) be well defined as in (3.17)
and let x be a solution of (3.1). Then the perturbation index x of (3.1) along x is
well defined with

0 foru =0,a, =0,

K= . (3.1006)
u+ 1 otherwise.
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Remark 3.71. The reason for the two cases in the definition of the perturbation
index and hence in the relation (3.106) to the strangeness index is that in this way
the perturbation index equals the differentiation index if it is defined. Counting in
the way of the strangeness index according to the estimate (3.103), there would be
no need in the extension (3.105).

3.5 Generalized solutions

As in the case of constant coefficients, we may again weaken the differentiability
constraints and also the consistency constraints. The first complete analysis of the
distributional version for the linear variable coefficient case was given in [179],
[180] on the basis of a reformulation and extension of the construction given in
[125], that we have discussed in detail in Sections 3.1 and 3.2. Here we use the
theory described in these sections directly to derive the distributional theory.

We consider the distributional version of the linear time varying system

Et)x =AM)x+ f, (3.107)
with impulsive smooth distribution f € C{f, . Looking for solutions x € Cff, . we
must require that £, A € C*°(R, C™") in order to have well-defined products Ex
and Ax. To apply the techniques of the previous sections, we observe that Theo-
rem 3.9 guarantees that all constructions based on the decomposition (3.8) stay in
spaces of infinitely often differentiable functions. In particular, systems like (3.18),
(3.44), or (3.60) can be obtained in the same way with infinitely often differentiable
matrix functions. The only difference is that we do not need smoothness require-
ments for the inhomogeneity. For convenience, we restrict ourselves here to the
following modification of Theorem 3.17.

Theorem 3.72. Let E, A € C*®°(R, C™") and let the strangeness index p of (E, A)
be well defined. Furthermore, let f € Gﬁlp with impulse order iord f = q €
Z U {—o0}. Then the differential-algebraic equation (3.107) is equivalent (in the
sense that there is a one-to-one correspondence between the solution spaces via a
pointwise nonsingular infinitely often differentiable matrix function) to a differen-
tial-algebraic equation of the form

X1 =Ap@xz+ fi, dy (3.108a)
0=x2+ f2, a, (3.108b)
0= f3, vy (3.108¢)
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where A1z € C®(I, C4"n) and

S
iord | > | < g+ u. (3.109)
f3

Proof. All the constructions that lead to the canonical form (3.13) can be executed
using infinitely often differentiable matrix functions due to Theorem 3.9. Then
the form (3.108) follows directly from Theorem 3.17, where the inhomogeneities
f1, f>, f3 are determined from f©, . .. f0Y via transformations with infinitely
often differentiable matrix functions. O

Corollary 3.73. Let E, A € C*(R, C™") satisfy the assumptions of Theorem 3.72.
Then, we have:

1. Problem (3.107) has a solution in C!

imp if and only if the v, distributional con-
ditions

=0 (3.110)
are fulfilled.

2. Let ty # 0 and xo € C". There exists a solution x € @i’;np satisfying one of the
initial conditions

x(t0) = x0, x(07) =x0, x(07) =x0 (3.111)
if and only if in addition to (3.110) the corresponding condition out of

x(to) = — falto), x(07)=—£07), 00" =-£07) G112
is implied by the initial condition.

3. The corresponding initial value problem has a unique solution in Gﬁnp if and
only if in addition
u, =0 (3.113)

holds.
Moreover, all solutions x satisfy iord x < max{qg + u, iord x3}.

Proof. The proof follows directly as in Section 2.4. O

To compare this result with Theorem 2.42, we recall that in the variable coef-
ficient case regularity corresponds to the condition (3.19). In this case, (3.110) is
an empty condition and (3.113) holds by assumption. Thus, Corollary 3.73 states
that a regular problem is always uniquely solvable for consistent initial conditions



134 3 Linear differential-algebraic equations with variable coefficients

with iord x < ¢ 4+ p. Moreover, the assertions of Theorem 2.43 hold in the vari-
able coefficient case if the system is regular and if we replace v by u + 1. This
immediately implies that inconsistent initial conditions should again be treated as
impulses in the inhomogeneity according to

E(i = AW0x + f+ E@)x08, x_ =0 (3.114)
with f_ = 0.

Theorem 3.74. Consider a differential-algebraic equation in the form (3.114) and
suppose that the strangeness index w of (E, A) as in (3.17) is well defined with
v, =0. Let f € C _ be given with f_ =0 andiord f < —1.

imp

1. All vectors xo € C" are consistent with f if and only if © = 0 and a,, = 0.
2. All vectors xo € C" are weakly consistent with f if and only if u = 0.

Proof. For the first part, let a;, # 0. Then (3.108b) is present and the condition
x2(07) = — £»(0™) restricts the set of consistent initial values. Hence, for all initial
values to be consistent, a;, = 0 must hold, implying that u = 0.

For the converse, let u = Oand a;, = 0. Equation (3.114) transforms covariantly
with infinitely differentiable global equivalence transformations, since setting x =
0x, xo = Q(0)xp and multiplying (3.114) by P with pointwise nonsingular P €
C®[R,C™™)and Q € C*®°(R, C™") yields

E% = AWOI+ f + E1)Zo8,

with
E=PEQ, A=PAQ-PEQ, f=Pf
Hence, we may assume that (E, A) is in global canonical form (3.23). For u = 0

and a, = 0, the corresponding differential-algebraic equation reads (omitting the
argument t)

[10] [1} =[0 Alz][ﬁ} + f + 71,08,
X2 X2
with iord f < —1. Choosing X = X30, the part X| solves
X1 = Apiao+ f + %108,

with iord(Aj2X2,0 + f ) < —1. According to Exercise 15 of Chapter 2, the solu-
tion ¥ satisfies X1 (07) = %1 0 and iord ¥; < —1. Hence, there exists a solution X
with iord x < —1. Transforming back, we get a solution x = Qx of (3.114) with
iordx < —1.
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For the second part, let & > 0. Then the transformation of (3.114) to the global
canonical form (3.23) yields

o G [Gun] [/
=0
Gol (*¥2)0 (*2)0 fo
0 ‘G./'L . * (552,0),1/.
+ |
Gy (%2,0)0
0

as part of the transformed problem (3.114). We first obtain
(¥2)0 = —fo
with iord(x2)9 < —1. Differentiating and inserting into the second but last block
equation gives '
()1 =—f1 = G1fo — G1(%2.0)08.
Since G(0) has full row rank, there exists an initial value (¥30)p such that

iord(x;); = 0. Hence, there exists an xg € C" which is not weakly consistent.
Conversely, let © = 0. The problem in global canonical form then reads

.5(:1 X1 ~ ~
I 0 Of|% | _[0 Ap Off- h X1,0
oo of[2)=lo o L)

X3 X3
with iord(fl, fg) < —1. Choosing X, = 0, we obtain X3 = —fz with iord x3 < —1
and Xx; solves ) }
X1 = f1 +X1,06.
Here, iord x; < —1 follows by Theorem 2.41. O

A similar result under the weaker assumption that (E, A) satisfies Hypothe-
sis 3.48 does not hold. Of course, due to Corollary 3.26, we can reduce this case to
the case of Theorem 3.74 if

oel L

jeN
because then there exists a neighborhood of 0 € R, where the strangeness index of
(E, A) is well defined. If, however,

0eR\ (I,

jeN
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then new effects may occur. Examples for this are given in Exercises 22 and 23.
As already announced in Chapter 2, we want to discuss the case that nonsmooth
behavior of the solution due to nonsmooth behavior of the inhomogeneity (or in-
consistent initial conditions) occurs at (possibly) more than one point. Suppose that
the set
T:{leRh‘j <Ttj+1, ]EZ}

has no accumulation point. Then there exists an immediate extension of impulsive
smooth distributions. Consider the formal composition

X =%+ Ximp, £=) x (3.115)
JEL
of distributions with
xj € C¥([tj,tj+11,C) forall j €Z (3.116)

and impulsive part

J
Ximp = inmp,jv Ximp,j = Zcij(sz(;)» Cij € C, q;j € No. (3.117)
jez ;

The first question is whether every x of this form is actually a distribution, since
formally there are two possibilities to be faced with infinite sums of complex num-
bers (such that there would be a need for restrictions to guarantee convergence).
The first one is that j runs over all integers and the second one is that g; need not
be bounded as a sequence in Z. Testing such an x with a ¢ € D gives

(X,d)):Z +ZZCU 8(1)7

JEL JEZ i=0

Since ¢ has bounded support and T has no accumulation point, all but finitely many
terms (x;, ¢) and (8(’) ¢) vanish. Thus, only a finite sum remains. Since the
continuity of a distribution is defined with respect to sequences ¢ — 0, where all
¢r € D vanish outside the same bounded interval, it is clear that x is a continuous
linear form. This shows that all compositions of the form (3.115) are distribu-
tions with impulsive behavior restricted to the set T. We denote the set of such
distributions by Cjmp(T).

Lemma 3.75. Impulsive smooth distributions in Cimp(T), where T C R has no
accumulation point, have the following properties:

1. A distribution x € Cimp(T) uniquely determines the decomposition (3.115).
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2. With a distribution x € Cimp(T), we can assign a function value x(t) for every
t e R\ T by
x(t) = x‘,'(t) fort € (tj, tj+1)

and limits
x(lj_) = lim x;_1 (1), X(f;-r) = lim+x]'(t)

—t —t
t tj t t/

foreveryt; € T.
3. All derivatives and primitives of x € Cimp(T) are again in Cinp(T).

4. The set Cimp(T) is a (complex) vector space and closed under multiplication
with functions A € C*°(R, C).

Proof. The proof follows the lines of the proof of Lemma 2.38. O

Theorem 3.72 and, with slight modifications concerning the initial conditions,
Corollary 3.73 hold for f € Gi’ﬁlp(’ﬂ") with solutions x € @ﬁnp(T). The assertions
for the impulse order are valid for every ¢; € T separately. In view of (3.114),
we can now allow for initial conditions x(t;.”) = xj o atevery t; € T by replacing

(3.107) with
E(t)x :A(t)x—l—fj—|—fimp,j+E(t)xJ-,08, Xj—1 =0, (3.118)

where f;, fimp,j, and x;_; are the corresponding parts of the compositions (3.115)
of f and x. Equation (3.118) then determines the impulsive part xiyp,; and the
smooth part x; of the solution provided that (E, A) satisfies one of the properties
of Theorem 3.72.

In view of Corollary 3.26, a question would be whether we can treat jumps in
the index and in the characteristic values between the intervals I; of (3.26) within
the framework of (impulsive smooth) distributions. The first difficulty here is that

the set
T=I\{JI;
jeN

with closed interval I does not need to be countable. This means that it is not
straightforward to define impulsive smooth distributions with impulses allowed
at every point of T. The second problem is that jumps in characteristic values
may affect the solvability within the set of impulsive smooth distributions in an
inconvenient way. See Exercises 22 and 23 and the following example for possible
effects.

Example 3.76. Consider the initial value problem

tx =0, x(07)=0
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with solution space Cjp. For this differential-algebraic equation neither the strange-
ness index is well defined nor Hypothesis 3.48 holds. A possible decomposition
according to Corollary 3.26 is given by

R = (—00,0) U (0, 00).

Thus, jumps of characteristic values may occur exactly at the same point where
we allow impulsive behavior. Obviously, all distributions of the form x = ¢§ with
¢ € C solve the initial value problem. Moreover, there is no initial condition of
the form (3.111) that fixes a unique solution. On the other hand, there is a unique
solution of the initial value problem in C!(R, C), namely x = 0. Hence, we may
loose unique solvability when we turn to distributional solutions.

We conclude this section with the remark that up to now there do not exist any
detailed investigations of phenomena caused by such jumps of the characteristic
values, neither within the framework of classical solutions (where the above example
seems to be trivial as long as we do not include inhomogeneities) nor within the
framework of (impulsive smooth) distributions.

3.6 Control problems

As in the case of constant coefficients, we can also study linear control problems with
variable coefficients via the analysis of differential-algebraic equations. Consider
the system

E(t)x = A(t)x + B(Hu + (1), (3.119a)
y=C@)x +g(), (3.119b)

where E, A € C(I,C™"), B € C(I,C™}), C € CI,CP™M), f € C(I,C™) and
g € C(, CP). Again, x represents the state, u the input, and y the output of the
system. Typically one also has an initial condition of the form (3.2). Note that
we use here the symbol u for the input (as is common in the control literature),
since this will not lead to any confusion with the characteristic values u;, it as in
the canonical form (3.13) or in (3.64).

In order to analyze the properties of the system, we proceed in a different way
compared with the constant coefficient case. We perform a behavior approach as it
was suggested by Willems, see, e.g., [167].

Introducing a new vector
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we can rewrite the state equation (3.119a) as
)z = A)z + f(1), (3.120)

with
E=[EO0], A=[A B]. (3.121)

Note that the derivative of the original input # occurs only formally. In principle,
we could also include the output equation in this system by introducing a behavior
vector

y

Since the output equation (3.119b) together with its derivatives explicitly deter-
mines y and its derivatives, it is obvious that the output equation will not contribute
to the analysis. So we keep it unchanged and only analyze the state equation.

System (3.120) is a general nonsquare linear differential-algebraic equation with
variable coefficients for which we can apply the theory based on the strangeness
index that we have developed in the previous sections.

If we carry out the analysis for this system and ignore the fact that z is com-
posed of parts that may have quite different orders of differentiability (note that in
practice the input # may not even be continuous), then we extract strangeness-free
systems like (3.18) or (3.41). Observe that we cannot apply the theory based on the
differentiation index, since in general it will not be defined for (3.120).

The associated inflated system has the form

Mi(t)zg = Ne(t)ze + he(2), (3.122)
where
(M) j = (j) &) = (j4) A0 i j=0.....L

Ny, = |20 fori=0....6 j=0.
L= 0 otherwise, (3.123)
(ze)j =79, j=o0,...,¢
(he)i = fP, i=0,....¢

and the analysis of Section 3.2 yields the following canonical form for (3.120).

Theorem 3.77. Let the strangeness index (u as in (3.17) be well defined for the
system given by (&, A) in (3.120). Setting

d=a,, d=d,, bd=vo+ --+vy, (3.124)
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the inflated pair (M, N,) as in (3.122), associated with (&, 4A), has the following
properties:

1. Forallt € Iwe haverank M, (t) = (u~+1)m —a — 0. This implies the existence
of a smooth matrix function Z of size (i + 1)n x (a + 0) and pointwise maximal
rank satisfying Z" M 7 =0.

2. For all t € 1 we have rank ZHNM[I,H; 0--- 01" = a. This implies that
without loss of generality Z can be partitioned as Z = [ Zy Z3 ), with Z» of size
(u+1Dm x a and Z3 of size (u+ 1)m x 0, such that Ay = ZfNM[InHO .01
has full row rank a and Z?’ Nyl 0 --- 017 = 0. Furthermore, there exists
a smooth matrix function Ty of size (n + 1) % d d=m-—a, and pointwise
maximal rank satisfying Az T, =0.

3. Forallt € T we have rank E(t)T»(t) = d. This implies the existence of a
smooth matrix function Z1 of size m x d and pointwise maximal rank satisfying
rank Ey = d with E; = ZI'E.

Furthermore, system (3.120) has the same solution set as the strangeness-free
system

E\@) A fi@
0 |i=]|A) |2+ ]| L0 | (3.125)
0 0 ()

where A| = ZfIA, f] = Zflf, f, = ZiHthori =2,3.

Note that the third block row in (3.125) has ¥ equations, which in general is
larger than v, as occurring in (3.41).

Remark 3.78. We have formulated Theorem 3.77 along the lines of Hypothesis 3.48
with quantities a, d, and 9. Instead of requiring a well-defined strangeness index
for (&, 4), we can obviously weaken the assumptions by requiring that the claims
of Theorem 3.77 hold. This would correspond to an extension of Hypothesis 3.48
to general over- and underdetermined systems. We will discuss this extension in
Section 4.3 for nonlinear differential-algebraic equations.

Considering the construction in Section 3.2 which led to the canonical form
(3.125), we observe that the constructed submatrices A and A, have been obtained
from the block matrix

A B
A B
A(.u) Béu)

by transformations from the left. This has two immediate consequences.
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First of all this means that derivatives of the input function u are nowhere needed,
just derivatives of the coefficient matrices, i.e., although formally the derivatives
of u occur in the inflated pair, they are not used for the form (3.125), and hence, we
do not need any additional smoothness requirements for the input function u.

Second, it follows from the construction of Al and Az that the partitioning into
the part stemming from the original states x and the original controls « is not mixed
up. Including again the output equation, from the inflated pair we have extracted
the system

E\()x = A\(Ox + Bi(Du+ f,(t), d (3.126a)
0=Ar()x + Bo(u+ fo(t), a (3.126b)
0= f;(), 0 (3.126¢)
y=Ct)x +g(t), p (3.126d)

where

Elzﬁl[ﬂ, Aizzi,»[ﬂ, B,:Aim, i=1,2.

Note also that the initial condition is not changed.

It turns out, however, that the characteristic quantities obtained in the canonical
form (3.125) are not sufficient to analyze consistency and regularity of the control
system (as defined in Definition 2.53) and to determine whether the system can be
regularized by feedback, see [40]. To determine the structural information, we need
to perform additional (global) equivalence transformations. In principle, we can
obtain an equivalent differential-algebraic equation of the form (3.18), since (3.126)
is strangeness-free as differential-algebraic equation for the unknown z. But this
would mean that we must use transformations that mix x and u. To avoid that, we
are restricted in the choice of possible equivalence transformations.

Setting

Eir 00 Ay B O
~ ~ [lo oof |4 B o
0 0 O c 0 -I

p

to include the output equation, we first observe that E has pointwise full row rank d.
A smooth transformation according to Theorem 3.9 gives

I; 0/0]0 Al A |Bi| 0
A2\ mew 0 0|00 Ay Axp | B 0
(€, A) 0O 0l01]0 ’ 0 0 0 0
0 01010 Ci C | 0 =1,
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Assuming that Ay, which is of size @ x (n — c?), has constant rank a — ¢, we can

transform further to obtain

I,|0 01010 Al | Aip A1z | By 0
ew 0|0 01010 Apy ]Zz—¢ 0 B 0
(&, A) ~ 010 0|00 |,]| Amn 0 0 | B3 0
0/0 0/0/0 0 0 0 0 0
0/0 0/0/0 Cq Cy C3 | 0]—1,

Since (é’, a&) is strangeness-free by construction and [ A> B3 ] has full row rank,

B3 of size ¢ x [ has full row rank. It follows that

I/100|100]0 A1l | A1z Az | By B |0

. 0(00]0O0]|0 Ap Iy 0 | Byy B»n |0

(&, A) ~ 000|000 |, A3l 0 0 Iy, 0 |0

0(00|]0O0]O 0 0 0 0 0 |0
0/00j0O0]|O0 CiCy| C3 0|0 I,

For considerations concerning feedbacks, we perform an additional transformation
in the last block row which corresponds to the output equation. Assuming C3,

which is of size p x (n —d — a + ¢), to have constant rank w, we obtain

I, 10 00 0|00 O
0/0 0|0 O0]O|0 O
A new 0|0 0(0 0|00 O
(&, A)~ 0/0 0[]0 0[0]0 0 |
0[O0 0|0 O0]O|O0 O
. 0/0 0/0 0O|0|0 O |
[ Ay | Aix Az | A B | Bia| O 0
Apy ]&_¢ 0 0 By1 | By 0 0
Asi| 0 0|0 Iy, 0] 0 0
0 0 0 0 0 0 0 0
Cii| Cpp 1, 0 0 0o | -1, 0
| Co1 | Cx O 0 0|0 0 —I,

Finally, we apply some block row and column eliminations, where we restrict the
latter ones to those acting only on columns that belong to the same variable x, u,
or y, and use a scaling as in the last step of the proof of Theorem 3.11. In this way,
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we arrive at
T 1;]0 0/0 0l0o]0 O
010 0/0 0/0[0 0
o new 00 0/0 0[0]0 0
(&, A)~ 0/0 0/0 0/0/0 0 |

010 0/0 0/0[0 0
L 0|0 o]0 o|0|0 O

T 0| 0 A;|Aw OBl 0 0

0 [y 0|0 O|Bn| O 0

Ay | 0 0] 0 I;] 0| 0 0

0] 0 00O 0]O0] O 0

0] o 1,0 0] o0 =1, 0

| Cu|Cn 0|0 0|0 | 0 —I,, |

where the fourth and sixth block column have widths n —d — a + ¢ —wandl — ¢,

respectively. The corresponding control system now reads

X1 = A3(t)x3 + A14(t)xq + Bra(Huz + f1(1),
0 =x2 + Bn(Huy + fo(1),
0= Az (t)x; +uy + f3(0),

0= f4(0),
yi=x3+g1(),

y2 = Co1(t)x1 + C2(t)x2 + g2(1),

d
a—¢
¢

0

w
p—o.

(3.128a)
(3.128b)
(3.128¢)
(3.128d)
(3.128¢)
(3.128f)

With this transformed system, we are now able to characterize consistency,
regularity and regularizability via feedback, at least in the case where the solution x
does not depend on derivatives of the input u. Extending Definition 2.53 in the
obvious way to linear systems with variable coefficients, we obtain the following

corollary.

Corollary 3.79. Let the strangeness index |1 be well defined for the system given
by (&, A) in (3.120). Furthermore, let the quantities ¢ and w defined by the above
procedure be constant on 1. Then we have the following:

1. The system (3.119) is consistent if and only if fa = 0. The corresponding
equations in (3.128c) describe redundancies in the system that can be omitted.

2. If the system is consistent and if ¢ = 0, then for a given input function u an
initial condition is consistent if and only if it implies (3.128b). Solutions of the
corresponding initial value problem will in general not be unique.
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3. The system is regular and strangeness-free (as a free system, i.e., u = 0) if and
onlyifvt =¢ =0andd + a = n.

Proof. Observe first that the global equivalence transformations that lead to (3.128)
do not alter the solution behavior of the control system, since we do not mix the dif-
ferent variables x, u, and y. In particular, the solution sets of (3.119) and (3.128) are
in one-to-one correspondence via pointwise nonsingular matrix functions applied
to x, u, and y separately. Thus, it is sufficient to study (3.128).

If b £ 0 and f4 # 0, then clearly the system has no solution, regardless how
we choose the input function. Conversely if either o = 0 or f4 = 0, then we can
determine an input u for which the system is solvable as follows. Setting up = 0,
x3 = 0, and x4 = 0, (3.128a) is an ordinary differential equation for x;. Having
thus fixed x;, we obtain x, from (3.128b) and u; from (3.128c).

A consistent system with ¢ = 0 reduces to (3.128a) and (3.128b), which
is a strangeness-free differential-algebraic equation for every input function and
(3.128b) represents the algebraic part. Thus, the second part follows by Corol-
lary 3.18. Note that the solution will in general not be unique.

For the third part, we first assume that v = ¢ = 0 and d+da=nin(3.128). In
this case, (3.128) reduces to

X1 =Bp®uz + fit), 0=xz+ Bn(Huz + fo(1),

which is uniquely solvable for every input function u; and every inhomogeneity.
Moreover, it is strangeness-free for up = 0.

Conversely, let the system be regular and strangeness-free for u = 0. Since
(3.1284d) restricts the possible inhomogeneities, we must have 0 = 0. If ¢ # 0,
then (3.128c¢) gives either consistency conditions for the inhomogeneity or a non-
vanishing strangeness in contradiction to the assumptions. Hence, we must have
¢ = 0. Finally, if d+a # n, then fixing u gives a nonsquare differential-algebraic
equation for x resulting in either consistency conditions for the inhomogeneity or
free solution components. Thus, we must also have d +a=n. O

As we have already seen in Section 2.5, we can also modify some of the system
properties by feedback. The characteristic values in the canonical form (3.125),
however, are invariant under proportional feedback.

Theorem 3.80. Consider a linear variable coefficient control system of the form
(3.119) and suppose that the strangeness index [ for (3.120) is well defined. Then,
the characteristic values d, 4, and 0 are invariant under proportional state feedback
u = F(t)x + w and proportional output feedback u = F(t)y + w.

Proof. Proportional state feedback is just a change of basis in the behavior approach,

i.e., in (3.120) we set
x| | I, 0O]]x
ul |\ F@) L||al|
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Proportional output feedback is an equivalence transformation in the more general
behavior approach that includes also the output variables into the vector z, i.e., we
set

X I, O 0 X
ul|l=10 I, F@)||a
y 0o 0 1, v

and premultiply by the nonsingular matrix

I, B@)F(t)
0 1, ’

It follows that the characteristic quantities u, d , a, and ¥ are invariant under both

types of feedbacks. O

Corollary 3.81. Let the assumptions of Corollary 3.79 hold. There exists a state
feedback u = F(t)x 4+ w such that the closed loop system

E(t)x =A@+ B®)F(@t)x+ B(t)w+ f(t) (3.129)
is regular (as a free system, i.e., w = 0) if and only if v = 0 and d+a=n.

Proof. Observe that applying the feedback to the original system and then comput-
ing the corresponding reduced system gives the same as first reducing the original
system and then applying the feedback. Thus, (3.129) is regular as a free system if
and only if (3.126) with inserted feedback is regular and strangeness-free as a free
system. Hence, it is sufficient to study the system in the form (3.128).

Since the output equation is not involved here, we can formally set @ = 0 and x3
does not appear in (3.128). Assuming v = 0 and d+a=n (implying that x4 and u1
have the same size), the feedback

up = x4 — Az1()x1 +wy, uz =wy
gives the closed loop system

X1 = A1a(H)xa + Bi2(®)wa + f1(2),
0 =xz+ Bn(w, + f(1),
0=x4+w + f300),

which is obviously regular and strangeness-free for w = 0. For the converse,
observe that the condition ¥ = 0 is necessary, since otherwise the possible inho-
mogeneities are restricted. The condition d + a = n is necessary, since otherwise
for any given feedback F the closed loop system is nonsquare and either restricts
the possible inhomogeneities or is not uniquely solvable. O
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We also have the characterization when the system can be regularized by output
feedback.

Corollary 3.82. Let the assumptions of Corollary 3.79 hold. There exists an output
feedback u = F(t)y + w such that the closed loop system

Et)x =AM+ BOF@®)CH)x+Bt)w+ f(@)+ B@)F()g) (3.130)
is regular (as a free system) if and only if v = 0, d+a=n,and ¢ =w.

Proof. As in the proof of Corollary 3.81, we are allowed to study (3.128) instead of
(3.119) when requiring the closed loop system to be regular and strangeness-free.
Ifo=0,d+da=n,and ¢ = w, then the unknown x4 does not appear in (3.128)
and 1| and y; have the same size. The feedback

up=y1+wi, u2=wun
gives the closed loop system

X1 =Ai@)x3 + B(Hwy + fi(),
0=12x2+ Bn(®w + (),
0=A31(")x1 +x3+ w1 + f30) + g1(0),

which is obviously regular and strangeness-free for w = 0. For the converse, again
v = 0 and d + a = n are necessary. Moreover, for given

Fii Fi2
F = )
[F21 Fzz}

partitioned conformly with (3.128), we obtain

0 0 Az A 0 B Fu Fpp 0 0 I, O
0 fap 0 01410 B |:F21 F22i| |:C21 Cxn O 0]
Ayy 0 0 0 I, 0
B12F2Cyy B12F»Cx A3+ Biofor A
=| BuFnCu Ij_¢+ BnFnCx» B2y Py 0
A3l + F12Co Fi2C» Fi 0

Thus, for the closed loop system to be regular and strangeness-free for w = 0, we
must have that the square matrix function

Ii_g + BnFnCxn Bnky 0
Fi2Cx» Fii 0

is pointwise nonsingular. But this requires that the third block column is not present,
hence ¢ = w. O
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Exercises

1. For which inhomogeneities f € C(R, C™) are the following differential-algebraic equa-
tions solvable with x € C1(R, C")?
@ m=1Ln=1,tx = f@),
by m=1,n=1,0=1tx+ f(),
) m=2,n=2,x1 = f11),0=tx1 + fo(2).

2. Prove Lemma 3.6.

3. Compute E = PEQ and A= PAQ — PEQ for

E(;):[(l) 8], A(Z)=[? 8}, P(t)=[i (1)] Q(f)=[_01 _11]
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and for

E(t)=[8 (1)} A(t)=[(1) (1’] P(r)=[‘f _01] Q(t>=[? iﬂ

Compare the so obtained pairs with those of the examples accompanying Section 3.1.
Interpret the observations.

. Let(E, A) ~ (E, A) with respect to global equivalence and assume that the correspond-

ing matrix function Q is twice continuously differentiable. Show that then

(15 o [ &)~ (o o} [ £])

. Repeat the computation of the (local) characteristic values r, a and s of Example 3.12

and Example 3.13 but use instead of a basis of cokernel E as columns of 7" an arbitrary
matrix 7’ for which [ 7" T ] is nonsingular. Verify that s is indeed independent of the
choice of T’ as proved in Remark 3.8.

. Determine the (local) characteristic quantities (r, a, s) of

<E<r>,A<r>>=([(1’ ;’t],[_ol _(j”jm])

foreveryt € Rand n € R.

. Determine the (local) characteristic quantities (r, a, s) of

somo=(5 i 1)

forevery t € R.

. Solve the inhomogeneous differential-algebraic equation

thy =x1+ filt), 0=x24+ fo(t)

belonging to the pair of matrix functions of Exercise 7. How smooth must f be if we
require continuous differentiability only for x; as the structure suggests? What happens
if we rewrite this system (using %(txz) =Xy + x2) as

L(tx) =x1+x24 fit), 0=x2+ fo(t)?

. For E € C(I, C*") we define the Drazin inverse EP pointwise by EP(r) = E(1)P.

Determine EP for the matrix functions E of Exercise 6 and Exercise 7. What do you
observe?

Determine the (global) characteristic quantities (r;, a;, s;), i =0, ..., u, of the pair of
matrix functions given in Exercise 6 for every n € R.
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11. Determine the (global) characteristic quantities (r;, a;, s;), i = 0, ..., u, of the pairs
of matrix functions belonging to the different blocks of the Kronecker canonical form
given in Theorem 2.3.

12. Prove Lemma 3.20.

13. Let

0 Gy Ejps I 0 0
(E,A) = 0 0 Gi|,|0 I O
0 o 0 0 0 I
be sufficiently smooth with pointwise nonsingular matrix functions G| and G,. Show
that (E, A) is globally equivalent to a pair of constant matrix functions. Try to generalize
this result.

14. Work out the details of the proof of Theorem 3.30.

15. Determine the (local) characteristic quantities (7, ae, S¢), £ = 0, ..., u of the inflated
pairs (M, N;) belonging to the pairs (E, A) of Example 3.1 and Example 3.2. From
these, compute then the (global) characteristic quantities (r;, a;, s;), i =0, ..., .

16. Let A € C"™* and B € C*" have full row rank. Prove that then AB has full row rank.

17. Show that G from (3.23) with¢; #0,i =0, ..., u, and u > 1 satisfies G(¢)"* # 0 and
GH*! =0forallt e L.

18. Determine a possible pair (E, A) for the pair given in Exercise 6.

19. Show that the differentiation index is well defined for the pair given in Exercise 7 and
determine a possible (E, A) as defined in (3.41) and (3.61).

20. Let (E, A) be given by

0 1 -1 0
E@) = [0 at], AQ) = [ 0 _1], I=[-1,1]
with real parameter «.

(a) Determine a suitable decomposition of the form (3.26) and the corresponding
(global) characteristic quantities.

(b) Show that for @ > 0 the corresponding inflated matrix function M is pointwise
1-full but not smoothly 1-full.

(c) Analyze the 1-fullness of M, for arbitrary « € Rand ¢ € I.

21. Consider the optimal control problem

T
%/ O x@®) +u®u(t)) dt = min! s.t.
t

X(t) = Ax(@) + BOu@) + (1), x(1)=0

in the notation of Theorem 3.61. Derive a complex version of the method of Lagrangian
multipliers by rewriting the complex system of ordinary differential equations as a real
system of doubled size and applying the real version of the method of Lagrangian
multipliers.
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22. Let (E, A) be given as in Example 7. Determine all xo € C? that are weakly consistent
withagiven f € @izmp satisfying f_ = 0. Compare the result (recalling that this example
satisfies Hypothesis 3.48 due to Exercise 19) with the statement of Theorem 3.74.

23. Determine all solutions of

in Cimp. Interpret the result.



Chapter 4
Nonlinear differential-algebraic equations

In this chapter, we study general nonlinear systems of differential-algebraic equa-
tions, i.e., equations of the form

F(t,x,x) =0. 4.1)

For convenience, in this section we switch to real-valued problems. To obtain the
results for complex-valued problems, we just have to analyze the real and imaginary
part of the equation and the unknown separately. Moreover, we will first study the
case m = n, i.e., the case where the number of equations equals the number of
unknowns. Thus, we consider F € C(I x D, x D, R") with D,, D; < R" open.
Again, we may have an initial condition

x(fo) = xo 4.2)

together with (4.1).

Note that in the following, for convenience of notation, we shall identify vectors
[xlT ka]T € R" and tuples (xq, ..., x¢) € R x-- - xR™ ny+---+n; = n.
In turn, we also write tuples as columns where it seems to be appropriate.

4.1 Existence and uniqueness of solutions

A typical approach to analyze nonlinear problems is to use the implicit function
theorem in order to show that a (given) solution is locally unique. To apply the
implicit function theorem, one must require that for the given solution the Fréchet
derivative of the underlying nonlinear operator is regular (i.e., has a continuous
inverse). Using the Fréchet derivative can be interpreted as linearization of the
nonlinear problem. Of course, we expect that in the case of (4.1) this linearization
will in general lead to linear differential-algebraic equations with variable coeffi-
cients. In view of the results of the previous chapter, we also expect that we must
deal with inflated systems that are obtained by successive differentiation of the
original equation with respect to time. We are then concerned with the question
how these differentiated equations and their linearizations look like. In particular,
we must investigate whether these two processes (differentiation and linearization)
commute, i.e., whether it makes a difference first to differentiate and then to linearize
or vice versa.
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To answer this question, we assume that F in (4.1) is sufficiently smooth and
that it induces an operator
F:D— CYIRY

with D € C*H1(I, R") by
Fx)(t) = F(t, x(1), x(1))

for t € I, where [ is a compact interval. Let & be Fréchet-differentiable. By
definition, the Fréchet derivative

DF (x): C*THI, R") — CY(I,R")
of ¥ at x € D is a continuous linear operator and satisfies
Fx+Ax)=Fx)+ DF(x)Ax + R(x, Ax) “4.3)

for all Ax € C ”1(]1, R™) in a neighborhood of the origin, where the remainder
term has the property that

IR(x, Ax)|le
———— — 0 for||Ax|l¢r1 — O. “4.4)
lAx]le+1
Here, || - ||¢ denotes the norm belonging to CY(I, R") as a Banach space, e.g.,
¢
xlle = D 1x@llo.  llxllo = sup x5 flo. 4.5)
i—0 tel
Our aim then is to show that
DF (x)Ax(t) = E@)Ax(t) — A(t) Ax(t) 4.6)
holds, where
E(t) = Fi(t,x(1), x(1)), A@t) = —Fx(t, x(1), x(1)). 4.7

For sufficiently smooth F', by Taylor expansion we have that
R(x,Ax)(t) =F (x+ Ax)(#) — F(x)(t) — DF (x)Ax(2)
=F@,x(t)+ Ax(@), x(@) + Ax(t)) — F(t, x(t), x(t))
— Fi(t, x(2), x(1) Ax (1) — Fx (7, x(2), x(1)) Ax (1)
= o(|Ax (D lloe + [1AX () lo0)-

Differentiating this relation then yields

(LY R(x, AX) (1) = o(I AX (D) lloo + [AF D) 1o + - - + 1 AxTTD (@) ),
1=0,...,¢,

(4.8)
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which immediately implies (4.4). Thus, (4.6) indeed defines the Fréchet derivative
DF (x) of ¥ at x. Moreover, defining

(%)i}vi D— C"'(LR", i=0,...,¢ (4.9)

by . .
(LY F @0 = (L) Ft, x(0), 5(1)) (4.10)

and (j—l)iDj-' accordingly, differentiation of (4.3) gives
(LY F(x + Ax) = (4) Fx) + (£)' DF ) Ax + (£) R(x, Ax),
with '
d \!
|(4) R@x. Ax)[, = ol Axlle+1)-
Thus, the Fréchet derivative of the differentiated operator is nothing else than the
differentiated Fréchet derivative.

As for linear differential-algebraic equations, we gather the original equation
and its derivatives up to order £ € Ny into an inflated system

Fo(t,x, %, ..., x*Dy =0, 4.11)
where Fy has the form
 F(t,x,x)
d .
ZF(t,x,x)
Fg(t,x,)'c,...,x(["'l)) = a .

L ' .
(4) F. x5
F(t,x,x)
Ft(t,x,x)'i'Fx(t,x,)&)x+Fx(t,x,).c)jé

’

and define the Jacobians

Ne(t,x, %, ..., x D) = —(Fpe(t, x, %, ..., x“D) 0,...,0) @12
according to (3.28). In order to examine the structure of these Jacobians, let
(10, X0, %0, - - x5 7)) € REHD"H! pe given with (19, X0, %0) € [ x Dy x Dy,
Defining a polynomial x of degree at most £ + 1 by

x (1) =§£(l—to)i, (4.13)
i!

i=0



154 4 Nonlinear differential-algebraic equations

we obviously have that
D)y =x, i=0,...,0+1
Moreover, there exists a small (relative) neighborhood I, of 7y such that
(t,x(),x()) el x D, x Dy

forall¢ € I,. By the preceding discussion, it follows that M, and N, have precisely
the structure given by the formulas (3.29) when we use (4.7) with x given by (4.13).

In the linear case, we have shown that Hypothesis 3.48 is the correct way to define
a regular differential-algebraic equation. Regularity here is to be understood as
follows. A linear problem satisfying Hypothesis 3.48 fixes a strangeness-free differ-
ential-algebraic equation (3.60). The underlying differential-algebraic operator D,
as considered in Section 3.4 with appropriately chosen spaces, is invertible and the
inverse is continuous. The question then is how we can transfer these properties to
the nonlinear case. A first idea could be to require that all possible linearizations
of (4.1) satisfy Hypothesis 3.48 with the same characteristic values [, a and d.
See [53] for such an approach on the basis of the differentiation index and 1-
fullness. But, as the following example shows, this property is not invariant under
simple transformations of the original problem.

Example 4.1. The differential-algebraic equation

['1 0] |:)'Cz—xli| —0
xp 1 b )

has the unique solution (x1, x2) = (0, 0). This system may be seen as a regularly
transformed linear differential-algebraic equation satisfying Hypothesis 3.48 with
i =1,a=2,andd = 0. Its linearization is given by

0 1 AX] |1 0 Ax n X1 — X3
X2 —x1 x1||Ax2|  |x1 —=1[|Ax —X1X3 +x1%1 —x2 |
For the linearization along the exact solution, we find that M, is always rank defi-
cient, whereas for the linearization along the perturbed solution (x1, x2) = (¢, 0)

with ¢ # 0 it always has full rank. Thus, Hypothesis 3.48 does not hold uniformly
for all linearizations in a neighborhood of the exact solution.

In general, we must therefore expect that away from the solution the constant
rank assumptions as required in Hypothesis 3.48 may not hold for the linearization.
One may argue that the transformation in Example 4.1 has no physical meaning.
But from the mathematical point of view, the assumptions that we require should
be invariant under all reversible (smooth) transformations which carry over the
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given problem into a problem of the same structure. Of course, the class of such
transformations is larger than in the linear case.

We here propose the following generalization of Hypothesis 3.48 to nonlinear
problems. Recall also the interpretation of Hypothesis 3.48 given in Remark 3.55,
which in principle also applies to the nonlinear case.

Hypothesis 4.2. There exist integers wu, a, and d such that the set

Ly ={(t,x,%, ..., xWFD)y e REFDnHL B oy %, xBFD)y = 0} (4.14)

associated with F is nonempty and such that for every (tg, xo, Xo, - - (M +l)) el,,
there exists a (sufficiently small) neighborhood in which the followmg properties
hold:

1. We have rank M, (t, x, %, ..., x“+tD) = (u + )n — a on L, such that there
exists a smooth matrix function Z, of size (i + 1)n X a and pointwise maximal
rank, satisfying ZZT M, =0o0onL,.

2. We have rank A, (¢, x, %, ..., x* D) = 4 where Ay = ZIN, (1L, 0 --- 017
such that there exists a smooth matrix function T, of sizen x d, d = n — a, and
pointwise maximal rank, satisfying A>T, = 0.

3. We have rank Fi(t, x, X)To(t, x, X, ..., x*tD) = d such that there exists a
smooth matrix function Z of size n X d and pointwise maximal rank, satisfying
rank E1T2 = d, where E1 Z F;.

The local existence of the matrix functions Z,, 7>, and Z; follows from the
following (local) nonlinear version of Theorem 3.9.

Theorem 4.3. Let E € CY(D,R™"), £ € Ng U {00}, with rank E(x) = r for
allx € M € D, D C R open. For every X € M there exists a sufficiently
small neighborhood V. C D of X and matrix functions T € CY(V,R"""), Z €
CH(V, R™™=") with pointwise orthonormal columns such that

ET=0, ZTE=0 (4.15)
on ML

Proof. For x e M, using the singular value decomposition, there exist orthogonal
matrices U € R™™ V € R™" with

AT e [20
UE(x)V_|:0 0}

and ¥ € R”" nonsingular.
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Splitting V=[T T] according to the above block structure, we consider the
linear system of equations

51T
[Z fET(x)} T = [ Ino_r]' (4.16)
Since N )
K LA F L

there exists a neighborhood of x, where the coefficient matrix in (4.16) is invertible.
Thus, (4.16) locally defines a matrix function T via

ZTEMT ' 0
T(x)=|: fT(X)j| [Inr:|’

which obviously has full column rank. Moreover, by construction, [ 7’ T(x)]is
nonsingular. By the definition of 7', it follows that

51T ™
OTEQIT Tkx)]= [Z ExT 0 }

ZTEx)T ZTE@x)T(x)
such that
rank E(x) = rank 2’7 E(x)T’ + rank ZT E(x)T (x) = r + rank ZT E(x)T (x).

If x € M, then we have rank E(x) = r implying that 2TE(x)T(x) = 0. Together
with ZTE (x)T (x) = 0, this gives E(x)T (x) = 0. Orthonormality of the columns
of T (x) can be obtained by the smooth Gram—Schmidt orthonormalization process.

The corresponding result for Z follows by considering the pointwise trans-
pose ET. O

Definition 4.4. Given adifferential-algebraic equation asin (4.1), the smallest value
of u such that F satisfies Hypothesis 4.2 is called the strangeness index of (4.1). If
@ = 0, then the differential-algebraic equation is called strangeness-free.

Recalling Section 3.3, this definition of the strangeness index for a nonlinear dif-
ferential-algebraic equation is a straightforward generalization of the strangeness
index for a linear differential-algebraic equation. Note that although the quanti-
ties u, a, and d of Hypothesis 4.2 correspond to (i, @, and d of Hypothesis 3.48,
for convenience of notation, we omit the hats in this chapter.

Example 4.5. For the nonlinear problem from Example 4.1 written in the form

Xo—x1 =0, XiX2—Xx1x1+x=0,
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differentiation yields
Xy — i1 =0, Frig 4 %1% — X1xp — &7 + 42 = 0.

Thus, for u = 1 we find that

-1 0 0 1 0 0
_ T e | X1 1| Xp—x X1 0 0
[—Nill 0 M{)(t x5, 58) = | — 5T —1 ¢ R
—X1 0| Xp—2x1 X1+1|x—x1 X1

and
Ly = {(, x1, x2, X1, X2, X1, ¥2) | X1 = X2, X2 = X1x1 — X142,
X1 =X, X = Xxy + 4] — X1d — K1k}
= {([,XI,XZ,)‘CI,).CZ, .kl,.xz) I .xl = 0, x2 == 0, )2'1 == .XZ, -).62 = 0}
Hence, we have rank M| = 2 and rank[ —=N;[ I, 017 M;] = 4 on L; and the

problem satisfies Hypothesis 4.2 with u = 1, a = 2, and d = 0. Note that | can
be parameterized by three scalars, e.g., by (¢, X1, ¥2).

Before we discuss implications of Hypothesis 4.2, we show that Hypothesis 4.2
is indeed invariant under a large class of equivalence transformations. These results
will also motivate why we require uniform characteristic values u, a and d only on
the set IL,,. We begin with the nonlinear analogues of changes of bases.

Lemma 4.6. Let F as in (4.1) satisfy Hypothesis 4.2 with characteristic values [,
a and d, and let F be given by

F(t,%,%) = F(t,x,%), x=0(@ %), %=0.t%+0:(tHx, 4.17)

with sufficiently smooth Q € C(I x R", R"), where Q(t, -) is bijective for every
t € 1 and the Jacobian Q;(t, X) is nonsingular for every (t,x) € I x R"*. Then, F
satisfies Hypothesis 4.2 with characteristic values |1, a and d.

Proof. Let L, and ]Lu be the corresponding sets as defined by Hypothesis 4.2.
Since Q(t, -) is bijective and smooth, we have

T=(t,%,%, ..., i el, < z=@,x, %, ..., x"*D)el,.

Setting ~ . ~ ) ~ ) ~ )
E(t,x,x)=F:(t,%,X), A, X,x)=—F;(,x,Xx)

and using (4.17), we get

E(t,%, %) = Fi(t, x, 1) Q:(t, ¥)
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and
A(t,%,%) = —Fe(t, x, $) Q5(1, ) — Fi (1, x, 1)(Quz(t, ¥) + Qz5(1, D)X).

Together with (4.7), we can write this as

P . 1 [0x. ) —£0:t.%)
[E(, x,x) A(t,x,x)]=[ E(t, x, x) A(t,x,x)]|: 0 g;(l‘,i) ]

This relation has exactly the form of global equivalence (3.3). Since the corre-
sponding inflated pairs (M, N,,) and (M, N,,) are built according to (3.29), we
get

S~ 0,7 —-v,(z
[M,G) NuG) 1= Mu(2) Nu(2) ] [ %(Z) 6,%)]

according to (3.35), where we only must replace Q by Q3;(t, x) in (3.34). The
invariance of Hypothesis 4.2 follows then by the same proof as the invariance of
Hypothesis 3.48. O

Lemma 4.7. Let F as in (4.1) satisfy Hypothesis 4.2 with characteristic values u,
a and d, and let F be given by

F(t,x,x) = P(t, x, x, F(t, x, X)), (4.18)

with sufficiently smooth P € C(I x R" x R" x R", R"), where P(t,x,x, - ) is
bijective with P(t, x, x,0) = 0 and Py (t, x, X, -) nonsingular (where Py, denotes
the derivative of P with respect to the fourth argument) for every (t,x, x) € 1 x
R” x R". Then, F satisfies Hypothesis 4.2 with characteristic values y, a and d.

Proof. By induction, it follows that Iﬁﬂ = L, for the corresponding sets as defined
by Hypothesis 4.2. Setting

E(t,x, %) = Fi(t,x,%), A(t,x,%) = —F(t,x, %),
we get
E(t,x,x) = Pi(t,x, %, F(t,x, %)) 4+ Py(t, x, %, F(t, x, %)) F (, x, %)
and

A(t, x, %) = —Py(t, x, %, F(t, x, %)) — Py(t, x, ¥, F(t, x, £)) Fy (f, x, %).

In contrast to the proof of Lemma 4.6, we do not get a relation in the form of a
global equivalence. But if we restrict our considerations to the set L, then we
obtain

[E@t,x,%) Alt,x,%) ] = Py(t, x, %, [ E(t, x, %) A(t, x,%)]
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on IL,. By induction with respect to successive differentiation according to (3.35),
we obtain

[ Mu(2) Nu(@) 1= M@ Mu(2) Nu@) 1,
withz = (¢, x, X, ..., x(“+1)) € L, for the corresponding inflated pairs. In (3.34),
we only must replace P by Py (t, x, x, 0). Again, the invariance of Hypothesis 4.2
follows by the same proof as the invariance of Hypothesis 3.48. O

For general nonlinear differential-algebraic equations, there is a third type of
transformations which does not alter the solution behavior, namely making the
problem autonomous.

Lemma 4.8. Let F as in (4.1) satisfy Hypothesis 4.2 with characteristic values p,
a and d, and let F be given by

FG. 5 = [F(tt_xlx)] = [;] = [;] (4.19)

Then, F satisfies Hypothesis 4.2 with characteristic values i, a and d + 1.

Proof. Let L, and ]I:M be the corresponding sets as defined by Hypothesis 4.2 and
let (M, Ny,) and (M, N,) be the corresponding inflated pairs. Since / = 1 and
tW =0 fori > 1, it follows by induction that

F=(t,x, b %, WD WY e L e 2= x, kL xPTD) e L,

Moreover, the rows of M .« belonging to 7 = 1 and t® =0 fori > 1 cannot lead
to a rank deficiency. Removing the corresponding rows and columns from M, just
gives M,. Hence, the corresponding matrix functions A and A, defined in the

second part of Hypothesis 4.2 differ only in an additional column w of Ar belonging
tot,1.e., . .
Ay=[w A2 ]

Since Az has qull row Arank a, the same holdsAf0£ Az. Using the Moore—Penrose
pseudoinverse A;” of A, and observing that A»AT = I due to the full row rank

7y 0 —1
2= T AA—{w

-1
rank(Ft +T») = rank < ] |:T2 A;w])

= rank |:FXT2 FA w]=d—|—1.

of Az, we get

and thus

0 -1 .
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We now consider the implications of Hypothesis 4.2 for the solvability of (4.1).
In the linear case, Hypothesis 3.48 allowed for an index reduction in one step to a
regular differential-algebraic equation, i.e., to a problem whose underlying linear
operator has a continuous inverse. The following discussion shows that a similar
procedure is possible even in the nonlinear case. The first immediate consequence
of Hypothesis 4.2 is the following.

Lemma 4.9. If F as in (4.1) satisfies Hypothesis 4.2 with characteristic values [,
a and d, then

rank F. ¢ oo (2, %, x WD) = (it D (4.20)

forall (t,x,%, ..., x"tDy e L,.
Proof. The claim follows directly from

Fu;x,fc,...,xW*U =[—=Null, 0 --- O]T M, ],

since the second assumption of Hypothesis 4.2 requires the right hand side to have
full row rank. O

Let now z,.0 = (fo, X0, X0, - - -, x(()”Jrl)) € L, be fixed. Recall that we have
F,(z,.0) = 0 by definition. Since L,, is contained in R*“+27+!  the Jacobian
Flt x %....xwt (2y,0) has the size (u + Dn x (1 + 2)n + 1 and has full row rank
due to Lemma 4.9. Hence, we can select n + 1 columns such that removing them
from the Jacobian does not lead to a rank deficiency. Again by Lemma 4.9, the

column belonging to ¢ can always be removed. Since
corank My, (z,.0) = a,  tank Z2(2,0)" Nu(z,0)[1, 0 --- 01" =a,

we can (without loss of generality) partition x as x = (x1, x2), where x; has
d = n — a variables and x; has a variables, such that discarding the columns of
F.x &...xwt+n belonging to x; does not lead to a rank drop. It follows then from
(4.20) that ZZT F,..x, is nonsingular. The remaining a variables, say p, associated
with columns of F,., , ;  ,+n(2y,0) that we can remove without having a rank
drop, must then be chosen from (x, . .., xtDy,

Let (7o, x1,0, po) be that part of z,, o that corresponds to the variables (¢, x1, p).
The implicit function theorem then implies that there exists a neighborhood
V < R" of (1, X1,0, Po), without loss of generality an open ball with radius

& > 0 and center (%9, x1,0, po), and a neighborhood U of z,, o such that
U=1L,NU={0x1,p) | x1p) eV}

where 0: V — U is a diffeomorphism, i.e., a differentiable homeomorphism.



4.1 Existence and uniqueness of solutions 161

Hence, the set L, is locally diffeomorphic to an open ball in R™*1, In particular,
it can be (locally) parameterized by n + 1 scalars. We therefore call L, a manifold
and n + 1 its dimension. In the present context, this more intuitive definition of a
manifold will be sufficient. A more general definition will follow in Section 4.5
when we discuss differential-algebraic equations on manifolds.

With these preparations, we can state the above observation on the local prop-
erties of I, as follows.

Corollary 4.10. If F asin (4.1) satisfies Hypothesis 4.2 with characteristic values |1,
a and d, then the set L, € RUHDH forms a (smooth) manifold of dimension
n—+ 1

It follows from Corollary 4.10 that the equation
Fu(t,x,%,...,x#y =0
can be locally solved according to
(t, x, %, ..., x" Dy =02, x1, p).
In particular, there exist locally defined functions § and #¢ such that
Fu(t, x1, §@, x1, p), #(t, x1,p)) =0 (4.21)

for all (¢, x1, p) € V. Setting y = (x, ..., x DY) it follows with Z5 as defined
by Hypothesis 4.2 that (omitting arguments)

%(zzTFu) = (ZzT;x2FM+Z2TFu;xz)9p+(Z2T;yFM+ZzTFu;y)*%p = ZzTFu;ngp =0

on'V,since F, = Oand ZI F,,., = ZI M,, = 0on V. By construction, the variables
in x, were selected such that Z1 F,,.,, is nonsingular. Hence,

Gpt,x1,p) =0
for all (¢, x1, p) € V, implying the existence of a function &R such that

and
F,U.(tv-xly <R(l‘v-xl)s Jf(tv-xlvp)) = 0

for all (¢, x1, p) € V. We then get that (omitting arguments)
AZEF) = (2 Fu + 23 F) + (o Fu+ ZE Fra) R,
+ (23, Fu+ Z3 Fuy) #,

1
= 2] oy + 28 Fua Ry = —ZENull, 0 -+ O [ ] 0
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on V. Following Hypothesis 4.2, we can therefore choose

=[]

with the effect that Z; depends only on (¢, x, x). In fact, due to the requirement
of a maximal rank and the local considerations here, we can even choose Z; to be
constant.

Setting
Fi(t, x1, x2, 1, ) = Z] F(t, x1, x2, %1, 1), )
Fa(t, x1, x2) = ZYF,(t, x1, x2, #H(t, x1, po)),
we then consider the reduced differential-algebraic equation
Fa,x, 0= |FLEXD g (4.23)
F(1, x)

By construction, we have F (t0, x0, X0) = 0. Moreover, for all (¢, x, x) satisfying
F(t, x, x) = 0 it follows that

) T ..
Fultox. i) = [Zl Fx(t,md X2,X1,X2)}
and T
. _ ZTFo(t, x1, x2, %1, %2) }
F.(t,x,x) = L :
x ) [ZgFIL;X(l,Xl,XL F(t, x1, po))
Since
Fy(t, x1, R(t, x1)) = Z] Fu(t, x1, R(t, x1), H(t, x1, po)) =0
and since

F=Fat, x1, R(t, x1)) = Z3 Fuoy (t, X1, R(1, x1), H(E, X1, o))
is nonsingular, the implicit function theorem implies that ﬁz(t, x1, x2) = 0 holds if
and only if x; = R (¢, x1) holds. Hence,

A . ZTF (t, x1, x2, X1, %2)

F t, , — 1 X ) ’ ’ b
X( o X) [ZgFﬂ;x(tsxlvﬁ(tv xl)sf}f(t7 -xlv pO))

provided that F(t,x,x) = 0, and the kernel of the second block row is given by

the span of the columns of 7>(#, x1). Because of

. T o )
FiTh(t, x, %) = |:Zl FxTZ(I,X,x)]

0
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and, since Z lTFx T, (¢, x, x) is nonsingular by Hypothesis 4.2, the reduced differ-
ential-algebraic equation (4.23) satisfies Hypothesis 4.2 with characteristic values
=0, a and d. Thus, (4.23) is strangeness-free.

Differentiating x; = &R(¢, x1) and eliminating x, and x; in the equation
F 1(t, x, x) = 0 yields the relation

ZTF(t, x1, R(t, x1), %1, R (1, x1) + Ry, (1, x1)%1) = 0. (4.24)

If x* € C1(I, R") solves (4.23) in its domain of definition, then (zo, x{(t0), X (1))
solves (4.24). Since

d 7 T T T
By = Z] Fe + Z[ Fiy Ry, = 2] Fi T,

is nonsingular due to Hypothesis 4.2, we can locally solve (4.24) for x;. Hence,
the reduced problem (4.23) yields a decoupled differential-algebraic equation of
the form

X1 =L, x1), x2=R(®E, x1). (4.25)

Note that solutions of (4.23) that are close to x* (in the metric of C!(I, R")) must
also solve (4.25).

In summary, we have shown that, starting from a point z;, o € L, the equation
F,, = 0 locally implies a reduced strangeness-free differential-algebraic equation
of the form (4.23). If we assume solvability of (4.23), then we can transform (4.23)
into a strangeness-free differential-algebraic equation of the special form (4.25). In
particular, the following theorem holds.

Theorem 4.11. Let F as in (4.1) be sufficiently smooth and satisfy Hypothesis 4.2
with characteristic values |1, a, and d. Then every sufficiently smooth solution of
(4.1) also solves the reduced problems (4.23) and (4.25) consisting of d differential
and a algebraic equations.

Proof. 1If x* is a sufficiently smooth solution of (4.1), then it must also solve the
reduced differential-algebraic equations (4.23) and (4.25), since

(1, x* (1), @), ..., (L) @) e L, (4.26)

for every ¢ € I. Since (4.25) fixes a unique solution when we prescribe an initial
value for xp, locally there can be only one solution of (4.1) satisfying (4.2). O

For sufficiently small intervals I, we can also state Theorem 4.11 in a Banach
space setting according to Section 3.4. For this, without restriction, we may assume
a homogeneous initial value, since we can shift the function x as it has been done
in Section 3.4 in the linear case.
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Theorem 4.12. Let F as in (4.1) be sufficiently smooth and satisfy Hypothesis 4.2.
Let x* € C: LI, R™) be a sufficiently smooth solution of (4.1). Let the (nonlinear)
operator ¥ : D — Y, D C X open, be defined by

4.27)

. &) = L2, x1 (1))
FOW = [xz(t) - R(t,xl(t))]’

with the Banach spaces
X={xeCORY |x € C'IRY, xi(19) =0}, Y=COR", (4.28)

according to the construction preceding (4.25). Then, x* is a regular solution of
the (strangeness-free) problem

Fx)=0 (4.29)

in the following sense. There exists a neighborhood U C X of x*, and a neighbor-
hoodV C 'Y of the origin such that for every f € V the equation ¥ (x) = f has
a unique solution x € U that depends continuously on f. In particular, x* is the
unique solution in U belonging to f = 0.

Proof. The Fréchet derivative DF(x): X > Y of ¥ at some x € D, given by

. [ Axi(t) = Ly (1, x1(1)) Axi(2)
DF (x)(Ax)(t) = [sz(t) — Ry, (1, xl(t))Axl(t)]

_[1a 0] ,. Ly (1, x1(0) 0
_ [0 O} Ak(r) — [RXIU’XI(U) _,J Ax(1),

is alinear homeomorphism, i.e., it is invertible and has a continuous inverse, cp. Sec-
tion 3.4. The claim then follows by the implicit function theorem in Banach spaces
or, more constructive, by means of Newton’s method in Banach spaces, see, e.g.,
[68, Theorems 15.2 and 15.6]. O

If we do not start with a solution x* of the original problem but only with a
point z,, 0 € L, then the same procedure that lead to (4.23) can be applied and
we still obtain a reduced differential-algebraic equation (4.23). This reduced dif-
ferential-algebraic equation, however, may not be solvable at all, cp. Exercise 11.
Moreover, even if this reduced problem possesses a solution, then it is not clear
whether this solution also solves the original differential-algebraic equation (4.1).
Recall the corresponding results in Section 3.3 concerning the linear case. To
show that the reduced system reflects (at least locally) the properties of the original
system concerning solvability and structure of the solution set, we need the converse
direction of Theorem 4.11. The following theorem gives sufficient conditions for
this converse to hold.
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Theorem 4.13. Let F as in (4.1) be sufficiently smooth and satisfy Hypothe-
sis 4.2 with characteristic values |, a, d, and with characteristic values | + 1
(replacing ), a, d. Then, for every z;, 11,0 € L11, the reduced problem (4.23)
has a unique solution satisfying the initial value given by z,,11,0. Moreover, this
solution locally solves the original problem (4.1).

Proof. By assumption, there exists (locally with respect to z;,41,0 € L,+1) a pa-
rameterization (¢, x1, p), where p is chosen out of (x, ..., x 12 with

Fup1(, x1, R, x1), #H(t, x1, p)) = 0.
This includes the equation
Fu(t, x1, R(t, x1), H(t, x1, p) =0, (4.30)
with trivial dependence on x“*2) as well as the equation
%Fu(t,xl, R(t, x1), H(t, x1, p)) = 0. (4.31)

Equation (4.30) implies that (omitting arguments)

F,Lt;t + Fu;xzeﬂt + Fu;x,,,,,x(uﬂ) H; =0, (4.32a)
Fuoe + Funy Roy + Fii s Hyy = 0, (4.32b)
Fu;x ..... x(u+2) pr =0. (4.32¢)

The relation % F,, = 0 has the form

Fu:+ Fum’%l + Fu:Xz’.CZ + F;L;)’c,...,x<#+1> : =0.
x1t2)

Inserting the parameterization (¢, x1, p) yields that (4.31) can be written as
Fu.e + Fux i+ Fix, H + F;L;fc,...,x<#+1>=7€3 =0,

where F#;, i = 1,...,3, are the parts of F corresponding to xi, xp, and the
remaining variables, respectively. Multiplication with ZZT (corresponding to Hy-
pothesis 4.2 with u, a, d) gives

Z3 Fu + Z3 Fuox, #01 + ZzTFu;xr%Z =0.

Inserting the relations of (4.32) and observing that ZZT F},.x, is nonsingular, we find
that
ZYFpony (Ho — Ry — Ry H1) =0,
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or
Hy = Ry + Ry, Hi,

i.e.,
Xo=R; + eﬂxl)%l.

In summary, the derivative array equation F,, 1 = 0 implies that

ZUF(t, x1, x2, %1, %2) = 0, (4.33a)
X2 = R(t, x1), (4.33b)
X2 = Ry (t, x1) + Ry (¢, x1)X1. (4.33¢)

Elimination of x; and x; from (4.33a) gives an ordinary differential equation
X1 = L(t, x1).

In particular, it follows that x| and x; are not part of the parameterization. Therefore,
the following construction is possible. Let p = p(¢) be arbitrary but smooth and
consistent to the initial value z,41,0 and let x; = x1(¢) and xp = x2(¢) be the
solution of the initial value problem

X1 = L(>t,x1),  x1(t) = x1,0,

X2 = R(t, x1).

Although x; and X, are not part of the parameterization, we automatically get
X1 = x1(t) and xp» = x,(¢). Thus, we have

Flp1 (@, x1(1), x2(2), x1(0), X2(1), H3(t, x1 (1), p(1)) = 0,

in a neighborhood of 7y, or

F(t, x1(1), x2(1), x1 (1), x2(1)) = 0

for the first block row of the derivative array. From the construction of (4.23), it
then follows that also

F(t,x1 (1), x2(0), %1 (1), 32(6) = 0.
Finally, uniqueness follows by Theorem 4.11. O

Remark 4.14. Although all the results that we have obtained in this section are
of a local nature, they can be globalized as it can be done in the case of ordinary
differential equations (see, e.g., [106, Th. 1.7.4]). Like there, we can continue the
process (under the assumption of sufficient smoothness) until we reach the boundary
of I, or L, 1, respectively. Note that this may happen in finite time.



4.2 Structured problems 167

Remark 4.15. The proof of Theorem 4.13, together with Remark 4.14, shows that
under the stated assumptions, for all solutions x* € CH(I, R") of (4.1) there exists
locally a function € C (I, R#+D") with P(1)[ I, 0 --- 0]7 = x*(¢) such that
F,(t,x*(t), (1)) = 0. By the compactness of [, there is only a finite number of
intervals, which must be taken into account. It is therefore possible to compose the
corresponding parameterizations to a globally continuous parameterization such
that the existence of a continuous  is guaranteed globally. We then can define so-
lutions of (4.1) as those which can be extended to a continuous path (¢, x*(r), P (¢))
inlL,, where #(t)[1, 0 - - 017 = x*(¢). In this way, we can drastically reduce the
smoothness requirements in the above constructions. In particular, we can replace
(4.26) with the condition that (¢, x*(t), P (¢)) € L, forevery t € L.

Example 4.16. Consider the differential-algebraic equation
F(t,x,%) =% —1=0,
with = 1[0, 1], D, = R, and D; = R\ {0}. We find that
Lo={(t,x,%) |tel, x eR, x €{-1,1}}

and that My (¢, x, X) = 2x has full rank on L. Differentiating once yields 2xx = 0,
such that

Ly ={(¢x. %% |rel, xeR, & e{-1,1}, ¥ =0}

and

My, x, £, %) = [2x O}

2% 2x

has full rank on IL. Thus, this problem satisfies Hypothesis 4.2 with u = 0,a = 0,
d=1laswellaswithu =1,a =0,d = 1. All (¢p, x9) € I x R are consistent,
since (fg, xg, £1) € Lg. With the two possibilities for the value of x, we obtain the
local solutions x*(¢) = 4(t — ty9) + xo, which both can be extended (as smooth
solutions) to the whole interval I.

4.2 Structured problems

In many applications modeled by differential-algebraic equations, the arising sys-
tems exhibit special structures. A typical example of such a special structure are the
mathematical models of mechanical multibody systems such as the physical pen-
dulum in Example 1.3. Making use of this structure usually leads to a simplified
analysis.
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In this section, we want to study such classes of structured differential-alge-
braic equations in the context of Hypothesis 4.2. Historically, the notion index in
the naming of the various structures refers to a counting in the spirit of the differ-
entiation index. The following discussion will show, on the basis of Section 3.3,
that it coincides with the differentiation index in the case of linear problems. For
convenience, we consider only autonomous equations, although all results also hold
in the non-autonomous case.

All structured problems that we will discuss in the sequel are semi-explicit, i.e.,
of the form

x1 = fx1,x2), 0=g(xy,x2), (4.34)

with different assumptions on the functions f and g. We start our exposition
with semi-explicit differential-algebraic equations of index v = 1, which have the
form (4.34), where the Jacobian gy, (x1, x2) is nonsingular for all relevant points
(x1,x2) € R x R"2,

Example 4.17. Example 1.4 with

and

B ki(co—c)—R
fx1,x2) = |:k1(TO —T)+ kR —k3(T — TC(I))i| '

g(x1, x2) = R — kzexp (—%¢)

is a semi-explicit differential-algebraic equation of index v = 1, since the Jacobian
&x, 1s the identity.

We assume in the following that Ly # @, where
Lo = {(t, x1, x2, %1, %2) | %1 = f(x1,x2), 0= g(x1, x2)}.

In particular, we assume that the constraint g(x1, x3) = 0 can be satisfied. For the
corresponding Jacobians of the derivative array, we get (omitting arguments)

I, 0O o f
My= | , No=|7"" "2
’ [ 0 0:| ’ |:gx1 gx2:|
Following Hypothesis 4.2, we obtain that rank My = n;. With

ZT =10 I, 1,

we then get a = rank ZZT No =rank[ gy, gx, ] = na. Setting

I
T2 - [ _{“ ] ’
gx2 gxl
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we finally see that rank F; 7> = n| = n; + np — a = d. Hence, under the stated
assumptions, (4.34) possesses the strangeness index u = 0, and we have proved
the following theorem.

Theorem 4.18. Semi-explicit differential-algebraic equations of index v = 1 satisfy
Hypothesis 4.2 with characteristic values u = 0, a = na, and d = n — a, provided
that Ly # 0.

The next type of systems that we want to study are semi-explicit differen-
tial-algebraic equations of index v = 2. These have the form (4.34), where
[8x, (X1, X2) gx, (x1, x2)] has full row rank for all relevant points (x1, x2) € R"! xR"2
and the differential-algebraic equation

8y (x1(1), X2)X1 (1) + &xy (x1 (1), x2)%2 = 0, (4.35)

obtained by differentiating the constraint, satisfies Hypothesis 4.2 with u = 0 for
all relevant functions x; € C' (I, R™).

Example 4.19. Example 1.5 of the Stokes equation discretized in space has the
form (4.36) with

X1 =up, x2=pn fx1,x2) = Aup+ Bpp,  g(x1) = Bluy,.

If the nonuniqueness of a free constant in the pressure is also fixed by the discretiza-
tion method, then B has full column rank. Thus, [ gy, gx, 1 = [ BT 0] has full row
rank. Differentiating the constraint, we get

0=B"% =BT Ax; + BT Bx,.

For given x1, this is a regular strangeness-free differential-algebraic equation for x,
due to the invertibility of B” B. Hence, the given problem is a semi-explicit differ-
ential-algebraic equation of index v = 2.

In the following, we assume that ; # ¥, where

Ly = {(r, %1, x2, %1, %2, ¥1, ¥2) | X1 = f(x1,x2), 0= g(x1),
¥ = fo (x1, x2)X1 + fr, (X1, x2)X2,

0 = gy, (x1, x2) f (x1 (1), X2) + g, (X1, X2)X2},
and that ]I:o = (}, where
Lo = {(t. x2,%2) | gx, (x1(1), x2) f (x1(1), X2) + gy (x1 (), X2)2 ).
Let (omitting arguments)

MO =[gnl NO = —[ grya [+ &x1 fry + 8xaxy X2 1
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Due to the assumptions, Hypothesis 4.2 yields that there exist smooth matrix func-
tions Zs, T», and Z of appropriate size and pointwise full column rank such that

rank Mo = d, ZZTJVIO =0,

rank Z2 No =a, ZZTNOTQ =0,

rank g,,T» =d, rank Z] g,,Th =d.
The corresponding characteristic values a and d satisfy a + d = ny. Moreover, we
have that [ Z 1 Zz ] is a square matrix function with pointwise full rank 7.

In order to investigate (4.34) under the given assumptions, we consider the
corresponding Jacobians of the derivative array given by

Iy, 0
0 0
M == )
: _fxl _fxz Inl 0
L —8x1 —8x2 0 0
I fa foo 0 0
N1 — gXI gxz 0 0
fx1X1x1 + fXIXZ';CZ fxwfle + .fx2X25C2 00
L gxlxl).fl + gx1x2x2 gxlxle + gxzxz)‘CZ 0 0

Following Hypothesis 4.2, we first compute

rank My = 2rank [, + rank g, = 2n +d.

0 0
0o zI'|

gxlxle + 8xoxy = gxlxzf + gxzxz)zZ =—Ny

A possible choice for Z5 is given by

0
7T — | .
2 [fogxl 0

Since

on L1, we then see that

ZT I T= gxl ng
Inin 0] [* 5T

Choosing TZ/ such that [ Tz/ T ] is nonsingular and recalling that [ 71 Z» ] is
nonsingular as well, elementary block row and column operations yield

Zngxl ZITM()YZ/ Z’{M()Tz

|:g:1 —Zg;;?]\?()] — ZzTgxl 0 0
0

* ZZTN()Tz/
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Full row rank of [ gx, gx, ] implies full row rank of Z 2T &x,- Moreover, by construction
ZITA;IOTZ and ZzTN()Tz/ are nonsingular. Hence, ZZTNl[ I, 017 has full row rank
and a possible choice for 7> due to Hypothesis 4.2 is given by

5=[¥]

where K is of size n| x (n; — a) and has full column rank. This finally implies that

r=[ 0][5] = (6]

has full column rank. This shows that Hypothesis 4.2 holds with characteristic
values u = 1, a = np + a, and d = n| — a. In particular, we have proved the
following theorem.

Theorem 4.20. Consider a semi-explicit differential-algebraic equations of index
v = 2 given by (4.34), together with the additional properties that the matrix
[gx, (X1, X2)&x, (X1, X2) ] has full row rank for all relevant points (x1, x3) € R" xR"2
and that (4.35) satisfies Hypothesis 4.2 with i = 0 for all relevant functions x| €
C'(I, R™). Then, this differential-algebraic equation satisfies Hypothesis 4.2 with
characteristic values @ = 1, a = ny + a, and d = ny — a, provided that .y # ()
and Ly #= 0.

A special case of semi-explicit systems of index v = 2 are differential-algebraic
equations of the form

X1 = fx1,x2), 0=gkx), (4.36)

with gy, (x1) fx, (x1, x2) nonsingular for all relevant points (x1, x) € R"' x R"2.
To see this, we differentiate the constraint to obtain

O = gxl (xl)).cl = gx1 (xl)f(-xla x2)a

which for given x| can be solved for x, with the help of the implicit function
theorem. Hence, it satisfies Hypothesis 4.2 with u = 0.

Systems of the form (4.36) with the required property are called differential-al-
gebraic equations in Hessenberg form of index v = 2.

Example 4.21. The discretized Stokes equation of Example 4.19 is a differential-
algebraic equation in Hessenberg form of index v = 2, since gy, (x1) fx, (x1, x2) =
BT B is nonsingular.
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Differential-algebraic equations in Hessenberg form of index v = 2 belong to
a more general class of structured problems, so-called differential-algebraic equa-
tions in Hessenberg form of index v. These have the form

X1 = f1(X1, ..., Xu—1, X0),
X2 = fa(x1, ..., Xp-1),
x3 = f3(x2, ..., xp-1), (4.37)
Xv—1 = So—1(Gov—2, xp—1),
0= filxv_1),
with
i . % . % . % nonsingular (4.38)
0xXy_1 0Xxy_2 0x1  dxy
for all relevant points (x,...,x,) € R" x ... x R"™. Note that it only makes

sense to consider v > 2.

Example 4.22. An important class of applications, where modeling leads to dif-
ferential-algebraic equations in Hessenberg form of higher index, are constrained
multibody systems such as the physical pendulum of Example 1.3. A typical form
of the arising equations is given by

p =0,
M(p)o = f(p,v) — gp(p) 2, (4.39)
g(p) =0,

where p denotes the generalized positions, v the generalized velocities, and X the
Lagrangian multiplier belonging to the constraint g(p) = 0. Since the constraint
is on the position only, (4.39) is also called the formulation on position level. The
standard assumptions, supported by the application, are that the mass matrix M (p)
is symmetric and positive definite and that the constraints are (locally) independent
in the sense that the Jacobian g, (p) has full row rank. Setting x; = v, x, = p, and
x3 = A, as well as

fi(xr, x2,x3) = M(x2) 7 (f (x2, x1) — gp(x2) x3),
fa(x1, x2) = x1,
f3(x2) = g(x2)

and observing that

————— (x1, %2, x3) = —gp(x2)M(x2) ' gp(x2)"

is nonsingular, we see that (4.39) is a differential-algebraic equation in Hessenberg
form of index v = 3.
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For the analysis of differential-algebraic equations in Hessenberg form, we
assume that L, # @ with u = v — 1, i.e, that all constraints which arise by
successive differentiation of the last equation in (4.37) and elimination of the arising
derivatives with the help of the other equations can be satisfied. Our aim then is to
show that (4.37) satisfies Hypothesis 4.2. We start with the observation that

Iy, (A1 Az - Aner Any ]
I, Ay Ao oo Ay 0
Fx = k) Fx = ' ’ : : l
In, o A1 O
0 L Au,v—l 0 |
where A; j = g% Note the Hessenberg-like structure of F, which gave (4.37) its
J

name. To utilize the structure of F; and F), we write these in the form

I 0 H U
F*Z[o o}’ FX:[VT 0]

with
Al Al Al Ay
Ary Az Az 0
= . . . , U= . ,
Av—l,v—Z Av—l,v—l 0
vi=[o - 0 Avo-1].
Thus, B _
1 0
0 0
—-H -U 1 0
T
My=| =V 0] 0 o0
* * -H -U|I 0
* 0 |-vl 0 |0 0
and B B
- _

T
o %x|lo Qo
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Reordering (via block permutations) the block rows and columns such that all
identity blocks in the diagonal of M|, are moved to the upper left corner yields

= o

g’ 0
with
0
H O
9= * H 0
* * H 0
and
0 0
U 0 vl 0
gq=(* U 0 i x* VI 0
¥ -« x U 0 * .- x VI 0

Accordingly, we obtain the permuted N . Observe that all nontrivial entries in §),
4, and YT have the same block structure given by H, U and V7T, respectively.
In particular, they have the block structure of a nilpotent matrix with nilpotency
index v such that

@ $H'=0 for £ > v,
b V'Ht=0 fort>v—1,
© VIoU=0 fort>v—2.

Furthermore, we can utilize the Hessenberg form of H and its derivatives, noticing
that for an £-fold product of Hessenberg matrices we obtain

* PR oo * * Y “ .. >k *
.. : .. : 0

[0 e 0 *] * ’ L ’ |1 =0
ES k k ES O

£-fold product

when £ < v — 3. These properties imply that
v=—3

V1 -9'u=>Y v a'U=0,
£=0
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such that Z7 M,, = 0 for the choice
z; =10 =97 1]

following Hypothesis 4.2. Because of

v—=2
mT(I_ﬁ)flzzmTﬁé
=0
o T o _
VT 0
= "/T =+ VTH
| x viovl o] | =« VIH 0 0]
SN _
0
+...+ 0 S
| VT HY2 0 0 0]
we then get that
H U vl 0
. H U vl 0
ZINJT 0 - 01" =0T —9)~! =
HW g vr g
- —yT 0 T To 0]
vlH 0 vl 0
vIT g2 0 x 0
= o
vIgv-2 0 x 0
_VTHv—l VTHV—ZU_ _* O_

,v — 1, we have

Setting W; = Ay p—1---Ajy1ifori=1,...

vi=1[0--- 000 W,_;],
VIH=10 --- 00 W,_y %],
VIH> =10 --- 0 Wy_3 * x],
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and so on. The corresponding entries in the other summand in the representation of
ZZT N w0 ---0 17 are sums of products, where the first factor is VT or one of its
derivatives and the other factors are H or one of its derivatives, but one factor less
compared with VT H¢. Hence, they do not perturb the zero entries and the entries
W,_¢ in VT H¢. This implies that

ZZTNM[IO---O]Tz[QB o1

x  WiAp,

where

0 0 —-W,_1 O

9 — W,_2 *

0 . . : :

Wi * e * 0]
Since Ay -1 - Ap—1,v—2---A21 - A1, 18 nonsingular due to (4.38), the quan-
tities~ Wi, ..., W,_1 have full row rank and Wj A , is nonsingular. Therefore,
ZZTNM[ I 0 --- 0]7 has full row rank @ = vn, and its kernel is given by

=[]

where the columns of £ span kernel 20. We then end up with

w-[p -

and rank F;7, = rank R = d = n — a. Thus, we have proved the following
theorem.

Theorem 4.23. Differential-algebraic equations in Hessenberg form of index v
given by (4.37) satisfy Hypothesis 4.2 with characteristic values u = v—1, a = vn,,
and d = n — a, provided that 1L, # 0.

There is an intuitive way to argue that Theorem 4.23 holds and to get an
idea which conditions imply L, # #. In (4.37), we have differential equations
for xq,...,x,—1, but not for x,. In order to derive a strangeness-free differ-
ential-algebraic equation in the variables x, ..., x,, we need a relation which
is solvable at least for x,. Since x, is only present in the left hand side of
the first differential equation, we apparently can only proceed in the following
way. We differentiate the constraint and eliminate the occurring derivative x,_1
with the help of the corresponding differential equation to obtain a further con-
straint 0 = fi,.,,_, (xy—1) fu—1(xy—2, xy—1), which must be satisfied by any solu-
tion of (4.37). We then differentiate this new constraint and so on, until the newest
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constraint contains x,. This occurs after differentiating v — 1 times. The condition
L, # ¥ then guarantees that all obtained constraints can be simultaneously ful-
filled. Moreover, (4.38) guarantees that we can locally solve for vn, variables out
of (x1, ..., xy) which must include x,,.

Remark 4.24. Since the structured problems (4.34), (4.36), and (4.37) are all ex-
plicit in the derivatives, the corresponding reduced differential-algebraic equations
(4.23) can be chosen in such a way that the differential part Z 1T F(t, x1,x2, X1,X2) =
0 is explicit with respect to x| and that no derivative x, occurs. Hence, (4.24) can

be trivially solved for x; and we do not need any additional assumptions to ob-
tain (4.25).

In the context of numerical methods, in particular for the structured problems in
this section, it is common practice to modify the given differential-algebraic equati-
on in such a way that the index of the system is decreased or increased. Decreasing
the index is typically performed to allow for the application of numerical methods
which require that the index does not exceed a certain number, cp. Chapter 6.
Increasing the index on the other hand may help to obtain a system which exhibits
more structure. The reason for this may again be to allow for the application of
specific numerical methods that are well suited for such structures. In both cases
one must be aware of possible changes in the structure of the solution space of the
systems.

Consider the case of a differential-algebraic equation in Hessenberg form of
index v = 2. Differentiating the constraint in (4.36), and eliminating x; with the
help of the differential equation gives the hidden constraint 0 = gy, (x1) f (x1, x2).
If we replace the old constraint with the so obtained new one, we get the modified
problem

X1 = f(x1,x2), 0=gy(x1)f(x1,x2). (4.40)

To distinguish the quantities of Hypothesis 4.2 already determined for (4.36) from
those for (4.40), we use tildes in the latter case. Assuming that IL; # ¢ for (4.36),
we immediately get that

Lo = {(t,x1,x2) | %1 = f(x1,x2), 0= gy, (x1) f(x1,x2)}

is also nonempty. With the Jacobians of the derivative array

Y I 0 N7 f fx
My = ni , No = X1 2 ,
0 [ 0 0:| 0 |: * gﬂfxz]
we find that

~ S - I
ZY =10 1,1, ZINo=1[% guful Tz=[’“],
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such that (4.40) satisfies Hypothesis 4.2 with ft = 0, @ = n3, and d= ni. Observe
that passing from (4.36) to (4.40), we loose the original constraint 0 = g(x1). This
is indicated by a smaller value of a compared with a. Thus, we have shown the
following theorem.

Theorem 4.25. For a semi-explicit differential-algebraic equation (4.36) in Hes-
senberg form of index v = 2, the related differential-algebraic equation (4.40)
satisfies Hypothesis 4.2 with . = 0.

A similar result also holds in the case of general Hessenberg systems. Replacing
(4.37) by

'X.:l = fl(xli""x])713xl))7
X2 = falxn, ..., x-1),
)‘C3 = f3('x27"'7-xl)—1)7 (441)

Xp—1 = So—1(ov—2, xp—1),
0= fv;x,)_l (xv—1) frm1(xv—2, Xy—-1),
we can define
X1 =X1, coo, Xy_3 =Xp—3, Xp—2 = (Xy—2,Xp—1), Xp—] = Xy,
and
fl(jl7 sy i1)727 j1)71) = fl(xlv e 7-x|)71’ xl))v

JFZ()ZI, ---,55\)—2) = fz(xlv e 7xU—1)7

fo3Ev—a, ..., Xv2) = fuz(xo—s, ..., Xu1),

Fra(Gos, Fo) = |:fv_2(xv—3y xv—2»xv—1)i| ’

So—1(xp—2, xy—1)
Fom1Gv=2) = fore,_y (u—1) fom1 (Xp—2, Xp_1).

It is then obvious that (4.41) has again Hessenberg form but with an index reduced
by one. Moreover,

dfp-1 dfpa  0fa  3fi

0Xy_n2 0Xy_1 0X; 0X,_q

O *].[—S;‘ﬁ]m...%a_ﬁ
Xy—1

_ 0xy—2

oy -1 3f2 BN

0xy_1 0Xxy_o  O0x1 Ox,

and we have the following result.
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Theorem 4.26. For a semi-explicit differential-algebraic equation (4.37) in Hes-
senberg form of index v, the related differential-algebraic equation (4.41) satisfies
Hypothesis 4.2 with u = v — 2.

Example 4.27. Consider again the multibody system from Example 4.22. Due to
the above discussion, we can lower the index by one by replacing the constraint by
its derivative. We obtain the new system

p = v?
M(p)o = f(p,v) —gp(p)T 2, (4.42)
gp(Pv =0,

the so-called formulation on velocity level, which is a differential-algebraic equati-
on in Hessenberg form with index v = 2. We can perform the same reduction step
once more to arrive at

p=v,
M(p)o = f(p,v) — gp(p)" 2, (4.43)
gop(P) (W, 0) + g, (PIM(P) " (f(p,v) — gp(p) 1) =0,

the so-called formulation on acceleration level, which is now strangeness-free.
Note, however, that (4.43) is not areduced differential-algebraic equation belonging
to (4.39) in the sense of Section 4.1, since (4.39) does not have the same number of
algebraic and differential components as (4.43).

A reduced differential-algebraic equation in the sense of Section 4.1 can (locally)
be obtained by dividing p into (p1, p2) suchthat g(p1, p2) = 0canbe solved for p5.
With (v1, v2) as corresponding velocities, we then consider

pP1 =i,

o1 =[101M(p) ' (f(p.v) — gp(P) M),

g(p) =0, (4.44)
gp(P)v =0,

2op(P) (W, 0) + g (PM(P) T (f(p,v) — gp(p) 1) =0,

which contains all constraints imposed by (4.39). Following Hypothesis 4.2, we
have the Jacobians of the derivative array

I 0 0 0O o 0 -1 0 O
0O 011 0O * * * * %k
Mp=1]0 0 0 0 O, No=|Gy G» O 0o 0],
00 0 0O * *x G Gy O
0O 0 0 0 O * * * * W
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with nonsingular blocks G, = gp, and W = —g, M -1 g; such that we can choose
G, 0
-G 0
T, = 0 Gy
* -G
* *

Hence, (4.44) satisfies Hypothesis 4.2 with © = 0, provided that the constraints
can be fulfilled.

According to Section 4.1, a solution of (4.1) also solves the reduced differen-
tial-algebraic equation (4.23) provided that (4.1) satisfies Hypothesis 4.2. Thus,
in order to compute this solution, we can work with (4.23). Unfortunately, some
numerical schemes, such as Runge—Kutta based methods, require the problem to be
semi-explicit, see [108]. This can be achieved by introducing a new variable y = x
and transforming (4.23) to

=y, Fi(x,y)=0, Fx) =0, (4.45)

still assuming for simplicity that the given problem is autonomous. If we require
as in Section 4.1 that (4.23) implies a system of the from (4.23), then the set

Li={(t,x,y,% 3.% 3 | ¥ =y, Fi(x,y) =0, F(x) =0,
§ =3, Fiic(e, p)% + P, »)y = 0, Fa(0i = 0)
can be locally parameterized according to
x2 = R(x1), x1=L(x1), X2 =Ry (x1)L(x1),
Y1 = X1, y2 = X2, i=y=H(x,p),
where x = (x1, x2) is as in Section 4.1 and y = (y1, y2) is split accordingly. The

parameters p can be chosen out of y and the function # is defined implicitly by
the linear problem

Fro(x, )i + Fr.i(x, y)y =0,

due to the full row rank of F 1.:(x, y). In particular, L, is nonempty. The relevant
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matrix functions in Hypothesis 4.2 for (4.45) are then given by (omitting arguments)

m Iy 0 0 0 |0 0 0 07
0 1, 0 0 |o o 0o
0 0 0 0 |o 0o 0o
8 0 0 0 0 /0 0 00
Mi=\—06 0 -1, 0 |I; 0 00|
0 0 0 —-I,|0 I, 00
Fio, Fin, Fiy Fry |0 0 0 0
Fry Frgy O 0 |0 0 0 0|
0 0 Iy 0 |0 0 0 07
0 0 0 I, |0 0 0 0
Fi.y Fi.,, —Fi.zy —Fi.x 0O 0 0O
Ny = Fry —Fpp 0 0 (0000
0 0 0 0 |0 O 0
0 0 0 0 [0 0 00
* * * * 0 0 0 O
| * 0 0 |0 00 0|

Hence, rank M 1 = 2n 4+ d, where n = a + d is the original system size, and

0 0 Iy 0|0 0 0 O
zZF=| o 0 0 I,|0O 0O 0 O
—Fyy —Fay, 0 00 0 0 I
We then get that
o _Ii‘l;xl _Fi‘l;xz _ﬁl;)'cl _ﬁl;ffz
ZINIT 0V =|=Fpyy —Fryy O 0 |,
* * —F.x —Fay,

which has full row rank n 4 a due to the properties of (4.23). Finally,

I; 0 0 O |14 1y

= U PR VA VN I I
FE=\4o 0 0 o||l«|~]o0
0O 0 0 O * 0

shows that (4.45) satisfies Hypothesis 4.2 with & = 1, a = n + a, and d =d.
Choosing Z lT =[1; 0 0 0]7 yields the reduced differential-algebraic equation

X1=y1, x2=RMx1), y1=LIx1), y2=Ryx1)L(x1).
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In particular, this system implies (4.23) such that there are no problems arising from
the hidden constraints that are introduced by increasing the index. By this analysis,
we have proved the following theorem.

Theorem 4.28. Consider a strangeness-free differential-algebraic equation in the
form (4.23) with a sufficiently smooth solution. Then (4.45) satisfies Hypothesis 4.2
with characteristic values i = 1,a =n + a, andd = d.

Remark 4.29. The differentiation index, defined in Definition 3.37 for linear differ-
ential-algebraic equations, can be generalized to nonlinear problems (4.1), see [53],
[54]. Taking the definition of [54], the differentiation index then typically coincides
with the notion of index as we have used it in this section in the context of semi-
explicit differential-algebraic equations. This definition, however, has not the same
invariance properties as Hypothesis 4.2. In particular, a result similar to that of
Lemma 4.7 does not hold.

4.3 Over- and underdetermined problems

So far in this chapter, we have restricted the analysis to regular systems with
m = n. In this section, we generalize the results of Section 4.1 to possibly over- or
underdetermined problems

F(t,x,x) =0, (4.46)

ie., with F € CI x D, x D3, R™), D,, D; € R" open. In order to apply the
same techniques as before, we must explicitly require that L, = F/ w Loy is a
manifold. We therefore consider the following generalization of Hypothesis 4.2.
For convenience, we omit the function arguments.

Hypothesis 4.30. There exist integers u, r, a, d, and v such that the set

Ly={@tx, % ..., x®D)y e RWADH | B (¢ x, %, ., x#FD) =0}, (4.47)

associated with F is nonempty and such that for every (to, xg, X0, - - - x(()” +1)) el,
there exists a (sufficiently small) neighborhood in which the following properties
hold:

1. The setL,, C RU2n+ forms a manifold of dimension (u + 2)n + 1 —r.

2. We have rank F/ ey =ronly.

X, X,
3. We have corank F., ¢ w+n —corank F,_ ;.. ¢ o = von Ly, with the

convention that corank F_j., = 0.
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4. We haverank M, = r —a onlL,, such that there exist smooth matrix functions Z,
and T» of size (u + 1)m x a and n x (n — a), respectively, and pointwise
maximal rank, satisfying Z3 M,, = 0 on L, as well as rank Z} F,,.x = a and
ZIFuxT =0.

5. We haverank F; T, = d = m —a — v such that there exists a smooth matrix func-
tion Z1 of size n x d and pointwise maximal rank, satisfying rank Z lT FiT, =d.

For square systems without redundancies, i.e., m = n and v = 0, Hypothe-
sis 4.30 reduces to Hypothesis 4.2. According to Definition 4.4, we again call the
smallest possible i in Hypothesis 4.30 the strangeness-index of (4.46). Systems
with vanishing strangeness index are still called strangeness-free.

To derive the implications of Hypothesis 4.30 and to motivate the various as-
sumptions, we proceed as follows. Compare with the more special approach of
Section 4.1.

Let z,.0 = (fo, X0, X0, - - -, ) € L, be fixed. Since by assumption, L,
is a manifold of dimension (u + 2)n + 1 — r, we can locally parameterize it by
(u 4+ 2)n + 1 — r parameters. These can be chosen from (¢, x, x, . . ., x Bty in
such a way that discarding the associated columns from

(u+1)
X0

Fu;t,x,)é,m,x(’””(t()v X0, X0 -« - x(()lﬁ—l))

does not lead to a rank drop. Because of Part 2 of Hypothesis 4.30, already
F .y &, xw+n has maximal rank. Hence, we can always choose 7 as a parame-
ter.

Because of Part 4 of Hypothesis 4.30, we can choose n — a parameters out of x.
Without restriction we can write x as (x1, x2, x3) with x; € R4, x, € R4,
x3 € R4, and choose (x1, xp) as further parameters. In particular, the matrix
ZZT F};;x, is then nonsingular. The remaining parameters p € R+Dn+a=r can be
chosen out of (%, ..., x“+D),

Therefore, Hypothesis 4.30 implies that there exists a neighborhood
V € RBHEDHI=T of (19, 1.0, X2,0, Po) as part of z,, o, corresponding to the se-
lected parameters (f, x1, x2, p), and a neighborhood U € R®+21+1 of 7 4 such
that

U=LNT=1{0( x,x,p)| @t x1,x,p) eV},

where 0 : V — U is a diffeomorphism. Again we may assume that V is an open
ball with radius ¢ > 0 and center (¢, X1,0, X2.0, P0)-

In this way, we have obtained that F},(z,) = 0 holds locally if and only if
Zu = 0(t, x1, x2, p) for some (¢, x1, x2, p) € U. In particular, there exist functions
g, corresponding to x3, and #¢, corresponding to (x, ..., x(’”l)) such that

FM(t7 x]a-x27 g(ty x]a-x27 p)a C}f(tv xl?-xZa P)) = 0 (448)
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on V. As in Section 4.1, it follows that there exists a function &R such that

x3 = §(t, x1, x2, p) = §(t, x1, X2, po) = R(¢, x1, X2)
and
Fu (2, x1, x2, R(t, x1, x2), H(t, x1, x2, p)) =0
on V. Similarly, we can choose T, of Hypothesis 4.30 as

1
Ta(t, x1,x2) = |;Rx1’x2(t, xl,xz)] '

Thus, Part 5 of Hypothesis 4.30 yields a matrix function Z; which only depends on
the original variables (¢, x, x). Again, due to the full rank assumption, we can choose
the neighborhood V so small that we can take a constant Z;. The corresponding
reduced differential-algebraic equation therefore reads

Pt x, i) = [F g(’tx;j)} —0, (4.49)

with

A Ce T Ce
Fl(t’x19x27x37x11x2’x3)=Z1 F(t’x19x27x37x11x2’x3)7 (450)
A T .
FZ(t,xlaXZ,x?)):Zz Fﬂ(t7x17x27x3a Jf(tv-xl7x2’ pO))~

Analogous to the construction in Section 4.1, it then follows that (4.49) satisfies
Hypothesis 4.30 with characteristic values © = 0,r = a+d, a,d, and v. Similarly,
it follows that ﬁz(t, X1, x2,x3) = 0 is locally equivalent to x3 = R(¢, x1, x2).
Differentiating the latter relation, we can eliminate x3 and x3 in the first equation
of (4.49) to obtain

Fi(t, x1, X2, R(t, X1, x2), X1, X2, Ry (1, X1, X2)

. ) (4.51)
+ Ry (t, x1, x2)x1 + Ry, (8, x1, x2)x2) = 0.

If the function x* € C'(I, R") solves (4.49) in its domain of definition, then the
point (o, x{ (t0), x5 (t9), X7 (t9), X5 (t9)) solves (4.51). By Part 5 of Hypothesis 4.30,
it then follows that this system can be solved locally for x;. In this way, we obtain
a decoupled differential-algebraic equation of the form

X1 = L(t, x1, x2, X2),  x3 = R(¢, x1, x2). (4.52)

Obviously, in this system x, € C'(I, R”7%9) can be chosen arbitrarily (at least
when staying in the domain of definition of &R and £), while the resulting system
has locally a unique solution for x; and x3 provided that an initial condition is given
that satisfies the algebraic constraint. In this way, we have proved the following
theorem.
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Theorem 4.31. Let F as in (4.46) be sufficiently smooth and satisfy Hypothesis 4.30
with characteristic values u, r, a, d, and v. Then every sufficiently smooth solution
of (4.46) also solves the reduced differential-algebraic equations (4.49) and (4.52)
consisting of d differential and a algebraic equations.

Proof. The proof is analogous to that of Theorem 4.11. O

So far, we have not discussed the quantity v. This quantity measures the number
of equations in the original system that give rise to trivial equations 0 = 0, i.e., it
counts the number of redundancies in the system. Together with a and d it gives a
complete classification of the m equations into d differential equations, a algebraic
equations and v trivial equations. Of course, trivial equations can be simply removed
without altering the solution set. Omitting Part 3 of Hypothesis 4.30, however,
would mean that a given problem may satisfy the modified hypothesis for different
characteristic values of @ and d.

Example 4.32. Consider the differential-algebraic equation

F(t,x,%) = [Io’gczxz] =0, (4.53)

with m = 2 equations and n = 2 unknowns x1, x2. To check Hypothesis 4.30 for
m = 0, we consider the set

Lo = {(t,xl,XQ,)El,)'Cz) | xp = 1, ).Cz =O}.

Obviously, Lg is a manifold parameterized by (¢, x1, x1). Furthermore, we have
0 1 0O O 0 0
e el 2

rank Fo.x ; =2, corank Fp., ; =0, rank Fp.; = 1.

on LLg. Thus,

With ZZT = [0 1], we then obtain
rank ZZTFO;X =rank[0 1] =1,
and, with TZT =[1 0], finally
rank F;Tp = 0.

Hence, we get the quantities r = 2, v = 0, a = 1, and d = 0. Hypothesis 4.30 is
not satisfied, sinced # m —a —v = 1. If we would drop Part 3 of Hypothesis 4.30,
then there would be no condition on v and we could simply choose v = 1 to satisfy
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all remaining requirements. To check Hypothesis 4.30 for u = 1, we must consider
the next level of the derivative array F; = 0, which consists of the equations
) . X2
xp =0, Ingz =0, x»=0, — =0.
X2
The set

Ly = {(t, x1,x2, %1, %2, %1, ¥2) | x2 = 1, %2 =0, ¥, = 0}

is a manifold parameterized by (¢, x1, X1, X1). Furthermore, we have

0 11]0 0 0 1/0 0
Fo._| 0 010 0] 10000
Lxy=170"0 [0 1 |~ |0 00 1
0 x;' 0 0 0 1[0 0
and
0 0 0 0
T o1
Fie=17 0 “170 0
0 —x;,7x2 0 0
on L. Thus,

rank Fi.. ;3 =3, corank Fi., ;3 =1, rank Fi.; 3 = 2.

Proceeding as above, we compute
0 1/{0 O 1
T _ —
4=l alo 5 m=l]

rank ZZT Fo.x = rank |:O !

and

0
0 Oi| =1, rank F;T) = rank |:Oi| =0.

Hence, Hypothesis 4.30 is satisfied with u = 1, r =3, v=1,a=1,andd = 0.

Remark 4.33. It should be noted that in practical systems, due to modeling sim-
plifications, measurement errors for the coefficients or round-off errors in the rank
computations, these redundant equations of the form 0 = 0 may get perturbed to
equations of the form 0 = ¢ with small |¢|. In general, this creates large diffi-
culties in the numerical methods, in particular, in the process of determining the
characteristic values w, a, d, v and in the solution of the nonlinear systems, see
Chapter 6.
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To show that the reduced systems (4.49) and (4.52) reflect (at least locally) the
properties of the original system concerning solvability and structure of the solution
set, we need the following theorem, which generalizes Theorem 4.13. Since the
part x> in (4.48) requires a different treatment than the parts in Theorem 4.13, we
include a detailed proof.

Theorem 4.34. Let F as in (4.46) be sufficiently smooth and satisfy Hypothe-
sis 4.30 with characteristic values i, a, d, v and with characteristic values u + 1
(replacing ), a, d, v. Let z,41,0 € L,41 be given and let the parameterization p
in (4.48) for F, 11 include X>. Then, for every function x» € Cl(I, R"~*~4) with
x2(tg) = x2,0, X2(to) = X2,0, the reduced differential-algebraic equations (4.49)
and (4.52) have unique solutions x| and x3 satisfying x1(ty) = x1,0. Moreover, the
so obtained function x = (x1, x2, x3) locally solves the original problem.

Proof. By assumption, there exists (locally with respect to z,,11,0 € L,41) a pa-
rameterization (¢, x1, x2, p), where p is chosen out of (x, ..., x#12)) with

Fui1(t, x1, x2, R(t, x1, x2), H(2, x1, x2, p)) = 0.
This includes the equation
Fiu(t, x1, x2, R(t, x1, x2), H(t, x1,x2, p)) =0, (4.54)
with trivial dependence on x“*2) as well as the equation
%Fu(t, X1, x2, R(t, x1, x2), H(t, x1, x2, p)) = 0. (4.55)

Equation (4.54) implies that (omitting arguments)

FlL;t + F,u;x3 th + FM;X ..... x(1+2) Jf; =0, (4.563)
Fu;xl,xz + Fu;x:; ﬁxl,xZ + F}L;)‘C,...,X(I’H'z) foleZ = O, (456b)
Fuis,. xwn Hp = 0. (4.56¢)

The relation %F 1 = 0 has the form
Fu:+ Fum’h + Fu:Xz)-CZ + FM§X35C3 + F[L;X,...,x(“+1) : =0.
x(+2)

Inserting the parameterization yields that (4.55) can be written as

Fﬂ;t + F/L;xlf;fl + F,u;xz‘;fz + FM;X3]€3 —|— Fu;)&,...,x(“+l)‘;€4 = O’
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where J#;, i = 1,...,4, are the parts of F# corresponding to xi, X2, X3, and
the remaining variables, respectively. Multiplication with ZZT (corresponding to
Hypothesis 4.30 with characteristic values u, a, d, v) gives

ZzTF/A;t + ZzTFMm%l + ZzTFu;Xz'%)Z + Z2TFM;X3J€3 =0.

Inserting the relations (4.56) and observing that ZZT Fy,.x; is nonsingular, we find
that

Z oy (Hs — Ry — Ry Hy — Ry H2) = 0,

or
](3 = ‘72[ + Rxl ng + e72)(2]{27

1.e.,
x3=R: + :‘RXIJ'C] + Jszfcz.

In summary, the derivative array equation F, 1 = 0 implies that

ZUF(t, x1, x2, X3, %1, %2, %3) = 0, (4.57a)
x3 = R(t, x1, x2), (4.57b)
X3 = Ri(t, x1, x2) + Ry X1(1, X1, X2) + Ry, (2, X1, X2)X2. (4.57¢)

Elimination of x3 and x3 from (4.57a) gives
X1 = L(t, x1, X2, X2).

In particular, this shows that X and x3 are not part of the parameterization.

Since x is part of p, the following construction is possible. Let xo = x5 (¢) and
Xy = Xx2(t). Let p = p(¢) be arbitrary but consistent to the choice of x, and to the
initial value z,41,0. Finally, let x; = x1(¢#) and x3 = x3(¢) be the solution of the
initial value problem

ZUF(t, x1, x2(0), x3, %1, %2(1), %3) =0, x1(19) = x1,0, x3 = R(t, x1, x2(1)).

Although x; and x3 are not part of the parameterization, we automatically get
X1 = x1(¢) and x3 = x3(¢). Thus, we have

Fup1(t, x1 (1), x2(2), x3(2), x1(2), x2(1), X3(1), Ha(t, x1(2), x2(2), p()) =0
for all # in a neighborhood of 7y, or
F(t,x1(1), x2(t), x3(t), x1 (1), x2(1), x3(1)) =0

for the first block. O
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Remark 4.35. Let the assumptions of Theorem 4.34 hold and let x o and x2,0 be
the part of 7,110 € L,41 belonging to x» and X». If X2 ¢ and X o are sufficiently
close to x2,0 and X2 o, then they are part of a Z,, 11,0 € ;.41 close to z,41,0 and we
can apply Theorem 4.34 with z,,1 o replaced by Z,11,0.

Remark 4.36. Note that in Theorem 4.34 we can drop the assumption that x is
part of the parameters if we know from the structure of the problem that £ in (4.52)
does not depend on x;. In particular, this is the case if we can choose the splitting
(x1, x2, x3) in such a way that the original problem does not depend on x; and on
components of x3 that depend on x;. An important consequence of this special
case is that we do not need to require the initial condition X3 (f9) = X2 9. This also
applies to Remark 4.35.

Remark 4.37. The reduced differential-algebraic equations (4.49) and (4.52) may
already follow from Fy = 0 with £ < p, although u is chosen as small as possible.
This occurs in cases when further differentiations only lead to trivial equations 0 = 0
and consistency is guaranteed. To check the consistency of the model, however, it
is still necessary to consider F;, = 0.

Example 4.38. Consider the problem of Example 4.32. The reduced differential-
algebraic equation simply consists of log x, = 0 and is already implied by Fy = 0.
The same holds for the slightly modified differential-algebraic equation

Xy =1, logx, =0.
Observe that the corresponding set ILg is nonempty. Differentiating once gives

X =0, xz_l)'cz =0,

implying the contradiction X, = 0. Thus, L is empty and the modified problem is
not solvable.

4.4 Control problems

In the general nonlinear case, control problems have the form

F(t,x,u,x)=0, (4.58a)
y—G(t,x) =0, (4.58b)

where F e CIxD, xD, xDz, R™) and G € C(I x D,, R?) with D,., D; C R”,
D, € R! open. As usual, x represents the state, u the input, and y the output of the
system.



190 4 Nonlinear differential-algebraic equations

In a first step, we omit the output equation. Using a behavior approach as in
Section 3.6, i.e., setting
X
Z - [ } ’
u

we assume that F', rewritten with respect to the unknown z, satisfies Hypothesis 4.30.
Note that we must replace n in Hypothesis 4.30 by n 4 /. According to the previous
section, we locally get a reduced problem

Fi(t,x,u, x) =0,

. (4.59)
Fy(t,x,u) =0

corresponding to (4.49). To perform the next steps of the construction would require
to split z into (z1, z2, z3), where each part may consist of components of both x
and u. To avoid such a splitting, which would mix input and state variables, we
proceed as follows. Starting from (4.49) in the form

Fi(t,2,2) =0,
F(t,z) =0,

Hypothesis 4.30 yields (without arguments)
ﬁQ;ZTzzo, rankTh =n+1—a, rankl:"l;izd.

Choosing T, such that [ 7, T> ] is nonsingular, we find that
. [ o / ” o A A
rank [fl;z} = rank [}II’ZTZ FI’ZTZ] =rank Fy.;T» + rank F5.; Ty = d + a.

Thus, the given matrix function has pointwise full row rank. In the present context,
this means that the matrix function

[’flv'f N ] (4.60)
F2;x F2;u

of size (d +a) x (n+1) has full row rank. Observe that, in general, fixing a control u
does not give a regular strangeness-free reduced problem, since

F 2:x
may be singular. An immediate question is whether it is possible to choose a
control such that the resulting reduced problem is regular and strangeness-free.
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Necessarily, for this we must have d + a = n. As in the linear case, we consider
feedback controls. In the nonlinear case, a state feedback has the form

u=K(t, x), (4.61)
leading to a closed loop reduced problem

Fi(t,x, K(t,x), %) =0,

R (4.62)
Fy(t,x,K(t,x)) =0.

The condition for this system to be regular and strangeness-free reads

[ Fios ] ,
R 2 nonsingular.
F2;x + F2;u Kx

Since the reduced system is only defined locally, it is sufficient to satisfy this con-
dition only locally. Thus, we can restrict ourselves to linear feedbacks

u(t) = Kx(t) + w(), (4.63)

such that K, = K. Since (4.60) has full row rank, the existence of a suitable K,
follows from Corollary 3.81. The function w can be used to satisfy initial conditions
of the form

uO o) = Rx{” + wO o) = u). (4.64)

Hence, we have proved the following theorem.

Theorem 4.39. Suppose that the control problem (4.58a) in behavior form satisfies
Hypothesis 4.30 with characteristic values |, a, d, v and assume that d + a = n.
Finally, let z;, 0 = (to, x0, 4o, .. ., xé’H_l), u(()“Jr])) € L. Then there (locally)
exists a state feedbacku = K (t, x) satisfying ug = K (ty, x9) and iy = K, (ty, xo)+
K, (to, x0)Xo such that the closed loop reduced problem is regular and strangeness-
free.

Corollary 4.40. Suppose that the control problem (4.58a) in behavior form satisfies
Hypothesis 4.30 with u, a, d, v and with u + 1 (replacing ), a, d, v and assume
that d + a = n. Furthermore, let u be a control in the sense that u and u can be
chosen as part of the parameterization of L, 1 at z,+1,0 € Lyq1. Letu = K(t, x)
be a state feedback which satisfies the initial conditions ug = K (tg, xo) and tig =
K, (tg, x0) + K, (to, x0)Xo and yields a regular and strangeness-free closed loop
reduced system. Then, the closed loop reduced problem has a unique solution
satisfying the initial values given by z,,11,0. Moreover, this solution locally solves
the closed loop problem
F(t,x,K(t,x),x) =0.
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Proof. The proof can be carried out along the lines of the proof of Theorem 4.34,
see Exercise 18. O

Example 4.41. Consider the control problem

N X2 _
F@, x,u,x) = |:logx2 + sin ui| =0,
with n = 2 and [ = 1. The corresponding behavior system reads
. 2
F(t,z,2) = . =0
#2,2) |:10g Z2 + sin 13]
To check Hypothesis 4.30 for u = 0, we must consider

LO = {(ta-x17-x27 M,)‘Cl,)&z, I’.t) |x2 = exp(_ Sinbl), x2 = 0}

Obviously, Lo is a manifold parameterized by (¢, x1, u, X1, tt). Furthermore, we
have

so_for o] . o o 0o7_[o o 0
%= 10 o o] "% 7o x2_1 cosu| |0 exp(sinu) cosu

on LLg. Thus,
rank Fp.,; =2, corank Fy.;; =0, rank Fp.; = 1.
With ZJ' = [0 1], we then obtain

1 0
rank ZZTFO;Z =rank[ 0 exp(sinu) cosu]=1, T, =|0 —cosu |,
0 exp(sinu)

and finally

=1,

rank F;T, = rank [0 Teos u]

0 0

when we restrict u to a neighborhood of zero. Hence, Hypothesis 4.30 is satisfied
withy =0,v=0,a =1,andd = 1. Forzp,0 = (0,0, 1, 0, 0, 0, 0) we can choose
Z IT = [1 0] to obtain the reduced problem

X2 =0, logx;+sinu =0.

Note that the reduced problem here coincides with the original problem due to its
special form (we have u = 0 and do not need to apply any transformations to
separate the algebraic equations) and due to the special choice for Z;. Fixing the
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control u according to u = 0 gives a closed loop system that is not regular and
strangeness-free. Indeed, it satisfies Hypothesis 4.30 only for 4 = 1 and it even
includes a trivial equation due to a redundancy, cp. Example 4.32. To get a regular
and strangeness-free closed-loop reduced problem, we look for a regularizing state
feedback. Since

F.y 07 o 1t 07 _Jo10

Fry Foul |0 x7' cosu] [0 1 1
at zg,0, we can choose K = [1 0] oru = x| observing the initial values given by
20,0- The corresponding closed loop reduced problem is given by

X2 =0, logx;+sinx; =0.

By construction, itis regular and strangeness-free near the initial value given by zg ¢.
For x1(0) = 0, we particularly get the unique solution x;(¢) = 0, x2(t) = 1.

We turn now to control problems that include the output equation (4.58b). In a
behavior framework, we set

z=|u
y

and again apply the theory of the previous section. Due to the explicit form of
the output equation, it is obvious that it becomes part of the algebraic constraints
and does not affect the other constraints, cp. also the linear case of Section 3.6.
Therefore, assuming that F satisfies Hypothesis 4.30, the reduced differential-al-
gebraic equation has the form

Fy(t,x,u, %) =0,
Fr(t,x,u) =0, (4.65)
y = G(t, x).

If we consider output feedbacks of the form
u=K({t,y), (4.66)
then the closed loop reduced problem has the form

Fi(t,x, K(t, G(t,x)), %) =0,

A (4.67)
Ba(t, x, K(t, G(t, x))) = 0.

The condition for this system to be regular and strangeness-free reads

|:A F}x ]: [@;5‘ AO ][ J ] nonsingular. (4.68)
F2;x + F2;uKny F2;x FZ;u K)’Gx
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Note that we get back the state feedback case if y = x. To look at (4.68) more
closely, we may proceed as for (3.127) in the linear case. In particular, we can set
E = ﬁl;)&» Ay = ﬁz;x, B, = Ij*z;u and C = G, and determine the quantities ¢
and w at a point (o, zo, Zo) given by z,, 0 € L, as in the construction following
(3.127). Recall that we have omitted the hats in the notation when we deal with
nonlinear problems. In this way we get a nonlinear version of Corollary 3.82.

Corollary 4.42. Suppose that the output control problem (4.58) in behavior form
satisfies Hypothesis 4.30 with ., a, d, v and assume thatd+a = nand ¢ = w. Then
there (locally) exists an output feedback u = K (¢, y) satisfying ug = K (ty, yo) and
o = Ky (to, y0)+ K (to, yo)yo such that the closed loop reduced problem is regular
and strangeness-free.

Proof. Under the given assumptions, the linear theory of Section 3.6 yields a suitable
matrix K = K y such that (4.68) holds. The claim then follows for the linear output
feedback )

u(t) = Ky() +w(),

where the function w is used to satisfy the given initial conditions. O

Corollary 4.43. Suppose that the output control problem (4.58) in behavior form
satisfies Hypothesis 4.30 with u, a, d, v and with u + 1 (replacing 1), a, d, v,
and assume that d + a = n and ¢ = w. Furthermore, let u be a control in
the sense that u and u can be chosen as part of the parameterization of ;11
at Zu+1,0 € Lyut1. Let u = K(t,y) be an output feedback which satisfies the
initial conditions ug = K (tg, yo) and g = K, (to, yo) + Ky (to, y0)yo and yields
a regular and strangeness-free closed loop reduced system. Then, the closed loop
reduced problem has a unique solution satisfying the initial values given by z,, 11,0
Moreover, this solution locally solves the closed loop problem

F(t,x,K(t,G(t,x)),x)=0.
Proof. The proof is analogous to that of Theorem 4.34. O

Remark 4.44. For the determination of a reduced differential-algebraic equation
of the form (4.49), it is sufficient to consider F), in order to compute the desired
regularizing state or output feedback and the solution of the closed loop system.

Remark 4.45. Suppose that for a given control problem (4.58) the variable x can be
splitinto (x1, x3) in such a way that the reduced problem (4.59) can be transformed
to

Xy = L(t, x1,u), x2=R(,x1,u)

according to (4.52). Then for every u with u(ty) sufficiently close to ug the closed
loop reduced problem obviously is regular and strangeness-free. Due to the structure



4.5 Differential equations on manifolds 195

of the problem (cp. Remark 4.36), we do not need to require that i is part of the
parameters in order to get the results of Corollaries 4.40 and 4.42. Accordingly, we
do not need to require that i (tp) = .

Example 4.46. A control problem for a multibody system has the form
p=v,
M(p)i = f(p,q,u) + gp(p)" 1,
g(p) =0,

since the control typically acts via external forces. Assuming that g,,(p) has full row
rank and that M (p) is symmetric and positive definite, a possible reduced problem
has the form

p1—v1 =0,

o1 =01 0IM(p) ' (f(p.v.u) — gp(p)" 1),
g(p) =0,

gp(p)v =0,

gop(0,0) + g, (MM (P)  (f(p,v,u) + g,(p) 1) =0,

cp. (4.44). Moreover, this system is regular and strangeness-free for given u near
the initial value, cp. Exercise 4.46. Comparing with (4.52), we have the splitting of
variables

xi=(p1,v1), x2=u, x3=(p2,v2,A).
The special structure of the reduced problem implies that from x3 only A may depend
on . Thus, Remark 4.36 and Remark 4.45 apply.

4.5 Differential equations on manifolds

The aim of this section is to show that regular, strangeness-free differential-alge-
braic equations are closely related to differential equations on manifolds. Although
we have mainly worked in some (metric) space R”, in this section we consider the
case of a general topological space M. As it is common in the context of manifolds,
we assume that Ml is a Hausdorff space (i.e., we can separate two different points by
disjoint open neighborhoods) and that M possesses a countable (topological) basis.
We follow here the presentation in [66], [68], see also [6], [174], [175]. For brevity
we omit proofs concerning the basic theory of manifolds.
Before we can define a manifold properly, we need some preparations.

Definition 4.47. A homeomorphism (i.e., a continuous and open bijective map)
@: U — V with open sets U € M and V € R? for some d € Ny is called a chart
of M.
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Definition 4.48. Two charts ¢;: U; — V;,i = 1, 2, are called consistent if either
U NU, =@ or

@ oer ! @1(U NUy) — ¢2(Ua NTY)

and
Pro@; (U NTUp) — ¢1(U NTUy)

are homeomorphisms.

Definition 4.49. A collection {¢;}icy, ¢i: Uy — V;, of charts of M is called an
atlas of M if every two charts are consistent and

M=|_JU.
ie]
Definition 4.50. Two atlases of M are called equivalent if their union is again an
atlas of M.

Definition 4.51. Let M be a Hausdorff space that possesses a countable (topo-
logical) basis. Then, M together with an equivalence class of atlases is called a
manifold.

Note that the quantity d, i.e., the vector space dimension of the image space of
a chart, may be different for different charts. Given a chart ¢: U — V, the use of
an equivalence class of atlases allows us to add charts of the form ¢| : U— <p(U)

withU c U open without violating the consistency of the charts and thus without
changing the manifold. We can therefore assume that there exist charts defined on
suitably small neighborhoods of a given point in M.

The value of d belonging to a given chart can be seen as the local dimension of
the manifold. Hence, we define the dimension of a manifold as follows.

Definition 4.52. Let {¢;}ic7, ¢i: Ui — V;, be an atlas of the manifold M. If there
exists a d € Ny such that V; C RY for all i € J, then M is called a manifold of
dimension d.

To characterize which manifolds actually possess a dimension, we have the
following results.

Lemma 4.53. Every manifold is a (disjoint) union of pathwise connected mani-
folds.

Theorem 4.54. Let M be a pathwise connected manifold. Then, M can be assigned
a dimension in the sense of Definition 4.52.

Thus, if we restrict ourselves to pathwise connected manifolds M, then we can
always speak of the dimension of the manifold. It is common to denote it by dim M.
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Example 4.55. Let Ml € R” be open. Then, M becomes a manifold by the trivial
atlas {¢} with
o:M—> M, o@x)=ux.

Moreover, we have dim M = n.

Example 4.56. Let M = {(x1, x2, x3) € R | x? 4+ x7 + x] = 0} and set

1
or: U > R% U =M\{(©0,0, D}, @11, x2,x3) = ———(x1,32),

X3

@2: Uy —> R, Up =M\ {(0,0, -1}, ¢2(x1, %2, x3) = ;(M,m),
14+ x3
recalling that we identify column vectors and tuples. The maps ¢; and ¢, are the
so-called stereographic projections of the sphere M from the north and south pole
onto the (x1, x2)-plane. The set {¢1, ¢2} forms an atlas of M. Obviously, we have
dim M = 2.

We want to mention already at this point that we use the symbol d to denote
the dimension of a manifold, since it will turn out that in the interpretation of a
regular strangeness-free differential-algebraic equation as a differential equation
on a manifold, the dimension of this manifold will coincide with the size of the
differential part of the differential-algebraic equation.

Up to now, we have only considered topological aspects of manifolds. We also
speak of topological manifolds. For an analytical point of view, as for example
differentiability of functions between manifolds, we need smooth atlases.

Definition 4.57. Let {¢;}icy, ¢i : U; — V;, be an atlas of the manifold M. Suppose
that there exists a k € Ny U {oo} such that

gjop; € Ch@iUiNU)), ¢;U; NU)
foralli, j € J withU; NU; # @. Then, M is called a manifold of class C*.

Definition 4.58. Let M and L be manifolds of class C*¥ with atlases {wi}iey and
{¥j}jex according to Definition 4.57. A map f: M — L is called {-times con-
tinuously differentiable with £ < k, denoted by f € C¢(M, L), if Yjofo (pi_l is
£-times continuously differentiable for all i € J, j € K, for which the composition
is defined.

Given a manifold Ml C R”, we have an intuitive imagination when M may be
called a submanifold of R”. Note that if we only know that we have a manifold
M C R”, then this does not imply that M is a topological subspace of R", since M
may have a topology that is not the induced topology from R”. In the case that M
is of class C¥, the property of being a submanifold R” of class C* should at least
guarantee that functions defined on R” of class C* remain of class C* if they are
restricted to M.
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Definition 4.59. Let M and X be manifolds of dimensions d and n, respectively,
andletd < n. Atopological embedding of M in X is a continuous map ipg: M — X
such that M and i (M) are homeomorphic.

Definition 4.60. Let X be a manifold and let M < X be a topological subspace
of X. We call M a ropological submanifold of X if there exists a manifold M and
an embedding ipr: M — X such that Ml = ipg (M).

Remark 4.61. Let X = R” be as in Definition 4.60 and let M € R” be a manifold.
Then, M is a submanifold of R” if

im: M — R", imx) =x

is an embedding with M = inm(M), where M = M as sets, but where M is consid-
ered as topological subspace of R", i.e., with the topology induced from R”.

Since the manifolds M and M as in Remark 4.61 cannot be distinguished as
topological spaces, it is common to see them as the same object. Moreover, one can
show that every manifold is a submanifold of R” for a sufficiently large n. Hence,
we only need to consider manifolds that are submanifolds of some R”.

Example 4.62. In the following we consider RY as a submanifold of R", where
d < n, by the so-called standard embedding given by

igd: RS - R",  ipa(x1,...,x5) = (x1,...,%4,0,...,0).
In particular, we identify R? with iga (RY).

Definition 4.63. A map ¢: U — V, U,V C R” open, is called a diffeomorphism
if it is bijective and both ¢ and ¢! are of class C'. It is called a diffeomorphism
of class Ck, k € NU oo, if in addition both @ and (p_l are of class C*.

Definition 4.64. A topological subspace Ml C R” is said to be a submanifold of R"
of dimension d and of class Ck, k € N U oo, if for every x € M there exists an
open neighborhood U € R” of x and a diffeomorphism @: U — V of class C
with V € R” open and

eMNTU) =VNR (4.69)

Of course, a submanifold M € R” of dimension d and of class C¥ is itself a
manifold of dimension d and of class C*. First of all, a topological subspace of R”
is a Hausdorff space with a countable topological basis. Moreover, we can construct
an atlas in the following way. For every x € M, we define a chart ¢: U — V by
taking a diffeomorphism ¢ according to Definition 4.64 and setting

p=¢ly, U=MNT, V=VnRY, (4.70)
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the latter considered as an open subset of R4, For two charts 0i: U —>V;,i=1,2,
we then have that
P00 = @206 ciga
is a diffeomorphism of class Ckasa map from ¢1(U; N Uy) to ¢2(U; NTUY).
In our context, the most important kind of manifolds are those that are defined
as the set of zeros of (smooth) nonlinear equations H(x) = 0, where the Jaco-
bian H, (x) is assumed to have full row rank for all x at least on the set of zeros.

Theorem 4.65. Let H € C*(D,R%), D € R”" open, k € N U oo, with M =
H'({0}) # ¥ and suppose that rank Hy,(x) = a < n for all x € M. Then, M is a
submanifold of R" of dimension d = n — a and of class C.

Proof. Let xo € M. Since rank Hy(xg) = a, we can split x according to x =
(x1, x2) such that Hy,(x1,0, x2,0) is nonsingular. Applying the implicit function
theorem, there exists an open neighborhood V of x1 ¢ € R? and a function G €
Ck(V, R%) with G (x] ) = x2,0 and

H(x1, G(x1)) = 0 forall x; € V.

Now we define ¢ by @(x1, x2) = (x1, H(x1, x2)). Since

P00 = 4 y
1,0, £2,0 HXI(XI,O’XZvO) HXZ(XI,()’XZ,O) ’

the inverse function theorem yields that there exist neighborhoods U < R" of
(x1,0, x2,0) and V C R” of (x1,0, 0) such that ¢: U—> Visa diffeomorphism of
class CX. Moreover, by construction ¢(xq,x2) = (x1,0) for (x1,x2) € M N U
which implies (4.70). Thus, M is a submanifold of R" of dimension d = n — a and
of class C¥ by Theorem 4.65. In particular, the corresponding chart ¢ of M from
(4.69) satisfies

o1, x0) =x1, ¢~ (x1) = (x1, Glx1)),

with possibly smaller neighborhoods U and V as from the implicit function theorem.
O

In order to define differential equations on manifolds, we first need the notions
of tangent spaces and vector fields. For this, let M in the following be a manifold
of class C'. Note also that in the following we will use a prime to denote the total
derivative of a function.

Given xg € M andachart ¢p: U - V C R4 of M with xo € U, we consider
functions

y € Cl((—¢,8), 1), y(0) = x,

and
9 e CY(U,R), ®(xg) =0.
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Since ¥ : (—e, &) — (—e&, &) with ¢ (t) = ¢ is a chart for both the manifolds (—e, €)
and R, we have by definition

poy=goyoy e C'((—&0),V)
and (at least for sufficiently small V)
Bop =y odop !l € C'(V,R).

Hence,
Doy=0o0¢ logoyeCl((—¢¢),R)

and (¢ o )’ (0) € Ris defined. Setting
Iy, =1{ye Cl((—s, €),U) | y(0) = xo, ¢ sufficiently small}

and
Oy, = {9 € C'(U,R) | #(x0) = 0},

we can therefore define the following.
Definition 4.66. Let y1, y2» € I'y,. We call y; and y» to be equivalent and write
Y1~y if

(@ oy1)'(0) = (¥ 0 y)'(0) forall ¥ € Oy. 4.71)

The corresponding equivalence class of a given y € I'y,, denoted by [y ], is called
a tangent vector to M at xo. The set

TX()(M) = {[V]X() | Y € 1—‘)C()} (472)

is called the tangent space of M at xy.
Let y1, 2 € I'y, and y1 ~ y». The defining relation (4.71) implies that
@Wogp ' ogoy) O =@ogp ' 0poy)(0)
or
@ 9™ (@)@ o) (©0) = (@ 0 9™ (9(x0)) (@ 0 72)'(0)
for all ¥ € ®,. Choosing ¢ € O, by
9 () = ¢ (p(x) = ¢(x0)),

where ¢y is the k-th canonical basis vector of R, yields

@ o1 (@(x0) = ef .
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Hence, y; ~ y, implies
(@ o) (0) = (g o) (0)
and the function
Dyt Try(M) —> RY, - @ ([¥]yy) = (@ 0 ) (0) (4.73)
is well defined. Choosing y € I'y; by

y () = ¢~ Hp(xo) + 12)

for a given z € R?, we find that

(@ oy)(@) = p(xo) + 12,

hence (¢ o y)'(0) = z, and it follows that &, is surjective. Furthermore, if

(9 oy (0) = (9 0 ¥2)'(0),
then (4.71) holds, since

@oy) () =@op  opoy)(0) =@ op ") (px0)) (g oy ).

This implies that y; ~ y» or [y11y, = [¥2]x,, and thus @, is injective.

Hence, we have shown that @, is bijective and we can import the linear structure
and topology from R¢ into Ty, (M). In particular, Ty,(IM) becomes a topological
vector space homeomorphic to R?, justifying so the name tangent space.

As next step, we gather all tangent spaces that belong to a given manifold.

Definition 4.67. For a manifold M, the (disjoint) union

T = | TV (4.74)
xeM
is called the tangent bundle of M.
Let ¢: U — V be a chart of M. Setting
W = U T, (M) C T (M)
xeU

and defining

YW VxR, Yyl = (@), Dc(y])), (4.75)

we at once see that i is bijective. Taking the induced topology in W, the map v
becomes a homeomorphism. Let now {¢;}icy, ¢ : U; — V;, be an atlas of M and
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consider ¢ : W; — V; x R4 constructed as in (4.75). Defining W € T'(M) to be
open if and only if W N W; is open in W; for all i € J yields a topology in 7 (M)
such that it becomes a manifold. Moreover, if M has dimension d, then 7'(M) has
dimension 2d. Observe that ¥ ([y];) = (u, z) with (4, z) € V x R4 implies that

9(x) = u, ®x([yly) = z, and thus x = ¢~ (), (p 0 ¥)'(0) = 2, ¥(0) = ¢~ (w).
Therefore, the inverse of 1; is given by

vl =y, x=¢ '@, @oy) 0 =z y0) =¢ "W

such that

Wjov D, 2) =¥yl
= (p; (), Px([¥])
= ((¢gj o o Hw), () o ¥) (0)
= ((pj o ; HW), (9j 097 0 g 0 1) (0))
= ((¢j o 97 W), () o9 ) (@i © ¥)(0))(g; © 7Y (0))
= ((pj o ;7 Hw), (@) o 97 1) (W)2).

Hence, ¥ o ! is of class C¥~ 1 if ¢; o ¢ lis of class C¥, implying that T (M) is
of class CK—1 if M is of class CX.

Remark 4.68. Let M = H~!({0}) € R" according to Theorem 4.65, let ¢: U —
V be a chart of M and let y € C!((—¢, ¢), U), y(0) = xo. With the notation used
in the context of submanifolds, we define 7 € C!((—¢, ¢), U) by

-1

V=9¢ clipiogoy.

Because of

1

(¢ oigaop)(x) =x forallx €U,

we have that
Hy@®)=H(y@t) =0 forallt € (—¢,e¢),

where H o ¢ can now be differentiated with the help of the chain rule to obtain
Hy (x0)7'(0) = 0.
Observing that
(@) (ipa(9(x0)) = (@) (@(x0)) = H(x0) ",

we get

7'(0) = @) [i;’] (@ °)O.
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Since we can choose y such that (¢ o ) (0) € R? is arbitrary, the possible val-
ues for 7’(0) vary in a d-dimensional subspace of R”, which is nothing else than
kernel Hy (xp). Hence, we can identify T,,(IM) with kernel Hy (xo) by the above
relation. In the same way, we can identify 7 (M) with the set {(x, kernel H (x)) |
x € M}.

Definition 4.69. A vector field v on M is a continuous map v: M — T (M) such
that
v(x) € Ty(M) forall x € M. 4.76)

For given x € C((—¢, €), M), we use the notation

Lx(t) = [¥)ew) € Tey(MD),

where y € I'y(y) is defined by y (s) = x(s + ¢) for fixed t € (—e¢, ). With this, we
now consider the problem of finding a functionx € C I((—e, €), M) that (pointwise)
satisfies

Lxt) =v(x(t), x(0)=xo 4.77)

for given initial value xo € M and given vector field v on M. We call this an initial
value problem for an ordinary differential equation on M.

Let ¢: U — V be a chart of M with xo € U and y: W — V x R? the
corresponding chart of 7 (M). Using the projections

a1 R RY - RY, my(u,2) =u, mau,z) =z,
we consider the initial value problem

Y =710, y0)=¢x) eV, (4.78)
with
f=moyovop VR (4.79)

If we require f to be differentiable with Lipschitz continuous derivative (assum-
ing M to be of class C? such that T(M) is of class C!, and v to be of class C!
would guarantee this for a sufficiently small V), then we get a unique local solution
y € Cl((~¢,¢),V)withe > 0 sufficiently small.
Setting
x:(p’loy: (—e,6) >0

and taking y € I'y() with ¥ (s) = x(s + ¢) for fixed t € (—¢, ¢), we find that
(poy)s) =¢y(s)) =ok(s+1) =(pox)(s+1)=y(s+1)
and thus
Lx) =y =¥ @Iy ko)
=¥ @), (9o ) ) =¥ (@), Y (),
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while

v(x)) =Yy N (WovopT o)1)
=y N oyovop o)), (Mo ovopoy)(r)).
Because of
(o ovop  oy)(t) = (oY ovox)(t) = (1 oY) (v(x(1)))
=@ oY)yl =mW(ylien)) = o(x (@) = y()

and
(moPovop™ oy)t) = fy(1) =y ®),
we also have
v(x(®) =¥ (@), Y ().
Hence, the so constructed x € C!((—¢, ¢), U) locally solves (4.77).

Theorem 4.70. Under the stated smoothness assumptions, the initial value problem
(4.78) locally possesses a unique solution x € Cl((—¢,¢), ).

Proof. 1t remains to show that the local solution x constructed in the above way
does not depend on the selected chart. For this, let ¢;: U; — V;,i =1, 2, be two
chartsof Mland xo €e U NU, £ @. Lety; € Cl((~¢,6),ViNVy),i=1,2be
(local) solutions of
yi=fiv),  ¥i(0) = @i (xo),
with
fi=moyiovog
We then must show that
o1 oy =95 oy
Because of the unique solvability of initial value problems in R, it is sufficient to
show that y» = ¢ o q)l_l o y1 solves
¥y = f2(32),  ¥200) = ga(x0).

We first observe that

¥200) = (92 0 07 H(1(0)) = (92 © 91 (@1 (x0)) = ¥2(x0)-

Because of

(m2 0 Y2)([¥1x) = (9209)'(0) = (p2 097 0 91 0 ) (0)
= (92007 (10 ¥) () (@1 © ) (0)
= (@2 007 (1)) (@1 0 ) (0)
= (92007 ) (@1()) (2 0 Y1) [y 1),
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we find that

Vo) = (92007 0 y1) (1) = (92 0 07 1)V} (1)
= (¢2 007 DGO AL1(1))
= (g20 gof])(m ) (T2 oYovo wfl)(m (1))
= (moYpovo <P1_1)(y1(l)) = (moyYpovo wz_l)(yz(l)) = (1),

where we used that

W o DOLN) € Tty ) VD O

Asusual, one can continue the so obtained local solution until the boundary of M
is reached. Note that this does not imply that there exists a solutionin C! ([0, 7], M)
foragiven T > 0. As for ordinary differential equations, the existence of a unique
solution to the initial value problems allows for the definition of flows, i.e., of
functions that map a given initial value on the final value of the corresponding
solution after a given time interval. Starting with a solution x* € C L([0, T1, M) of
%x(t) = v(x(¢)), we can proceed as follows. There exists a grid

O=t<ti<---<ty=T

and charts ¢; : U; - V;,i =0,..., N — 1, of M such that x*(¢) € U; for all
i € [t, ti+1]. Thus, for every chart ¢;, we have a solution y; € cls, ti+1], V;) of

Y =iy, y@) =y, y=e&x*) eV,

where f; = myoyiovog; !"and where Y; is the chart of T (M) belonging to ¢;. Let
[[~JN C Uy bf: a neighborhood of x*(¢y). Then there exists a sufficiently small
neighborhood Uy_1 € Uy_» NUpn—_1 of x*(ty—1) such that

v = fn-1(0),  yn-1) = on-1(x)

has a (unique) solution y € CYltn—1. tn], Vy—1) with y(ty) € (p(IfJN) for all
x € Uy—1. This defines a map

on—1:0n1 = Uy, x> 03" (0(tn)).
In this way, we inductively get neighborhoods U; of x*(#;) and maps
¢i Ui = Uip1, x> 07 O0(tig1)
fori =0,...,N — 1, where y € iy, ti+1], V;) is the solution of

yi=fiy), y@)=ei®),
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with y(t;+1) € ¢ (®i+1) due to the construction of the sets @0, - @N. The
composition

¢ =¢N-_10---0¢10¢

then is a map 3 ~
¢ :Up— Uy, xor—x(T)

that maps a given initial value xo € VO to the final value x(7) of the solution x €
C([0, T1, M) of the initial value problem (4.77). In particular, ¢ (x*(0)) = x*(T).
In this construction, the assumption on the existence of a solution x* can be dropped
if T is sufficiently small, since solutions always exist at least locally. In this way,
we can define maps

¢ U—> M, xo9b x(t)

for a given ¢ € R being sufficiently small in modulus and an appropriately chosen
open set U € M. Obviously, ¢; can be inverted on ¢,(U) just by solving the
differential equation backwards from ¢z to 0. Since the differential equation is
autonomous, this is the same as solving it from 0 to —z. Hence, there exists

o7 (U) — U,
with
o7 =g,

In particular, we have that ¢9 = id. Let now
¢, U, - M, i=1273,

with 73 = 11 + 1 be given. Setting U = ¢,; 1(1U2) N Uz and restricting ¢;, and ¢y,
to U, we get
¢t2 © ¢t1 = ¢t3 = ¢t1+t2’

due to the unique solvability of the initial value problems. The functions ¢; are
called flows.

In the following, we want to show that a solvable regular differential-algebraic
equation with strangeness index p = 0 can be locally (near a given solution) inter-
preted as a differential equation on a manifold and vice versa. Due to Section4.1, we
are allowed to assume without loss of generality that the given differential-algebraic
equation is autonomous and in the reduced form (4.23). We therefore consider

Fi(x,x) =0, F(x) =0, (4.80)

with sufficiently smooth functions F 1 and I:"Z and use the notation of Section 4.1.
Starting with a solution x* € C!(I, R") of (4.80), the set

M = £5' ({0} (4.81)
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is nonempty by assumption. Because of
rank ﬁz;x(x) =a forallx e M,

the set Ml € R" forms a manifold of dimension d = n — a. Note that M actually
is a submanifold of R”. Suppose that M is of class C2. Given a chart ¢ : U — V,
say with x*(¢9p) € U for some fy € I, we may assume due to Theorem 4.65 that
x = (x1,x2), p(x) = x1, and 1 (x1) = (x1, R(x1)), in particular

X2 = R(x1),
with R : V — R4, Since I:"g(xl, R(x1)) = 0 for all x; € V, we have that
Ry (x1) = —Fropy (x1, R(01)) " Fauyy (11, R(x1)).

By assumption, .
Fi(xi, R(x1), X1, Ry (x1)x1) =0

is solved by (xf(to), X] (o)) and the Jacobian with respect to xj is nonsingular.
Hence, we can solve locally for x; according to

X1 = L(x1),

where we may assume that £ : V — R?. Note that

[Rxf‘le)] L(x1) € kernel Fy.  (x1, R(x1)).

Following Remark 4.68, this vector of the kernel coincides with p’(0), where 7
belongs to some y € C Y((—e,€),U). In particular, it follows from Remark 4.68
that (¢ o ¥)'(0) = £(x1) holds. Hence,

v(x) = Y (@), (L£ o 9)(x))

defines a vector field v on U. The definition of v does not depend on the selected
chart, since Fi(x, x) = O locally has a unique solution X € kernel F>., for given
x € M. Because of y = ¢(x) = x1 and

fO)=(moyovop H(y)=moy oy (y, L) = L),

the differential equation in V reads x; = £L(x1). Thus, in order to solve the
constructed ordinary differential equation on M, we must solve

X1 =Lx1), x=R(xy),

which is nothing else than the local version of the given differential-algebraic equa-
tion.
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Conversely, let Ml € R” be a manifold of dimension d with a vector field v and
consider an initial value problem

Lxt) =v(x(®), x(0) = xo. (4.82)

We assume that M is of class C* for sufficiently large k and that the inclusion
ivg : M — R” defined by iny(x) = x for all x € M is also of class Ck. Let
¢ : U — V be a chart of M with xg € U. Since R" is a manifold with a trivial
chart, we have

ivog e CH(V,RM).

Defining £ : R" x V — R” by

Fr(x,y)=x— (imoe H),
we have F>(x, ¢(x)) = 0 for all x € U. Moreover, since F> € CKR" x V,R"),
we are allowed to differentiate, and obtain

Py, ) =01 —Gmoe Y1

Thus, F2 ({O}) C R"* forms a manifold U of dimension d with the only chart
¢:U—V,¢(x,y) =y, ¢ (y) = ((im o ¢ ) (), y). The manifolds U and U

are homeomorphic via

¢l op:U—TU, @ ' op)@) = moe Npk), ) = (x, p(x)).
Taking the chart ¥ : W — U x R¢ of T(M) that corresponds to ¢, the above
differential equation reads

Y =fO), y=¢k), f=moyovogp !

in local coordinates. Defining F} : R” x V x R" x R? — R? by

Fi(x,y,x,y) =y — £y,

the so obtained (strangeness-free) differential-algebraic equation

Y =£fO), x=@Gmoe H(y)

together with y(0) = yg, yo = ¢(xp), is locally equivalent to the initial value
problem (4.82) on Ml. Note that the resulting differential-algebraic equation is for-
mulated in an unknown function (x, y) with values in R*t¢. We cannot expect
that we can reduce it to a differential-algebraic equation only for x without further
assumptions, since the reverse construction would yield a submanifold of R". As-
suming thus that M indeed is a submanifold of R", we can proceed as follows. Due
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to Dgﬁnition 4.64, there exists a diffeomorphism ¢ : U — V with xg € U CR"
and V C R” such that (4.70) defines a chart of M. Because of

1

ivop™' =¢ " oiga,

we are now allowed to differentiate according to
. —1v N S Iy
(Mo ) () =(¢  ciga) (y) = (¢ ) (iga(y) [0]-

Since (¢~ 1) (iga(y)) € R™" is nonsingular, it follows that (iyg o ') () € R™¢
has full column rank. In particular, this holds for U = (ipg 0 ¢~ 1)/ (y9). Hence,
there exists an orthogonal matrix Z € R™", Z = [ Z1 Z; ] with Z; € R"“ and
ZZTU = 0 such that

ZI B, y) = 2T (x — (imo 9™ () =0

can be solved locally for y = 4(x). In this way, we get a locally equivalent differ-
ential-algebraic equation of the form

Fi(x,x)=0, Fx)=0
with
Fi(x, x') = 8 (x)x" — f(8(x)),
Fy(x) = Z] (x — (i o 9~ H(8(0))).
Differentiating the identity
Z{ (x — (im0 9~ (8(x))) =0,

we obtain
zl — 7zTU 8, (x0) = 0.

Thus, for (xo, x() with some x;, € R", we find that
Fiov(xo, xp) = 8:(x0) = (2] U) ' 2],
Frx(x0) = Z3 — Z3 Udx(x0) = Z3
and the so constructed differential-algebraic equation is strangeness-free.

Remark 4.71. Note that a standard ordinary differential equation y’ = f(y) triv-
ially is a differential equation on the manifold R". This observation is another
reason not to distinguish between ordinary differential equations and strangeness-
free differential-algebraic equations with a # 0 in the definition of an index.
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Bibliographical Remarks

The theory for general nonlinear differential-algebraic equations has only recently
been studied in detail and is still in a state of active research with many open
problems. Early results come from the work of Griepentrog and Mirz [100]. The
key idea for the current state of research came through the work of Campbell on
derivative arrays [44], [46], [48], [52]. The solvability theory for square systems
was developed by Campbell and Griepentrog in [54] and the general theory for
over- and underdetermined systems was given by the authors in [129].

The generalization of the differentiation index for nonlinear differential-algebraic
systems was a complicated process starting with the work of Gear [92], [93]. It
culminated in a detailed analysis of a multitude of different index concepts [53].
The generalization of the strangeness index to nonlinear systems was given in [128],
[129].

The geometric theory to study differential-algebraic systems as differential equa-
tions on manifolds was developed mainly in the work by Rheinboldt [190], [192],
Rabier and Rheinboldt [174], [175], and Reich [185], [186], [187]. The analysis of
singular points of nonlinear differential-algebraic systems is still an open problem
and only very few results in this direction have been obtained, mainly for specially
structured systems, see [151], [152], [173], [176], [177], [215].

For structured nonlinear differential-algebraic systems like those arising in
multibody dynamics or circuit simulation, a more detailed theory is available, see
for example [29], [79], [103], [104], [181], [214].

Exercises

1. Determine all solutions x € C' (R, R) of the differential-algebraic equation
x2—1*=0.
Do the same, allowing for solutions x € CO(R, R).

2. Determine all solutions x € C!(R, R) of the differential-algebraic equation
xx =0.
3. Determine all solutions x € C!(R, R) of the differential-algebraic equation

x(x—2t)=0.

4. Sketch the solution behavior of the initial value problem
ii=1 x—x63-D=0, x(0)=0, x0)=-1
for t+ > 0. What happens?
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. Letx* € CY(I, R?) with I = [0, g«/§) be the solution of the initial value problem of

Exercise 4. Linearize the differential-algebraic equation at x* and determine the local
characteristic quantities of the linearized equation as function of + € I. What happens
fort — % 3?

. Consider a sufficiently smooth function F € C(I x D, x D;, R"). Let the matri-

ces Mo(t, x(t), x(t), X(t)) and No(t,x(t), x(t), X(t)) be defined according to (4.12)
for some appropriate function x € C2(I, R"). Verify that these matrices coincide
with M»(¢) and N> (t) defined according to (3.29) setting E(t) = F;(t, x(t), X(t)) and
A(t) = —Fe(t, x(@), X(1)).

Show that a (real) linear differential-algebraic equation with variable coefficients that
satisfies Hypothesis 3.48 also satisfies Hypothesis 4.2 and vice versa.

. Consider

Ft,x, %) = ["2 _x‘]

X2

together with

F(t,x.) = P(t.x, 5, F(t,x,2),  P(t.x.%,w) = [.1 0} [wl] ,
x1 1||wsy
cp. Example 4.1. Verify the relations in the proof of Lemma 4.7. In particular, show
that x, — x; = 0 is sufficient to get a relation between (E, A) and (E, A) that has the
form of a global equivalence.

Let f: D — R,D = S((x0, y0), &) € R™ x R", be continuously differentiable, where
S((x0, y0), €) denotes the open ball of radius ¢ around (xo, yo). Show that f,(x, y) =0
for all (x, y) € D implies that

[, y) = f(x, y0)

for all (x,y) € D.

For the problems of Exercises 1, 2, and 3, determine the set Ly = F -1 ({0}) for the
corresponding function F : R x R x R — R. Check whether it is possible to restrict
the domain of F in such a way that the restricted problem satisfies Hypothesis 4.2. If
this is the case, determine the corresponding reduced differential-algebraic equation and
discuss its solvability.

Let the differential-algebraic equation

i =k, x=-t,

with I = R, D, = R?, and I; = {(4;, %) € R? | %, %> > 0} be given. Show that
it satisfies Hypothesis 4.2 with u = 0, a = 1, and d = 1. Determine a corresponding

reduced differential-algebraic equation (4.23). Why is there no corresponding system
of the form (4.25)?
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12. Discuss the properties of the differential-algebraic equation

0 1 X1 1 X1 fi@®)

X, . . :: . :+

O -

Xn 1 Xn fn(t)
forn > 2.

13. Work out a simplified proof (compared with those given in Section 4.2) for the claim
that a differential-algebraic equation in Hessenberg form of index v = 2 satisfies Hy-
pothesis 4.2 provided that the relevant constraints can be satisfied.

14. Discuss the properties of the overdetermined problem (4.46) given by

x=fi®), x=f2@t)

withm =2andn = 1.

15. Consider the overdetermined problem

pP=v,

M(p)d = f(p.v) — gp(p)" A,
g(p) =0,

gp(pv =0,

gpp(P) (v, v) + gp(p)M(p)_1 (f(p,v) —gp(p)2) =0,

obtained by just adding the hidden constraints of a multibody system to the original
differential-algebraic equation. Check whether this problem satisfies Hypothesis 4.30
under the usual assumptions on M and g. If this is the case, determine its characteristic
values.

16. Discuss the properties of the control problem (4.58) given by
- +u=0
withm =1,n=1,and [ = 1.
17. Discuss the properties of the control problem (4.58) given by
X1 =0, xu=0

withm = 2,n = 2, and [ = 1. In particular, consider suitable restrictions of the domain
of the associated function F.
18. Give the proof of Corollary 4.40.

19. Show that the control problem associated with the multibody system in Example 4.46
is regular and strangeness-free for given u near the initial value.
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20. Show that the differential-algebraic equation
X1 = x4, X4=—2x1x7,
Xy =xs5, &5 = —2x2x7,
0= x12 + x% — X3,
0 = 2x1x4 4+ 2x2x5 — Xg,

O:2x‘%—4x12x7+2x52—4x§x7—x7+1:0

satisfies Hypothesis 4.2 with characteristic values u© = 0, @ = 3, and d = 4. Reformu-
late this problem as a differential equation on a manifold.
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Chapter 5

Numerical methods for strangeness-free problems

In the first part of this textbook, we have given a detailed analysis of the existence
and uniqueness of solutions, the consistency of initial conditions, and the theory of
generalized solutions and control problems. The second part now deals with the
numerical solution of differential-algebraic equations. In principle, one could try
to apply standard discretization schemes for ordinary differential equations directly
to differential-algebraic equations, by replacing for example derivatives by finite
differences. But it was observed immediately that, in contrast to the numerical
solution of ordinary differential equations, many difficulties arise for differenti-
al-algebraic equations. These difficulties are due to the algebraic constraints, in
particular to the hidden constraints, i.e., to those algebraic constraints that are not
explicitly given in the system. In view of the discussion in the first part, these arise
in problems with a strangeness index larger than zero. First of all, it may happen
that, although the problem has a unique solution, the solution of the discretized
equation is not unique, or vice versa. We will present such examples below. A
second problem is that explicit methods cannot be used directly as one can already
see from the linear constant coefficient problem (2.1), since an explicit method
would require the solution of a linear system with the (typically) singular matrix E.
A third effect is that, due to discretization errors, the numerical solution may drift
off from the analytical solution if the constraints are not explicitly forced during
the integration. In order to avoid this effect, the solution has to be forced to lie
on the constraint manifold. But, to be able to do this, a parameterization of this
manifold has to be known which is often difficult in higher index problems. A fourth
observation is that many differential-algebraic systems behave in some respect like
stiff differential equations which forces one to use methods with good stability
properties.

In view of the described difficulties, different approaches may be considered.
For problems with a particular structure, like for example mechanical multibody
systems or circuit simulation problems, one can use the structure to derive and
analyze classical discretization schemes. We will describe some of these approaches
below, see also [29], [79], [105], [108].

An alternative to a direct discretization of a higher index differential-algebraic
equation is to discretize an equivalent formulation of the problem with strangeness
index zero, as we have obtained it in (3.60) for linear systems with variable coef-
ficients and in (4.23) for nonlinear systems. In these equivalent strangeness-free
formulations, the solution set is the same as that of the original equation and parame-
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terizations of the constraint manifold are explicitly available. Hence, the numerical
solution can be forced to lie on this manifold.

In this chapter, we will discuss the two main classes of discretization methods,
namely one-step methods (concentrating on Runge—Kutta methods) and (linear)
multi-step methods, and their generalization to differential-algebraic equations. In
both cases, we will start with the treatment of linear differential-algebraic equati-
ons with constant coefficients and discuss why similar results cannot hold for linear
problems with variable coefficients. We then present methods that are suited for the
treatment of nonlinear semi-explicit systems of index one and of nonlinear systems
in the form (4.23).

Many of the results in this chapter are based on the well-known analysis for
the treatment of ordinary differential equations, see, e.g., [106], [108], [210]. We
assume that the reader is familiar with the basic concepts of this area. Nevertheless,
we sketch some of the fundamental results from the treatment of ordinary differential
equations placed in the context of general discretization methods. We complement
these results by some topics that become relevant in the investigation of the presented
numerical methods.

5.1 Preparations

In general, we study the numerical solution of initial value problems for differential-
algebraic systems of the form

F(,x,x) =0, x(t) =xp 5.1

in the interval T = [, T] C R. Wedenoteby g <t <th < --- <ty =T
gridpoints in the interval I and by x; approximations to the solution x(z;). We
concentrate on a fixed stepsize, i.e., we use t; = f9 + ih, i = 0,..., N, and
T —tg = Nh. Note that this notation is in conflict with the notation of the nilpotent
partin the Weierstral3 canonical form (2.7), when we treat linear differential-algebra-
ic equations with constant coefficients. But there will be no problem to distinguish
the two meanings of N from the context.
A discretization method for the solution of (5.1) is given by an iteration

Xip1 =38, Xiz h), (5.2)

where the X; are elements in some R", together with quantities X(¢;) € R" repre-
senting the actual solution at #;. We are then interested in conditions that guarantee
convergence of the methods in the sense that X tends to X(zy) when & tends to
zero. Throughout this chapter we consider only real problems and we assume, for
convenience, that all functions are defined on a compact set and are sufficiently
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smooth, and that all numerical approximations stay in the domain of all relevant
functions.

Definition 5.1. The discretization method (5.2) is said to be consistent of order p
if
12 (tiv1) — F@, X@): )| < ChP*, (5.3)

with a constant C independent of 4.

Definition 5.2. The discretization method (5.2) is said to be stable if there exists a
vector norm || - || such that

1§, X(5); h) — §(, Xis || = (1 +hK) [ X(1) — Xi | (5.4
in this vector norm, with a constant K independent of /.

Definition 5.3. The discretization method (5.2) is said to be convergent of order p
if

[X(ty) — Xyl < Ch?, (5.5)
with a constant C independent of &, provided that
% (t0) — X0l < Ch?, (5.6)

with a constant C independent of 7.

Note that consistency and convergence do not depend on the selected vector
norm, since in R™ all vector norms are equivalent. Thus, if stability is involved,
then we always work with the vector norm selected for (5.4).

Theorem 5.4. [fthe discretization method (5.2) is stable and consistent of order p,
then it is convergent of order p.

Proof. From
1X(tiv1) — X1l = 1Xtig1) — S, X(6); h) + S, X(t); h) — Xip|]
< ChP™ 4+ (1 4+ hK)[|1X () — Xill,
it follows that
1Z(tn) — Xl < CRPF + (1 + hK) | X(ty—1) — En-1l
< ChPT 4+ (1 + hK)ChPT! + (1 + hK)? | X(ty—2) — Xy
< ChP 14+ A +hK)+ -+ A +hK)N Y
+ (1 +hK)N 1% (1) — Xol|
L (L+hE)N —1
(1+hK)—1
< (C/K + C)exp(K (T — t9))h”. O

< ChP* + (1 +hK)NCh?
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When studying Runge—Kutta methods or linear multi-step methods, it is often
convenient to describe the structure of some matrices via the Kronecker product of
two matrices. The Kronecker product of R = [r;;] € Ck! with § € C™" is defined
as the block matrix R ® § = [r;; 5] € Ckm-In ts main properties are given in the
following lemma.

Lemma 5.5. The Kronecker product has the following properties:

1. Let matrices U,V and R, S be given such that the products UR, V S exist. Then,
UQVR®S)=URQ®VS. 5.7

2. Let R € C* and S € C™". Considering R ® S as a block matrix consisting
of blocks of size m x n, we define the so-called perfect shuffle matrices 1| and
[T, with respect to the rows and columns, respectively, by the following process:
Take the first row/column of the first block, then the first row/column of the second
block, and so on until the first row/column of the last block, continue in the same
way with the second row/column of every block, until the last row/column of
every block. With the so obtained permutation matrices I11 and I3, we get

NM(R S =S R. (5.8)
Ifk=1landm = n, then 1] =TIy =1 and S ® R is similarto R ® S.
Proof. The proof is left as an exercise, cp. Exercise 1. O

When we discuss the numerical solution of strangeness-free nonlinear differ-
ential-algebraic equations of the form (4.23), we will always assume that a unique
solution x* € C!(I, R") of the corresponding initial value problem exists. Lin-
earizing (4.23) along x* yields the matrix functions

Ei(t) = Fiip(t. x" (0,35 (0),  A1(1) = —Fux (1, x*(0), £ (1)), 59)
Ap(1) = —Fax (1, 3% ().
The central property of this linearization is given by the following lemma.

Lemma 5.6. Consider a pair (E, A) of continuous matrix functions of the form

R o R A
E = . A=|"" 5.10
[ 0 } [Az} 10
according to (5.9). Then there exist (smooth) pointwise nonsingular matrix func-

tions P € C(I, R™") and Q € CY(I, R™") such that

PEQ:[I(;’ g}, PAQ-PEQ':[g I(ﬂ (5.11)
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In particular, P has the special form
Pii P2
P=
[ 0 P
matching the block structure of E and A.

Proof. Recalling that due to the construction of (4.23) in Section 4.1 the pair (E , A)
of matrix functions is regular and strangeness-free, the claim is a special version
of Theorem 3.32. The structure of P follows from the fact that in the sequence
of equivalence relations in the proof of Theorem 3.32 the first block row never
contributes to the second block row. O

For the systems of nonlinear equations that arise by discretization, we must show
the existence of solutions near the corresponding value of the true solution. We will
always do that on the basis of the following convergence result for a Newton-like
method. Note that this Newton-like iteration is a tool for the analysis, it should not
be used in the actual computation of numerical approximations. Observe also that
for simplicity we use an adapted notation in this theorem and a related corollary.

Theorem 5.7. Let F € C'(D, R") with an open and convex set D. Let x%eD
and let X € D be such that F'(X) is invertible, where F'(X) denotes the Fréchet
derivative of F evaluated at X. Furthermore, let constants o, B, y be given such
that for some vector norm and the associated matrix norm

IF' (&) 'FE| <o, (5.12a)

IF' &)~ < B, (5.12b)

IF'(x) — F'W)I < ylx —yll forallx,yeD,y #0, (5.12¢)
0 A 1

x7 — x| < —, (5.12d)
By

2afy < (1+Byt)? witht = —[|x* — 7| (5.12¢)

1
By

where S(x9, p—) denotes the closure of the open ball S (x9, p—) of radius p_
around x°. Then,

560 p) €D, pr= (L fyiE /(1 + By —2apy), (5120

ML= — F' @)L F (™) (5.13)

defines a sequence {x™} of points in S(x°, p_) which converges to a point x* in
S(xY, p_) that satisfies F(x*) = 0. There is no other solution of F(x) = 0 in

S0, po) U (SGY, py) ND).

In particular, for p— < p4 the solution x* is locally unique.
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Proof. 1f x9, ..., x™ €D, then we have

™ —x™ | = ||F' ) F ™|

= |F'})'F&™) — Fa™ ™) — F'@ ™ —x™H)
= | F'@NFE™ ! +s@™ —xm )2 = F'G& ™ — x|

1
=|F@®™! / [F/™ ™ +s™ —x™ ) — F'@®)] ™ — x™ Nds||
0
1
< Bylx" - xm—‘u/ s — ) — flds
0

1
= Byllx™ — x| /O Is(x™ — %)+ (1 — )™ — 2)||ds

1 _ A o
< 5By Ia" — 2" Y™ = &0+ 1™ = 2.

Considering the quadratic polynomial ¢ : R — R given by

o(t) = 1yt* — Byt + Dt +«

and observing that ¢(7) = —1, we define a sequence {,,} via
@(Tm)
T+l = Tm — _,r\n =Ty +@(tw), T0=0.
@(7)
Using £ = —||x® — %||, we obtain that

Ix! = x| <@ =1 — 1.

By induction, it follows that

and

™ — &) < ™ = 2™ 4 A et = X0 4 10 = R

<@ —Tw-D+-F+(@—1)+(0—7T) =Ty — 7

1
X" —x™| < E'By(Tm = Tn—1) (T — T) + (Tu—1 — 1))

1 .
= Eﬂy(fm = Tn—1) (T + T—1 — 27)

1 2 1 2 A
= Eﬂyfm - Eﬁyfm_l — Byt (Tm — Tm—1)

1 X R
= Eﬂyr,%l — (T = Tt + (BYT 4+ Dot — @) — Byt (tm — Tm—1)

=¢(Tn) = Tutl — Tm-
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Since p4 are the two zeros of ¢, it is obvious that the increasing sequence {t,}
converges with 7,, — p_. Hence, we have

0
[x™ = X"l < T — 0 = Tm < p—,

i.e., the sequence {x™} is well defined and stays in S(x°, p_). Since {z,,} is a
converging majorizing sequence, {x"} converges to some x* € S(x°, p_). By the
continuity of F, the limit x* satisfies F(x*) = 0.

To show the claimed uniqueness, let x** € S(x%, p_) U (S(x°, p+) N D) with
F (x*™) = 0 be another solution. Then we have the estimate

™ — x| = x™ = F'R) T F (™) — x|
=[|F'})"'[F(x*) — F(x™) — F'R)(x* — x™)]|
= [|[F'X) " NFE™ +s(x™ — x™) 2 — F/ &) (™ — x™)]||

1
=|F@®™! / [F/™ + 5™ —x™) = F/(£)](x™ — x™)ds ||
0
1
Sﬁwum—x”H/Ium+s@”—xm%—ﬂws
0
1 . .
< 5By I =" = E A 1T = ED.

Defining a sequence {o,,} via

o(om)

" — o+ (o), 00 = [x° — x|,
@(7)

Om+1 = Om —

it is obvious that the decreasing sequence {o,,} converges with ¢, — p_, because
of o9 < p4. Starting with [|x® — x**|| < oy — 10, we have by induction that

1
" =X < 2By O — T (T = )+ (O = T) + (2 — 1)

= %,By(am — ) (O + Ty — 27)
1 2 1 2 A
= E:Byam - Eﬁytm — Byt(om — )
= (p(om) + om — @) — (¢(Tm) + T — @)

= Om+1 — Tm+1,
and therefore ||x” — x*| — 0 or x™ — x**. Hence, x** = x* due to the

uniqueness of limits. Finally, if p— < o4, then x™* lies in the interior of S (xO, o)y
(SO, p+) N D) and is thus locally unique. O
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Corollary 5.8. If, in addition to the assumptions of Theorem 5.7,

0 4 1
— < =
10— 21 < 54

holds, then
x* — x0|| < 4a.

Proof. Theorem 5.7 yields

%« .0 _ 20
Ix* —x% < p_ = — ——
1= Bylx0 — &+ /(1 = Byllx® — &) — 2aBy
2o
S—A
1—Byllx0 — 2|
< 4q. O

After these preparations, we begin our analysis of numerical discretization meth-
ods for differential-algebraic equations.

5.2 One-step methods

A one-step method for the computation of numerical approximations x; to the values
x(t;) of a solution x of an ordinary differential equation x = f (¢, x) has the form

Xix1 = xi +h®@, x5 h), (5.14)

where @ is the so-called increment function. In the context of ordinary differential
equations, a one-step method is called consistent of order p if, under the assumption
that x; = x(t;), the local discretization error x;+1 — x(t;+1) satisfies

e (ti41) = xigll < CAPH, (5.15)
with a constant C that is independent of 4. Using (5.14), this is equivalent to
Ix(ti1) — x(t) — h® @, x(t;): B)| < ChPT. (5.16)

Setting X; = x;, X(t;) = x(¢), and §(t;, Xi; h) = xj + h®d (4, x;; h), the one-
step method (5.14) can be seen as a general discretization method as introduced in
Section 5.1. Since

I8, X(ti); h) — §@, Xis h) ||

= [(X@@) + h® (1, X(t:); b)) — (Xi +h® (1, Xis h))||
= (I +hK)X@) — Xl
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where K is the Lipschitz constant of & with respect to its second argument, these
methods are stable without any further assumptions. Hence, consistency implies
convergence of the one-step method.

As mentioned in the introduction of this chapter, in our discussion of one-step
methods we will concentrate on Runge—Kutta methods. The general form of an
s-stage Runge—Kutta method for the solution of X = f(¢, x), x(f9) = xp is given
by

N
Xit] = X; +hZ,3in,j, (5.17)
j=1

where

Xij=fi+yih Xij), j=1...5s (5.18)
and the so-called internal stages X; ; are given by
N
Xij=xi+hy apXi, j=1...s. (5.19)
=1

The coefficients o ;, B, and y; determine the particular method and are conve-
niently displayed in a so-called Butcher tableau

A
4 i (5.20)
with A =[], B = [B;], and y = [y;].
The coefficients are assumed to satisfy the condition
N
yi=Y aj. j=1...s, (5.21)
=1

which implies that the Runge—Kutta method yields the same approximations to
the solution x of x = f(z, x), x(f9) = xo, when we transform it to an equivalent
autonomous problem by adding the trivial equation f = 1, #(f9) = fy to the system
of ordinary differential equations. The remaining freedom in the coefficients is used
to obtain a certain order of consistency. The following result is due to Butcher [37],
see, e.g., [106, p. 208].
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Theorem 5.9. If the coefficients aj;, B; and y; of the Runge—Kutta method given
by (5.17), (5.18), and (5.19) satisfy the conditions

s
B(p): Y Bivi'=1 k=1,...p,
j=1
s
Cl@): Y oy =4vkh j=1..s k=1..,4q (522
=1

Ry
D(r): Y Bivi ey =1h0—yh), I=1..s k=1
j=1

with p < g+r+1and p < 2q + 2, then the method is consistent and hence
convergent of order p.

There are many possibilities to determine appropriate coefficients for Runge—
Kutta methods. See [38], [106], [108], [210] for details on the construction of
Runge—Kutta methods. Some methods which are important in the numerical so-
lution of differential-algebraic equations can be obtained as follows. Requiring
B(2s), C(s), and D(s) of (5.22) leads to a unique method of order p = 2s for
every stage number s. The simplest of these so-called Gaufs methods can be found
in Table 5.1.

Table 5.1. The simplest Gaufl methods

1_ V3 1 1_ 43
101 3 } 4[ 3776
212 1, 3|1, 43 1
1 7t% |3t 3
\ 1 1
2 2
1 _ /15 5 2 _J15 5 _ JI5
27710 36 9715 36 30
1 S 4 V15 2 5 _ 5
2 36 34, 9f 36 24
1, V5|5 5 2 5 5
2t 0 |30 9D 36
S 4 S
18 9 18

Requiring B(2s — 1), C(s), and D(s — 1) together with y; = 1 leads to a unique
method of order p = 2s — 1 for every stage number s. The simplest of these
so-called Radau 1A methods can be found in Table 5.2.

The given formulation of Runge—Kutta methods immediately suggests a gen-
eralization to differential-algebraic equations of the form (5.1) by defining x; 4 as
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Table 5.2. The simplest Radau IIA methods

115 _1
|1 .
I ! i
3 1
4 4
4—6 | 88=746 = 296—196v/6 —2+3/6
10 360 1300 225
446 | 297416946 884746 < —2-3.6
10 1800 360 225
1 16—/6 16+/6 1
36 36 9
16—+/6 16++/6 1
36 36 9
the solution of (5.17) and (5.19) together with
F(ti +yjh, Xi;j, Xi ) =0, j=1,....5s. (5.23)

Of course, these relations only define a method if we can show that they define a
unique x;1 in the vicinity of x; at least for sufficiently small stepsize k. If this is
the case, then we can analyze the convergence properties of the resulting methods.
We will do this by considering these methods as general discretization methods.

We start our investigations by considering the case of linear differential-algebra-
ic equations with constant coefficients Ex = Ax + f(¢), x(t9) = xo. In this case,
the Runge—Kutta method has the form (5.17), with X ;.1 obtained via the solution of
the linear system

E —hai 1A —hajpA —hoy A
_h"‘?’lA A h : X; =2, (524
: .. . —has_lng
—hog 1 A e —hoss—1A E — hag A
where .
Xi1 Axi + f(ti + y1h)
) Xi2 Ax; + f (& + y2h)
Xi=| . |, Zi= .
Xis Axi + f(ti + ysh)

Using the Kronecker product as introduced in Section 5.1, we can rewrite (5.24)

as
Iy  E—hA® A)X; = Z;. (5.25)
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It is clear that for nonsquare coefficient matrices E, A this system is not uniquely
solvable for arbitrary right hand sides. But even in the square case, if the pair
(E, A) is not regular, then the coefficient matrix in (5.25) is singular, see Exercise 3.
Therefore, in order to obtain a well-defined method, we must require that the pair
(E, A) isregular. Since for (nonsingular) matrices P, Q of appropriate dimensions

(L @PYLQE—-hA®A)(;QQ)=U;Q PEQ—-hAQ®PAQ),

we may assume for the analysis that the pair (E, A) is in Weierstrafl canonical form

2.7),1i.e.,
. I; O J 0

with J, N in Jordan canonical form and N nilpotent. Obviously, the system decou-
ples and it suffices to investigate the subsystems as given in (2.8) and (2.9). The
behavior of Runge—Kutta methods applied to ordinary differential equations is well
studied, see, e.g., [106], [108]. For this reason, it suffices to consider the nilpotent
part, i.e., a system of the form

Ni=x+ f@). (5.26)

Furthermore, since the matrix N is in Jordan canonical form, the system decouples
further and we can treat each Jordan block in N separately. Thus, for the analysis,
we may assume that N in (5.26) consists of a single nilpotent Jordan block of size v.
In Lemma 2.8, we have shown that the solution of (5.26) is x = — Z;;(l) N/ f(j),
independent of any initial values.

In this case the linear system (5.25) has the form

(I, @ N —hAQ®L)X; = Z;. (5.27)
Using the perfect shuffle matrix IT of Lemma 5.5, we find that
NI, ®@N —hA® )T =N I — I, @ ho

—hA I,
(5.28)

I
—hA

Hence, to obtain a reasonable method, it is necessary that +4 is nonsingular, which
implies that we are restricted to implicit Runge—Kutta methods. We then have the
following result on the order of the local error.
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Theorem 5.10. Consider the differential-algebraic equation (5.26) with
v = ind(N, I). Apply a Runge—Kutta method with coefficients A, B, and y, and

assume that A is invertible. If kj € N, j =1,..., v, exist such that
Bra e =pTA™ /K =) k=12, j -1, 5.29)
BT A Iy =kl (k — j+ D), k=j,j+1,...,kj, '
wheree = [1 --- 117 of appropriate size and y' = [ylj e ysj 17, then the local

error satisfies
X(tip1) — Xig1 = O™V L OV 4 OB, (5.30)

Proof. To derive an estimate for the local error, we study one step of the Runge—
Kutta method from #; to ;41 and assume that we start with exact initial values,
i.e., that x; = x(#;). In addition, we may assume without loss of generality that N
consists only of one Jordan block of size v. From (5.28) we see that (5.27) is
uniquely solvable for X;, with

(hA)™L (hA) 2 - (hA)TY
X;=-T - B : n’ z;.
(hA)~2
(hoA)~!
Moreover,
Zi1 xig + fiti +y1h) S1@®)
- Zio Xi1 + fiti + y2h) @)
mzi=\| .|, Zy= . , = .

Ziy xig + filti + ysh) H®

Using (formal) Taylor expansion of x(z;41) and the representation (5.17) of the
numerical solution, we obtain

S k
xX(tip1) —xig1=—h Y _BiXij+ ) %x(k)(ti)-
Jj=1 k>1
It is sufficient to look at the first component 7| of the local error x (#;+1) — X +1,
since the j-th component becomes the first component if we consider problem
(5.26) with index v + 1 — j.
Since (BT @ I,)IT =1, ® BT, we get that

v k
» h

n=hpT Y AT Zij 4 Y ).
j=1 k>1 """
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The representation x () = — Z;;(l) N7 £ of the solution yields for the different
components

==Y 7",

j=l

Together with the Taylor expansion

A
Zig=x(e+ Yy Pk

k>0

we then obtain that

o= Z BT AT (= Z D @e+y };—ff}") (t)7")

j=1 k=j k=0
W i
+ Z ( Z fj ! (ti))
k>1 j=1
=- Z Z W BT AT ef D )
k=1 j=1

+ZZ fj(k)(tz ZZ 'f(k+/ U(h)

k>0 j=1 k>1 j=1
j—k
-3 (- S AT Ak )
j= k=1
k—j+1

, h* i
+3 BTATI 1P ) = 3 ).

k>0 ’ k>1
Reordering with respect to powers of / gives

- k1 (=K - ’“ ik )
n=y (- Zh BT A ef! (rl>+2 — BT AT )

j=1 k=1
hk*jJr

+> R OEDY Ff}"” )

k>j ’ k>1
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- k1 (j—k) htH BT Ay ik f0=h)
(- Zh BT AR ef U (tl>+Z —if AT W)
j=1 k=1
hk j+1 hk—]+1
J &y _ 1 (9|
+k§ O Z(k Tl @)
and the order conditions are obvious. O

An important class of Runge—Kutta methods for differential-algebraic equati-
ons are the so-called stiffly accurate Runge—Kutta methods. These are defined to
satisfy B; = ay; forall j = 1,...,s, see [108]. Writing this as ,BT = eXTA
with eST =1[0 --- 0 1]7 of appropriate size, we then obtain from (5.21) that
Vs = T,A)e BTe. Since BTe = 1 for consistent Runge—Kutta methods, it
follows that ¥s = 1. Moreover, we get that 87 A~ e = e e = 1, implying that «
in (5.29) is infinite. Hence, these methods show the same order of consistency
for regular linear differential-algebraic equations with constants coefficients as for
ordinary differential equations. For differential-algebraic equations of higher index
or for methods which are not stiffly accurate, however, we may have a reduction of
the order. Note that the Radau IIA methods are stiffly accurate by construction.

Example 5.11. For the Gaull method with s = 2, see Table 5.1, we have thatx] = 2
and k» = 2, cp. Exercise 4. For the Radau ITA method with s = 2, see Table 5.2,
we have that k] = oo and k; = 2, cp. Exercise 5. In particular, for both methods
the local error is O (h?) when we apply them to (5.26) with ind(N, I) = 2.

For the global error, we then have the following order result.

Theorem 5.12. Consider a Runge—Kutta method consisting of (5.17), (5.19), and
(5.24) with invertible A applied to a linear differential-algebraic equation with
constant coefficients of the form Ex = Ax + f(t), x(to) = xo with a regular pair
(E, A) and v = ind(E, A). Furthermore, letk; > j, j = 1,...,v, according to
Theorem 5.10 and let

1—BTale| < 1. (5.31)

Then the Runge—Kutta method is convergent of order

min {p,x; — v+ 2}, (5.32)

1<j=<v
where p is the order of the method when applied to ordinary differential equations.

Proof. As in the proof of Theorem 5.10, it is sufficient to consider a single nilpotent
Jordan block (N, I,,). But in contrast to that proof, for the analysis of the global
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error we cannot assume that x; = x(¢;). We are therefore in the following situation.
The numerical approximations satisfy

N
Xitl = X; +hZﬂin,j,

j=1
with
(I, @ N —hAQ L)X, = Z;,
where
Xi xi + f(ti +y1h)
. Xio xi + f(ti +v2h)
Xi=| . |, Z = .
).(i,s xi + ft + ysh)

Due to Theorem 5.10, the actual solution satisfies

S .
x(tiy1) =x(t;) +h Zﬁjii,j + 4,
j=1
with
(I, ®N —hA® L)X, = Z;,

where

Xi1 () + £ + yih)
fir| o [x@+ P+

i X(t) + [0+ yh)

The quantity &; is the local error committed in the i -th step and is bounded according
to (5.30). Hence, the propagation of the global error &; = x(#;) — x; is described
by the recursion

S .
siy1=¢& +h Zﬁj()?i,j — Xi,j) + 6.
j=1
Using again the perfect shuffle matrix as in the proof of Theorem 5.10, we may
rewrite
U, @N—hARL)Xi—X)=Zi —Zi=e®¢
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as

> B (Xij—Xij)
j=1

1 (A (WA (AT gy e
BT : &ine

. . (ho‘\))_z :
| ,BT (l’la“))_l &ive

(BT (hA) tesi + -+ BT (hA)Veg;

BT (hA) " eei

(BT (hAYle -+ BT (hA) Ve
= — &;.
i BT (hA)"le
Thus, the error recursion takes the form
BT (hA) e - BT(hA) e
giv1 =26 —h : & +6 = Me; + 4,
BT (hA) e
with
l—ﬂTA_le —h_lﬂTA_ze —h_v"’_l,BTeA)_”e
M = ’
—h_lﬂTA_Qe
1-BTA e

Note that the matrix M is the same in each step of the recursion, since the stepsize h
is constant. Hence, with g = 0, we get that

N—-1
EN = Z MN_I_l(Si.
i=0
Taking componentwise worst case bounds |§;| < §fori =0, ..., N—1,withé > 0,

we obtain the componentwise estimate

N-1

lenl < Y IMINTIS
i=0
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By assumption, there exists a constant o > 0 independent of / such that |1 —
BT A le| < o < 1. Thus, we have a componentwise upper bound M for |M| of

the form
o o(C/h) --- o(C/h)"!

M =
o(C/h)
o
with an appropriate constant C > 0 independent of &, and we can express M as
M=o(,+N+N*+...4+N""H, N=(C/h)N.
Defining the polynomials P;, j =1,...,v — 1, by
Py = (57,
we will prove by induction that
M' =o' (I, + PION + P.(ON? + ... + P (DN ).

Obviously, the claim holds for i = 1. Assuming that the claim holds for some
i > 1, we compute

= W8T = 0 (1 + BN+ BN o+ By 87,

with 3
Pi=Pi(i))+---+ P(i)+ P1(i) +1
for j =1,...,v — 1. Inserting the definition of the polynomials P;, we get that
Pi= (T + 4 GI)+ ( )+ ()= ++ )+ (7

=)+ + ()= =) =P+ 1)

1

Thus, it follows that

N—1 N—1
Z e . M
i=0 i=0
N—1 N—1 N—1
=N "o, + Y o'Pl)N +--+ Zalpv,l(z)zv”—l
i=0 i=0 i=
1 .

IA
J\'
+
(@)
=
+
+
@)
2
|
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with a constant C > 0 independent of 47 which is defined as the maximum value of

the converging infinite sums Z?io ol P;(i), j =1,...,v — 1. We therefore end
up with
o) okr™hH - O] T ome—rt2)
(9(/1KU_1_U+3)
len] < ' ) ,
(9(/1_1) .
(9(1) (9(hK]+l)

which implies that

(g(hku—vH) + (g(hicu-l—vH) et (Q(hKl—‘H‘z)

| | (9(hKV_1_V+3)+-~~+(9(hK1_v+3)
EN| = .

(Q(hK1+]) -

This result shows that, even if the given Runge—Kutta method satisfies (5.31),
it is not stable in the sense of Definition 5.2 for higher index problems, i.e., for
problems with v > 1. In particular, we observe that in these cases the order of
convergence may be lower than the order of consistency. It even may happen that
we loose convergence.

Example 5.13. Consider again the differential-algebraic equation (5.26) with
ind(N, I) = 2. For this problem, the Gaufl method with s = 2 given in Ta-
ble 5.1 is not convergent at all while the Radau IIA method with s = 2 given in
Table 5.2 is convergent of order two, see Exercises 6 and 7.

In contrast to the case of constant coefficients, where for regular pairs in each step
the next iterate and the stage values are uniquely determined at least for sufficiently
small &, difficulties already arise in the case of variable coefficients. Similar to
(5.24), the linear system for the stage variables has the form (E —hAX; = Z;,
with

E(; + yih)

th
Il

E(ti + ysh)
At +yiban - Al + yihais
A= : :
At + yshasy -+ Al + ysh)ags
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and
At +yih)x; + f(& + yih)
Z; =
At + ysh)xi + f(ti + ysh)

If we use for example the implicit Euler method, then E=E (t;) and A= A(ty).
Thus, in order to solve for the stage variables, we need that E(#;) — hA(t;) is
invertible, which requires the pair (E(t;), A(#;)) to be regular. But we have seen
in Chapter 3 that it may happen that the pair (E(¢), A(¢)) is singular for all ¢
even though there exists a unique solution of the differential-algebraic equation,
cp. Example 3.2. Replacing the implicit Euler method in such a case by some other
Runge—Kutta methods, the pairs (E, A) may be invertible, but typically then the
linear systems that have to be solved for the stage variables are ill-conditioned.

Example 5.14. If we apply the Radau ITA method with s = 2 given in Table 5.2 to
the problem of Example 3.2 with T = [0, 1], then the coefficient matrix

5 5 1 1 1 1
Sh —Sh(t +3h) | —5h Sh + 4h)

. 1 —(t; + in 0 0
E—hA=|—3 2(l i 1 1
0 0 1 —(t; +h)

is invertible for all 4 # 0, but the condition number is O(h™2), cp. Exercise 9.

A related effect is that the Runge—Kutta method may lead to an unstable recursion
for the numerical solutions x;.

Example 5.15. Consider the linear differential-algebraic equation

0 0 X1 -1 —nt X1 f1(®)
S = 5.33
[1 m} [xz] [o 1+ n)} [xz} * [fz(t) -39
with a parameter € R. Note that for = —1 we get the problem of Example 3.2.
Performing a change of basis via

MEEa I

we obtain the equivalent constant coefficient system

0 o][x]_[o —17[x fi(0)
o R RO e

Obviously, (5.34) and thus (5.33) has strangeness index 4 = 1 independent of 7.
A short computation shows that (5.33) has a unique solution given by

[xlm} _ [fl (1) = nt (o) = fi (r))]

x|~ H) — fi()
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without specifying initial values.
Applying the implicit Euler method gives

0= —x1,i+1 — ti1%2,i+1 + f1ti+1),
L(enigt — X0 + Mtig13 (i1 — x2,0) = —(1+ mx2,i41 + foltis).

Solving the first equation in two consecutive steps for x1 ;, x1 ;41 and inserting in
the second equation yields a recursion for x; ; of the form

X1 = fpxei + i (PG = (i) = fil@),

which is obviously divergent for < —%.

Finally, it is also possible that the Runge—Kutta method determines a unique
numerical solution, although the given problem is not uniquely solvable at all,
cp. Exercise 11.

In order to obtain convergence results for classes of Runge—Kutta methods that
include the implicit Euler method, we are therefore forced to restrict the class of
problems. In view of the theoretical results, which say that we can transform higher
index problems to strangeness-free problems with the same solution, it is natural
to consider problems of the form (3.60) in the linear case or of the form (4.23) in
the nonlinear case. Recall that, under the assumption that this problem possesses a
unique solution, we can make use of the equivalent formulation (4.25).

In the following, we consider two cases. In the first case, we assume (4.23) to
be a semi-explicit differential-algebraic equation of index v = 1, see Section 4.2,
and develop convergence results for some larger classes of Runge—Kutta methods.
In the second case, we drop the additional assumption on the structure of (4.23) but
treat only a restricted class of Runge—Kutta methods.

Consider first a uniquely solvable initial value problem (5.1) with a semi-explicit
differential-algebraic equation of the form

x=f(t,x,y), 0=g x,y). (5.35)

If we assume that along the given solution (x, y) the Jacobian gy (¢, x(¢), y(¢)) is
nonsingular, then we can solve the second equation in (5.35) for y. Following
the notation in Section 4.1, we write y = R(¢, x). In order to generalize a given
Runge—Kutta method for solving an ordinary differential equation to (5.35), we
introduce a small parameter ¢ to get

xX=f(t,x,y), ey=gt, x,y). (5.36)

Applying a given Runge—Kutta method, we get

N S
Xi+1 ZXi-i-hZﬁin,j, Yi+l Z)’i-l-hZﬂjYi,j, (5.37)
j=1 j=1
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together with
Xij=fWi+yjh Xi;, V), eYij=gti+yjh Xij Yi}), (5.38)
and
N N
Xij =xi+h2aj1XiJ, Y ; =yi+hZOlﬂYi,l- (5.39)
I=1 =1
Setting then ¢ = 0 in (5.38) yields

Xij=fti+yjh, Xij,Yi)), 0=glt+yih Xij Yi}) (5.40)

which is just (5.23) for (5.35). Thus, the method defined by (5.37), (5.39), and
(5.40) is nothing else than the general method consisting of (5.17), (5.19), and
(5.23) applied to (5.35). According to [105], this kind of constructing a method for
a semi-explicit differential-algebraic equation is called direct approach.
In the so-called indirect approach, the second equation in (5.37) and (5.40) is
replaced by
0= g(tit1, Xit1, Yit1)- (5.41)

It then follows that
Yij =R +vih, Xij),  Yit+1 = REi+1, Xit1) (5.42)

such that we can eliminate all quantities which are related to the part y of (5.35).
The remaining equations for the variables associated with x then read

N
Xit1 =X + Zﬂjf(ti +vjh, Xi j, Rt + vjh, Xij)) (5.43)
j=1
and ;
Xij=xi+ Y ajflt+yh, X, Rt + yih, Xip), (5.44)

=1
which is just the given Runge—Kutta method applied to the ordinary differential
equation
x = ft,x, R(, x)). (5.45)

From this observation, it is obvious that in the indirect approach all convergence
results for a given Runge—Kutta method when applied to an ordinary differential
equation carry over to semi-explicit differential-algebraic equations of index v = 1.
In particular, we have convergence with the same order.

Thus, it remains to perform the analysis for the direct approach. For conve-
nience, we restrict ourselves to autonomous problems by dropping the argument ¢
of f and g in (5.35). The general case then follows by the usual approach to turn a
non-autonomous problem into an autonomous problem.
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Theorem 5.16. Consider an autonomous differential-algebraic system (5.35) of
index v = 1 together with consistent initial values (xo, yo) due to 0 = g(xo, yo).
Apply a Runge—Kutta method given by (5.37), (5.39), and (5.40) with invertible
coefficient matrix A. Assume that it has order p for ordinary differential equations
and that it satisfies condition C (q) of (5.22) with p > q+1, andleto = 1—BT A le.
If lo| < 1, then the global error satisfies

lx(ty) = xn |l = O "),
where k is given as follows:
1. Ifo =0, then k = p.
2. If -1 <o < 1, thenk = min{p, g + 1}.
3. Ifo=1, thenk = min{p — 1, g}.
If |o| > 1, then the method is not convergent.
Proof. Since the system is autonomous, the stage values X; ;, Y; ; satisfy
Xij=f(Xi;, Yi;), 0=gX:i;, Yi).

By the implicit function theorem applied to the constraint equation, we always have
consistency according to ¥; ; = R(X; ;), j = 1,...,s. Inserting this into (5.37)
and (5.39), we obtain

S
Xit1 =X+ h Zﬂjf(Xi,j, R(Xi ),
j=1

S
Xij=xi+h Zajzf(Xi,l, R(Xi0),
I=1

and the values x; are the numerical approximations obtained when we apply the
given Runge—Kutta method to (5.45) in the autonomous form x = f(x, R(x)). In
particular, we have

x(t;) —x; = OhP).
For the other variables, (5.37) and (5.39) imply that
yier = yi +h(BT @ I))Y; (5.46)

and
Yi=e®y + h(AQ I)Y;, (5.47)
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where

Yi,s Yi,s
using a notation that is similar to that in the proof of Theorem 5.10. Solving in
(5.47) for Y; and eliminating it in (5.46) yields
Yirr = Vi + (BT @ IN(AT @ I)(Y; —e ® i)
=1 =g A ey + (BT AT ® )Y,
Let us first consider the case that o = 0. We then obtain that
Yit1 =Yis = R(Xis) = R(xit1).

In particular, it follows that g(x; 41, yi+1) = 0 such that direct and indirect approach
coincide. With

ly(@) = yill = 1R (@) = Rl < Lllx(@) — xill,

where L is the Lipschitz constant associated with &, convergence for the y-part of
the solution follows with the same order p as for the x-part.

In order to develop an error recursion for the y-part of the solution in the other
cases, we observe that the conditions B(p) and C(gq) of (5.22) require that the
quadrature rules given by the coefficients (8;, v;) j=1,...s forintervals [#;, ;1] and
by the coefficients («j;, ¥1)i=1,...,s for intervals [t;, ; + y;h], j = 1,...,s, are of
order p and ¢, respectively. Hence, if the Runge—Kutta method has order p then
B(p) must hold. From the conditions B(p) and C(g), we then obtain that

Y(tip) =y +h Y B3t + vih) + OhPT),

=l (5.48)

S
Yt +yih) =y +h Y ey +yh) + 0GR, j=1...s.
=1

Introducing the vectors
y(ti +yih) . y(ti + yih)
Yy = : . Y= : ,
y(ti + ysh) y(&i + ysh)
we can write (5.48) as
y(i1) = @) +h(BT @ DY + O™,
Vi = e ® y() + h(A® I)T; + 0T,
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Solving the second relation for Y; and eliminating it in the first relation gives

y(tip1) = y(t) + BTAT @ L) (Y — (e ® y()) + O + 0niT)
=(1-BTAa o)y + (BTAT @ L)Y + 0P + 0.

Introducing &; = y(#;) — y;, we have derived the error recursion
gi+1 = 0&i +di, (5.49)

where
8i=BTAI QL)Y — Vi) + O + 9T,

From

Xt +yih) = x@) +h Y o f G+ yih), ROt + yih))) + ORI,
=1

s
Xij=xi+h Zajlf(xi,l, R(Xi1)),
=1

we obtain that
x(ti +yjh) — Xi j =xt) — x;

+h Y ai(f@ G+ yih), R + k) — £(Xin RX))) + O,
=1

which implies that
x(ti +yih) — Xij = OhP) + O(h1Th).
Hence,
Yij =yt +yih) = R(Xi j) = Rxe(ti + yih) = Oh") + O(h?Hh)
and thus
8i = OhP) + ORIy = O(h"),  k =min{p,q +1).
Together with g9 = 0, the error recursion (5.49) gives

N-1

ey = Z oN-1-is;

i=0
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If |o| < 1, then we can estimate

N-1

lenll < Ch* Y~ QN1 < Chf /(1 - o),
i=0

with a constant C that is independent of /. If o = 1, then we obtain the estimate
lenll < CNR* = C(T — 10)h* 1.

If o = —1, then we make use of the fact that x; as a numerical solution of an
ordinary differential equation allows for an asymptotic expansion of the form

x(4) — xi = E,(t)R? + O (hPT)

with a smooth function &, satisfying & (#p) = 0, see, e.g., [106]. It follows that the
stage values X; ;, which depend smoothly on x;, as well as ¥; ; = R(X; ;) and
thus also §; possess asymptotic expansions. The latter then has the form

8 = G (t)h* + O,
with a smooth function ¢ and k = min{p, ¢ + 1}. Since
8iv1 =8 = (Gltis1) — SE* +ORTY) = GHn* T + o ") = o ("),
we obtain the estimate
lenll < 18n—1 — 8n—2ll + -+ + 161 — doll < CNA*T! 2 = C(T —19)* /2,

if N is even. A similar estimate also holds for N being odd.
Finally, if |o| > 1, then the error recursion (5.49) shows that errors are amplified
by a fixed factor. Hence, the method cannot be convergent. O

The most important part of Theorem 5.16 says that, if ¢ = 0, then the order of
a Runge—Kutta method is not reduced when we apply it to semi-explicit differenti-
al-algebraic equations of index v = 1. Recall that a sufficient condition for ¢ = 0
is that the given method is stiffly accurate, i.e., that 8; = a,; for j =1,..., 5.

If we consider the general case of a regular, strangeness-free differential-alge-
braic equation (4.23), then it is no longer obvious that stiffly accurate Runge—Kutta
methods behave in the same way, since in (4.23) we have to deal with the derivative x,
which in contrast to (5.35) includes all derivatives of the vector x of unknowns.
Nevertheless, in the following we will show that for a special class of stiffly accurate
Runge—Kutta methods a result similar to the corresponding part of Theorem 5.16
holds. It should also be noted that stiffly accurate Runge—Kutta methods applied
to (4.23) automatically guarantee that the numerical approximations satisfy the
algebraic constraints.
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In order to solve regular strangeness-free differential-algebraic equations of the
form

Fi(t,x, ) =0, F(t,x) =0, (5.50)
it is convenient to work with so-called collocation Runge—Kutta methods. Starting
with parameters y;, j = 1, ..., s, that satisfy

O<y1 <" <ys =1, (5.51)

and setting yp = 0, we define the Lagrange interpolation polynomials

u & — Vi =~ d E— VYm
L = —, L = 5.52
16) ]]1) iy 1® L[l o (5.52)
j#l m#l

and the coefficients

Yi . L
()tﬂ:/o L&) dé§, ,3j=/(; L;(&)dE, J,l=1,...,s. (5.53)

This fixes a Runge—Kutta method with 8; = ay; for j = 1,...,s. Hence the
method is stiffly accurate.

If P; denotes the space of polynomials of maximal degree kK — 1, or, synony-
mously, of maximal order k, then the stage values X; ;, [ =1, ..., s, together with
X; o = x; define a polynomial x, € Pg;; via

X0 =Y XiiLy (t - ”) : (5.54)

=0

The derivatives of x, at the stages are then given by

i 1 o .
Xij=inlti+yih) =33 XiaLiy)). (5.55)
=0

In order to fix the new approximation x;+1 = x5 (ti+1) = X; s, We require that the
polynomial x, satisfies (5.50) at the so-called collocation points t;; = t; + y;h.
This requirement leads to the nonlinear system

Fiti +yjh, Xij. Xi ) =0,  Fx(ti +yjh, X j) = 0. (5.56)

Since L € Py, the polynomials P; € Pg; defined by

Pi(o) = fo L1(8) de
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possess the representation

Ay
Pi(0) =Y Pi(y))L;(0).
j=0
Differentiating P; and using P, = L; then gives

N

- Vi . .
Lie)=Y (fo Lz(é)ds) Lj(o)

j=0

and thus

s
- - 1 forl=m
Sim = L = iUmi = ’ 5.57
Im 1(Ym) ; &jlUmj {O otherwise, ( )

.....

over, with v,;,0 = Lo(yy) and the fact that the polynomials L;, j =0, ..., s, sum
up to one, we obtain that

N s
D Lilm) =) vmj =0,
j=0 j=0

such that
Um0 = —e; Ve,

where as before e, is the m-th unit vector and e the vector of all ones of appropriate
size.
With these relations, we can rewrite (5.55) as

s
th = UpnoX; + Z Uijj.
j=1

Thus,

s s s
h Zalmxi,m = Z Om VmoXi + Z Ollmviji,j
m=1 m=1

j.m=1
s
= —elTAVex,- + ZelTAVer,'J =—xi +X;.
j=1

Comparing with (5.19), (5.17) and recalling that the coefficients «;; and 8; fix a
stiffly accurate Runge—Kutta method due to (5.53), we see that collocation just leads
to a special class of Runge—Kutta methods.
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For the analysis of consistency of the method, we now drop the index i for
convenience and set 7 ; = t;j = t; + yjh. Assuming that x* is the unique solution
of the given regular strangeness-free differential-algebraic equation, we must first
show that (5.56) in the form

. I A
Fa(i. X, =3 viXt) =0, B, X;) =0 (5.58)
=0
with j = 1, ..., s is uniquely solvable for X;, j = 1,...,s. According to Sec-

tion 4.1, the special properties of (5.50) near a solution allow us to assume that we
can split x into (x1, x2) in such a way that 132 (t, x1, x2) = 0 is locally solvable for
x3 = R(t, x1). Note that this splitting is also applied to the numerical solutions x;
which are split accordingly as (x; 1, x; 2) so that there is no danger of mixing up
the double meanings of xj, xo. With this splitting, we can make use of (4.25),
which then follows from (5.50). Thus, splitting X ; accordingly into (X 1, X 2),
the algebraic constraints imply

Xj2 =R, Xj1) (5.59)

such that we remain with the implicit difference equation
1 s 1 N
Fy (lj, Xj1, R, Xj1), ;A ; Vi1 X11, 7 ;vﬂﬁ(n, Xl,l)) =0. (5.60)

It is therefore sufficient to show that (5.60) is solvable when we are sufficiently
close to the solution x| of the implicit ordinary differential equation

Fi(t, x1, R(t, x1), %1, Ry (t, x1) + Ry, (2, x1)%1) = 0. (5.61)

We will prove this by using Theorem 5.7 and interpreting the resulting method for
(5.61) as a general discretization method. For this, we consider the linear problem

E@)y — Aty = E@)x*(t) — A)x* (1),  y(t:) = x*(1;). (5.62)

with E, A as in (5.10). By construction, a solution is given by x* and this solution
is unique due to Lemma 5.6. Discretization of (5.62) according to (5.58) yields the
linear system

E(f)lf X —A(DX; = fLG)
1)~ vii X — A1(tj) X = f1(t)),
J h P J J J J (563)

- Az(fj)Xj = fz(fj),
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with f(t) = E(t)%*(t) — A(r)x*(¢) split into (f1(r), f>(t)). Splitting the solution
vector and its discretization as for (5.60), we obtain

PO [ PO (e
En@p)— ) viuXi1+ En(@;)—- vji1Xi2
J hg J J h; J (564)

- Au(fj)Xj,l - Alz(fj)Xj,z = fl(fj)
and . . .
—An()Xj1— An()X; 2 = f2(t)), (5.65)
with appropriately partitioned coefficient functions. With this partition and the

assumption that the system is regular and strangeness-free, it follows that Ay is
pointwise nonsingular and we can solve (5.65) for X ; . For convenience, we write

Xjo=R(E)Xj1+g{) (5.66)

with appropriately defined functions R and g. Elimination of X5, j =1,...,s,
in (5.64) yields a linear system for X; 1, j =1, ..., s, given by

PO R PO R .
El](tj)}_l ZUjIXl,l + E12(tj)}_l ZUjIR(tI)Xl,l
=0 =0
—An@)Xj1 — An@)HRGEHX 1 (5.67)

. PO R av 2 ae n
= fi@) = By Y vig@) + Anl)sp,
=0

with a coefficient matrix B = [Bj;];=1,...s given by

1 ~ . PN ~ A A . o
Bj = E(Ell(tj) + En()R)vj —8j(An () + Anj)R(@)). (5.68)

By assumption, the matrix valued function E 11+ E 12 R is pointwise nonsingular.
Since V = [vj;]j=1,....s is nonsingular as well, it follows that the matrix B is
nonsingular for sufficiently small 4. In particular,

IBll <ch™t, Bl <cCh, (5.69)

with some constant C independent of 2. Therefore, the numerical solution for (5.62)
is well defined at least for sufficiently small stepsizes /. In order to investigate the
local error in more detail, we also split the exact solution x* into (x7, x5) and get

Enif@) + Enmis ) = An@)xi @) + An)xi @) + fi(),

(5.70)
x5 (1) = R(Ox7 (1) + g ().
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We then write x{ in the form

xf(t) = le (i) L ( p ) + Y @), (5.71)
=0
where the interpolation error v, given by
O @O@)
V) == 1"[(r —ip). 0@ € (@, tit1), (5.72)

is as smooth as x}. In particular, we have that ¥ (t) = O(h* +1) . Differentiation
of x| then leads to

() = le (i) Ly ( - ) + @), (5.73)
with ¥ (1) = O(h*). In the same way, we get that

R(x} (1) +g(t) = Z(R(lz)xl (@) + g(@)Li ( W ) +¢() (5.74)

=0

and

RMXF () + ROx{(1) + &(1) = Z(R(tz)xl () + g(@) Ly ( ; ) +é (),
"is (5.75)

with ¢ (1) = O(h**!) and (1) = OKY). Eliminating xJ in the first relation of
(5.70) with the help of the second relation and using the just derived representations,
we obtain

P RPN, R A n
Ev()y ) vpnxi @) + Bl ) iR (@)
=0 =0
— An(@)xi () — Al RE)xT ) (5.76)
N . 1< .
= fi@) = By Y vpg@) + Anlpg ) + 0 )

1=0
for j =1,...,s. Hence,
xf(f) — X1,
B : = 0O’ (5.77)
XT(fs) — X1
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or, with (5.69),
x7(t) — X1
: =0Oh. (5.78)
xik (fs) — X551
In order to construct a solution of (5.60), we apply the Newton-like method (5.13).

To start the iteration, we use the just obtained solution X ; 1, j = 1,..., s, of (5.67)
and set X?’l = Xj1,Jj=1,...,s. Theiteration (5.13) for (5.60) then reads

PO
En(@) Y vaX = X' + End@) ZvﬂR(m(X’"“ - X/")
=0 l 0

— An@XTH = X7 ) = Ap@HREDKTT =X (5.79)

. 1 ¢ 1 o .
=-F (zj, X R(E X0, D S vaX ], o ) v R, Xl"}l))
=0 =0

for j =1,...,s, when we use the convention that X§'; = x}(#;). Observing that

\ fn I 1 o .
Fu(f. X9 1 R XS )7 D v XDy 3 D vaRGi X])))
=0 =0
— £ (fj, )+ OW T, x5 G + OnH,
Z vixt @) + O ), Z vixt) + (9(h5)) =0

due to (5.78), we have that

1 0
Xl,l - Xl,l
B : = Oh). (5.80)
1 0
Xx,l - Xs,l
By (5.69), it follows that
1 0
Xl,l - Xl,l
: =00, (5.81)
1 0
Xs,l - Xs,l

Hence, the assumptions of Theorem 5.7 are satisfied with
1 0

X1~ X1

: <a=Ch*', |B'|<p=Ch y=Ch"

1 0
Xs,l - Xs,l
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for a suitable constant C independent of 7. We now choose / so small that

X (@) = X9
ao 14
xik(ts) - X
and that X 0
X1 = X1 1 1
: =98, —oc?
’ Y
1 0
Xs,l - Xs,l
Furthermore, we choose 4 so small that (5.12f) holds. Then, Theorem 5.7 implies
that the quantities X ml converge to locally unique quantities X * J=1.s
Moreover, by Corollary 5.8, it follows that
*(tl) X7 EHGVED ¥ Xt — XY,
: < : + :
xik(fs) - X{ xj(ts) — Xg,l X1 — X?,l (5.82)

< cht 1 4cnst! = scnttl,

This shows that (5.60) defines a numerical method for the solution of (5.45) that is
consistent of order s.

In order to show stability, we proceed as follows. We have already shown that
the nonlinear system consisting of

F1<tj,Xj,1,=72(t,, X1, v,oﬁm Zvﬂle,

(5.83)
1 1 N
EUjOeR(ti, X1,i) + 7 IZI: viiR(1, X1,1)> =0,
with j = 1,...,s, is uniquely solvable in a neighborhood of xj (#;) for the stage
values X ; 1. Thus, we can see these X ; 1 as functions of x; ; according to
Xj,l :g,j(xl’l'), ] = 1,...,5, (584)
where, by construction, the functions §;, j =1, ..., s, satisfy

F1<tj 9]()61 i), R(t}’ %(Xl i))s Ujoxl i+ Zvﬂg’l(xl i),

=1

1
S00R (X100 + 3 Z ViR, §i(x1.)) =0

l 1
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Differentiation with respect to x1 ; yields (omitting arguments)

. . L1 A IS
Fion$jia + FiinRa G + Fiig EUJ'O + Fii n Z V1§l x,
= (5.85)

1 1 o
+ Fl;xzzvjof/?xl + Fl;xzz Z ViiRy G:x; =0,
I=1

representing a linear system for the derivatives ., j = 1,...,s. Similar as
for the matrix B from (5.68), it follows that the coefficient matrix is @ (h~") and
invertible for sufficiently small 4. Since the right hand side is O~y as well, it
follows that the derivatives § ;.,, are @(1). Multiplying (5.85) with &, we then get

) S
Fi., (vjol + Zvﬂg;;xl) + Fi.1, (vjoeﬂxl + Z vjlﬁxlg’lm) = 0O(0h).
=1 =1

Since the arguments of Ry, only differ by terms of @ (#), all arguments can be
shifted to a common argument by Taylor expansion, yielding

N
(P + FraRa) (viol + ) v, ) = O(h),
=1
with a nonsingular coefficient matrix F 1.4 T+ F 1;4,Rx, . Hence,
N
vjol + Y V1 = Oh).

=1

If we define the block column matrix G, to consistof theblocks G ., j =1, ...,,
we can write this relation as

(VRDG§x, =Ve®I+0O(h).

This immediately gives $x, = e ® I + O(h). In particular, Gy.x, = I + O(h)
and G, is Lipschitz continuous. Moreover, we can choose the norm such that the
Lipschitz constant becomes L = 1 + £ K. Using

Xl = Gs )y X (G41) = G (6] (1)) + O WD),
the latter expressing the consistency of the method, we find that
x5 i) — Xpiill = 19 F @) — §s (1) + OB

< (1L +hK)|x} () — x1i] + Ch* ! (5.86)
<1+hK,
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which shows the stability of (5.60). Together with x2 ;41 = R(fit+1, X1.i+1), We
have shown that the resulting method (5.58) for the numerical solution of (5.50) is
consistent and stable in the sense of Theorem 5.4, if we set X; = x; = (x1,;, x2,;)
and X(¢;) = x*(¢;). Thus, we have the following theorem.

Theorem 5.17. The collocation Runge—Kutta methods defined by (5.58) and x;+1 =
Xi s with collocation points as in (5.51) are convergent of order p = s.

A special class of Runge—Kutta methods that are covered by Theorem 5.17 are
the already mentioned Radau IIA methods defined by B(2s — 1), C(s),and D(s —1)
of (5.22) together with y; = 1. The order of these methods is given by p = 2s — 1.
That the order is higher than suggested by Theorem 5.17 is due to the special choice
of the nodes. This effect is called superconvergence. Because of B(2s — 1), the
underlying quadrature rule of the Radau ITA methods is required to be exact for all
polynomials ¢ € P>;_1. Hence, we have that

fi+1 s
/ v(r) l_[(r—fj)drzo for all ¥ € Ps_;. (5.87)
t; j:l
In order to show superconvergence for the Radau IIA methods, when applied

to regular strangeness-free differential-algebraic equations, we first recall that the
given solution x* solves (5.62). The corresponding collocation solution is given by

the stage values X9, ..., X?. Defining xg € Py41 by
K ¢ l’:l
0 0 -
x, () = IE_O XL ( h ) , (5.88)

where X8 = x*(¢;), the polynomial xf.)[ solves the system
EMy - AWy = EOR () — ADxQ (), y(@) = x* (1) (5.89)

Transformation of (5.62) to the canonical form (5.11) yields

[15’ 8}%«2‘5):[8 ﬂ @'y =P,

1. _ |7 » [ar] [P PR][AT [l 01Pf
¢ y_[yj’ Pf_[gj_[o P22Hf2}_[ Py f> ]

it follows that

With

yi=2g1(t), 0=y+g(1).
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Hence, setting

0
)’T] 0Ly |:ynli| -1.0

= X ’ ’ = Q X ’
[y; yg,z "

we get that

t
yi@) =yT(ti)+/ [Ia O1P(r)f(r)dr,
1

Yi(t) = —Pu() f(0),

and, accordingly,

1
YO = yo (1) + / [ 1 O1P(r(EMI2(r) — A(r)x2(r)) dr,
14

Y2 5(1) = =P (—Ay(1)x2(1)).

Together, these relations imply that

i+l
X (ti41) — X9 (ti11) = Q(,l.m[ 4 q(ﬁ)(r)dr]’

with . . A
o) =[1s O1P(r)(f(r) + Ax2(r) — E(r)il(r)),

where we have used that A, (#;+1) X (} + fg (ti+1) = 0 due to the construction of the
numerical method. Since X (1), X ? represent the solution of (5.62), we find that

o) =0, j=1,....5,
and we can write ¢ in the form
@) =w(r) l_[(r - fj)
j=1

with a smooth function w. Taylor expansion yields @ = ¥ + O(h*~!) with a
polynomial ¢ € P;_;. Thus, the special choice of the nodes according to (5.87)
leads to

litl lit1 l

P(r)dr = / W@ [ - +ow>")dr=00>).
t; 1 j=1
We therefore end up with

X (tig1) — xp (tig1) = O(h™). (5.90)
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In particular, we observe consistency of order p = 2s — 1 at least in the linear case.
In the following, we now transfer this result to the nonlinear case.
Denoting the stage values in the solution of (5.58) by X7, ..., X} and defining

xy; € Py by )
‘ r—1
Xp(0) =) XiLi (TZ> , (591)
=0

where X = x*(t;), the derived consistency estimate, which also holds for the part
of the variables associated with x, in the numerical solution, gives

X)) — xE(@E) = 0T, 1) — 5 (E) = 0.
Hence, using F (7}, x*(7;), *(7;)) = 0, we obtain that
0= F(dj. x; (i), 55 (0)))

= F (i, x*({) + (3 (5) — x* (7)), £ (1)) + G5 (1)) — (1))

= E({) (5 (1)) — () — A (G () — x*(1)) + O(h™).
Together with

E{)GY(E) — (1)) — Al () — x*({) = 0,

we get that

E@) Gy () — 30 (1) — Al (e (1)) — x2 (1)) = Oh™).
Since

xEd) —x2() = X% - X‘} i) — 203 = Zs: vir(XF — XDy,
=0

the first part of the quantities X* — X9, j =1,...,s, associated with x1, solves
a linear system with the coefficient matrix B defined in (5.68), implying that this
part is O (h**1). The second part, associated with x, form the solution of a linear
system with a coefficient matrix of (1) and right hand side of @ (h%*). Therefore,
we get that X;f - X? =09h*),j=1,...,s.In particular,

F(tip1) = X2 (1) +x2tip1) — X (1i01) = O(h>),

and (5.90) yields
X (i) — X3 (tign) = O(). (5.92)

Since we have already shown stability of the methods, the consistency of order
p = 2s — 1 implies convergence with the same order. Hence, we have the following
theorem.
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Theorem 5.18. Choosing the nodes yj, j = 1,...,s, in (5.51) such that (5.87)
holds, the corresponding collocation Runge—Kutta methods defined by (5.58) and
Xi+1 = X s are convergent of order p = 2s — 1.

One can show that the methods that are covered by Theorem 5.18 are just the
Radau ITA methods that we have introduced in the beginning of this section, see
[108]. In this way, we have also verified the claimed order p = 2s — 1.

Remark 5.19. All presented convergence results are based on the assumption that
we use a constant stepsize. For real-life applications, however, a sophisticated
strategy for the adaption of the stepsize during the numerical solution of the problem
is indispensable. In the case of semi-explicit differential-algebraic equations of
index v = 1 or regular strangeness-free problems (5.50), it is possible to use the
same techniques as in the case of ordinary differential equations, see, e.g., [106].
However, when discretizing higher index systems, changes of the stepsize may lead
to undesired effects, see Exercise 18.

In this section, we have only discussed a selected class of one-step methods
that are applicable for differential-algebraic systems. Further classes of one-step
methods include extrapolation methods, Rosenbrock methods, and methods that
utilize further structure of the given problem, see [108] and the bibliographical
remarks of this chapter.

5.3 Multi-step methods

It is the idea of multi-step methods to use several of the previous approximations
Xi—1, ..., Xi— for the computation of the approximation x; to the solution value
x(t;). Given real coefficients ; and §; forl = 0, .. ., k, a linear multi-step method
for the numerical solution of an ordinary differential equation x = f (¢, x) is given
by

k k
Z Qp—1xXi—1 =h Z Br—1 f @ti—1, xi—1). (5.93)
=0 =0

In order to fix x; at least for sufficiently small stepsizes h, we must require that
o 7% 0. In addition, we assume that a(z) + /33 # 0 and speak of a k-step method. Of
course, we must provide xp, ..., Xx—1 to initialize the iteration. These are usually
generated via appropriate one-step methods or within a combined order and stepsize
control.

Since we can multiply (5.93) by any nonzero scalar without changing the nu-
merical method, we are allowed to assume that either oy = 1 or, in the case of
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implicit methods where B; # O, that 8 = 1. For the moment, we suppose that
o = 1.
The coefficients «; and g; define the so-called characteristic polynomials

k k
o) =) ar!, o)=Y g (5.94)
1=0 1=0
of the multi-step method.
Setting
Xitk—1 X (ti4k—1)
Xitk—2 X (tiyk—2)
Xi = : . X)) = : ,
X; x(t;)

we can treat multi-step methods in the context of general discretization methods as
discussed in Section 5.1. The multi-step (5.93) is called consistent of order p if

k k
D akix (i) —h Y Beri(ti-) = O (5.95)

=0 =0

for all sufficiently smooth functions x with the constant involved in @ (h”*!) being
independent of .. By the implicit function theorem, we can solve (5.93) for x; in
the form

Xi = 8(li, Xi—1, -+, Xi—k; h)

with '
S X1, X h) + Y e ixig
I=1 i
— hPif (i, 8t xiv, Xk ) —h Y B f(tig, xig) = 0.
=1
If x solves the given ordinary differential equation, then we have that

(5.96)

k
8(ti, x(ti1), oo xti)i h) + Y e x (i)
=1 k

— hBf (b, 8t x(ti1), . X (61 h) — By Bt f(timt, x(ti—1)) = 0.
=1
Subtracting this from (5.95) gives

x(t;) — 8@, x(ti—1), ..., x(ti—x); h)
= hBe(f(ti, x(1)) — f(ti, 8(ti, x(ti—1), - - ., x(ti—); h))) + O(RPT)
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or, for sufficiently small 7,

C
1) — 8, x(ti—1), . ... x(ti_p): h)| < —————hPTL,
llx (i) — 8@, x(ti-1) x(ti—k) )”_1—h|ﬂk|L
where L is the Lipschitz constant of f with respect to the second argument. Intro-
ducing
S(titk, Xitk—1, .-, Xis h)

Xitk—1
S, Xis h) = : ,

Xit1
this estimate immediately leads to (5.3).

A multi-step method (5.93) is called stable if there exists a vector norm such
that in the associated matrix norm

1Ca ® Inll <1, (5.97)
where

1

Coy =
1
is the companion matrix of the characteristic polynomial o given by the coefficients
g, - .., Ak—1, ¢ = 1. In view of (5.4), we must investigate
S, X(t:); h) — §@ti, Xis h)
Sk, XCigr—1), - .-, x ()3 ) — 8(Wipks Xik—1, - -, Xis h)

X(titk—1) — Xitk—1

X(tit1) — Xip1

Inserting (5.96) in the first block, we get

Btk xWigrh—1), ..., x(ti); h) — 8(tik, Xigk—1, ..., Xis h)

k
==Y o1 (tigg—1) = Xigx—)

=1

k
+h Y Bt (f (ikt, X tipk—0)) = [ (Gipht Xitk—1)

I=1
+ hBr (f ik, Witk X(tigk—1)s -, x(t); h))
— [(ivi, Bk, Xigh—1, ..., Xi3 h))).
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It then follows that

1 ~
1§, X(@)s h) — §@, Xis h)|| < m(llc’a Q Inll + hK) [ X(1:) — Xl

A+ rE)X @) — Xill,

IA

when we use the specific norms associated with the stability (5.97). Hence, (5.4)
holds and Theorem 5.4 yields convergence of multi-step methods that are consistent
and stable.

To check whether a multi-step methods is consistent and stable in terms of the
coefficients oy and B;, [ = 1, ..., k, we have the following results.

Theorem 5.20. Ifthe coefficients oy and B, | =1, ..., k, of the multi-step method
(5.93) satisfy the conditions

k k
Yoal=q) A7 q=0.....p. (5.98)

with the convention that the right hand side vanishes for ¢ = 0 and that 0° = 1,
then the method is consistent of order p.

Proof. Taylor expansion of the left hand side of (5.95) yields

k
D (eux () — hx )
=0

alz (1 — = o) XD (1) — hpy Z U - (q+1)(,0)] +OmPTh

Il
—
=~ M»
o
1

q=0
19h4 lq‘lh‘i—
> ——x D) — hfy 5 —— D) | + O )
1=0 " q—O 7 q=1 (g = D!

Il
Mw

Zazlq —q Zﬂzl" ']q—x(q)(fo) +OmPh.

=0 =0

<
Il
S,

In order to get consistency of order at least p = 1, we must therefore require
the characteristic polynomials (5.94) to satisfy

o) =0, o()=0a(). (5.99)

For stability of the multi-step method, we have the following result.
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Theorem 5.21. Suppose that the characteristic polynomial o of the multi-step
method (5.93) satisfies the so-called root condition given by:

1. The roots of o lie in the closed unit disk.
2. The roots of o with modulus one are simple.
Then the multi-step method is stable.

Proof. With the normalization «; = 1, the matrix G, from (5.97) is the com-
panion matrix to the characteristic polynomial o. In particular, the eigenvalues
Al, ..., A € C of G4 are just the roots of o. Due to the root condition, we may
assume that

L= 1al = = Dol > Pt ] = -+ = I,

where the roots Aq, . .., A, are simple. Setting ¢ = 1 — |Aj,1], it follows that there
exists a nonsingular matrix T € CX¥ such that @, can be transformed to Jordan
canonical form given by

oy _
Am
J=T7'e,T = Amt1 Em+l ’
Ek—1
L Ak
with |¢j| < efor j =m+1,...,k — 1. Hence, ||/ |lcc < 1, and the relation

-1
X =T ® )Xo
defines a vector norm whose associated matrix norm satisfies

1Ce ® Lyl = (T ® 1) (Co ® L)(T @ L) lloo = IIJ @ Lylloo < 1. O

The general convergence result of Theorem 5.4 then yields the following suffi-
cient conditions for a multi-step method to be convergent.

Theorem 5.22. Suppose that the coefficients oy and B;, | = 1, ..., k, of the multi-
step method (5.93) satisfy (5.98) and that the characteristic polynomial o satisfies
the root condition of Theorem 5.21. Then the multi-step method is convergent of
order p.
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In the context of differential-algebraic equations, the most popular linear multi-
step methods are the so-called BDF methods. The abbreviation BDF stands for
backward differentiation formulae. These methods are obtained by setting

Bo=-=B-1=0, Br=1, (5.100)

and choosing o, [ = 1, ..., k, to satisfy (5.98) with p as large as possible. Since
(5.98) constitutes a linear system for the coefficients «;, with a Vandermonde matrix
as coefficient matrix, we can achieve p = k. See Table 5.3 for the resulting

Table 5.3. The simplest BDF methods

g [1=0 I=1 1=2 1=3 [=4 =5 [=6
k=1 1 -1

k=2| 3 -2 1

k=3 &3

k=4| 3 -4 3 -3 1

k=s| @55 -3 o
SR TEEE S B R

coefficients oy, [ = 1, ..., k, of the simplest BDF methods. Recalling (5.95), the
BDF methods satisfy

1 k
o) = ;ak—lx(li—l) = O"). (5.101)

Thus, the BDF methods can be interpreted as discretization methods for x = f(t, x)
in the following way. We evaluate the ordinary differential equation at #; obtain-
ing x(tx) = f(t, x(t)) and simply replace x(#;) by the backward differentiation
formula given in (5.101) and x(#) by x;, [ = 0, ..., k. Obviously, this kind of
discretization can also be used in the same way for differential-algebraic equations.
However, since the BDF methods are constructed only with a large consistency
order in mind, we must still check their stability. Unfortunately, this leads to a
restriction of the possible order.

Theorem 5.23. The BDF methods are stable only for 1 < k < 6.
Proof. A nice proof can be found in the paper [107]. O

In the following, we discuss the properties of multi-step methods when employed
for differential-algebraic equations. We will mainly consider the BDF methods,
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which take the form
k
1
F(ti, xi, Dypxi) =0, Dii = = ) @i (5.102)
=0

Again, (5.102) only presents a reasonable numerical method if we can show that it
defines a unique x; in the vicinity of x;_; at least for sufficiently small stepsize #.

As in Section 5.2, we begin the analysis of the convergence properties with
the case of linear differential-algebraic equations with constant coefficients Ex =
Ax + f(¢). Again, we assume that the pair (£, A) is regular such that the solution
is unique. We then obtain the following convergence result.

Theorem 5.24. Let (E, A) be regular with v = ind(E, A). Then the BDF methods
(5.102) with 1 < k < 6, applied to the system Ex = Ax + f(t), x(ty) = xq, are
convergent of order p = k.

Proof. 1If we apply (5.102) to Ex = Ax + f(t), then we obtain

k

1
Es gak_zxi_z = Ax; + f(t). (5.103)

Since (E, A) is regular, we may assume for the analysis that the pair (E, A) is in
Weierstrall canonical form (2.7) such that the system decouples into two parts. The
first part represents the BDF method applied to an ordinary differential equation for
which Theorem 5.22 applies. We may therefore restrict our analysis without loss
of generality to systems of the form

k
1
N gak,,xi,, =xi + f(#). (5.104)

To analyze this system, we again take the formal approach of Lemma 2.8 using the
operator Dy, of (5.102). Equation (5.104) then becomes

NDpx; = x;i + f(t;).

Since Dy, is a linear operator and commutes with N, we obtain

v—1
xi = —(I = NDy) ' f(t) = = S NID] f ).

j=0

Using (5.101), we get the formal power series

Dyf(t) = f()+ ) ey fO) = ft) +OHY)

q=k
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Applying Dj, once more, we obtain

. h4
D} f(t:) = Duf (1)) + Zcquhf@m)

q=k
" q .
= fa) + Zﬁqh—,f(‘f“)(m = f) + 0.
=k L

Proceeding inductively, this gives

DI f) — fPu) =0mYH, j=0,...,v-1

such that
v—1 )
x(t) —xi ==Y NI(fPwW) - Dj ft) = Oh").
Jj=0
Hence, we have convergence of the BDF method of order p = k. O

Remark 5.25. If a BDF method with constant stepsize & is applied to a regular
linear differential-algebraic equation Ex = Ax + f(#) with constant coefficients
and constant inhomogeneity and if v = ind(E, A) > 2, then the numerical approx-
imations x; are consistent fori > v — 1, independent of the (possibly inconsistent)
starting values.

As for Runge—Kutta methods, the situation becomes more complex in the case
of linear differential-algebraic systems with variable coefficients. If we discretize
(3.1) by a BDF method, then we obtain

k
1
E) gak_lxi_z = A(t)x; + f (1),

or, equivalently, by collecting the terms in x;,

k
(@ E(6;) — hA)xi = hf (t) — E(t) Y ax—1xi1. (5.105)
=1

It follows that a unique numerical solution x; exists if and only if the matrix
arE(t;) — hA(t;) is invertible. This is only possible if the matrix pair (E(¢;), A(%;))
is regular. Thus, in order to guarantee that BDF methods can be used, we would
need to assume that (E (), A(t)) is regular for all # € I. But we have already seen
in Chapter 3 that the pointwise regularity of (E, A) is not invariant under equiva-
lence transformations. Moreover, it is completely independent from the solvability
properties of the differential-algebraic equation.
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If we apply for example a BDF method (5.105) to Example 3.1, then, since
the pair (E(t), A(¢)) is regular for all ¢ € I, the BDF method determines a unique
numerical solution, whereas the given differential-algebraic equation is not uniquely
solvable atall. On the other hand, if we apply a BDF method (5.105) to Example 3.2,
then, since the pair (E(¢), A(¢)) is singular for all # € T, the linear system in (5.105)
is either not solvable or does not have a unique solution, whereas the given differ-
ential-algebraic equation is uniquely solvable.

These considerations lead to the conclusion that, as for one-step methods, we
need to restrict the class of problems in such a way that BDF methods and other
multi-step methods can be applied. It is clear that we must assume that the initial
value problem for the differential-algebraic equation itself is uniquely solvable.

Following the lines of Section 5.2, we first consider the class of semi-explicit
differential-algebraic equations of index v = 1 given by (5.35). Again, we may
proceed in two ways to generalize multi-step methods for the solution of (5.35). In
the direct approach, we apply (5.93) to (5.36). Linear multi-step methods then take
the form

k k
Y akxici =h Y Bt f Gint, Xiet, yic1),
1=0 1=0

' ' (5.106)
) arryit =h)_ Beigti—t, Xi—1, yi-1)-
1=0 1=0
Setting ¢ = 0 yields a method of the form
k k
Y akxici=h Y Bt f Wit Xiet, yic1),
=0 o (5.107)
0="h> Be18(ti—1.Xi—1 Yi1)-
1=0

In the indirect approach, we simply replace the second part of (5.107) by
g(t;, xi, yi) = 0. Using the solvability of g(¢, x, y) = 0 with respect to y, we
have that y; = R(¢, x;). If this also holds fori = 0,...,k — 1, i.e., if all the
starting values are consistent, then the indirect approach is equivalent to the so-
lution of the ordinary differential equation (5.45) by the given multi-step method
and setting y; = R(¢;, x;). It is then clear that we obtain the same convergence
properties as for ordinary differential equations. In particular, we may even apply
explicit multi-step methods, i.e., methods of the form (5.93) with g = 0. Thus,
for the analysis, it remains to look at the direct approach.
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Theorem 5.26. Consider an implicit multi-step method (5.93) of order p applied
to (5.35) as in (5.107). Suppose that o as well as o satisfy the root condition. Then
the method is convergent of order p.

Proof. Since the multi-step method (5.93) is required to be implicit, we may assume
that the coefficients are scaled so that 8y = 1. It then follows that there exists a
vector norm such that in the associated matrix norm

1Cs & Inll <1, (5.108)
with the companion matrix
—Be-1 - =B —Po
Cp = 1
1

The second equation of (5.107) yields

k
g, xi, yi) = = D Bre18Ui—t, Xi—1, yi-1)-
=1

Setting n; = g(t;, x;, y;) and
Ni+k—1
ni
this can be written as

Dir1 = (Cp Q1)

Using the vector norm selected in (5.108) and the bound (5.6) for the initial values,
it follows that

1911l < Iill < -+ < 1Yoll < ChP.

Hence, we can solve n; = g(t;, x;, y;) for y; whenever #4 is sufficiently small, and
we get that
yi = R(ti, x;) + O(h?).

Inserting this into the first equation of (5.107), we obtain

k k
D eaxic=hY et f s, xiog, RGi1, X)) + ORPT.
1=0 1=0
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But this is a perturbed multi-step method applied to the ordinary differential equation
(5.45). Comparing with (5.93), we see that it is stable and consistent of order p.
Hence, it is convergent of order p by Theorem 5.4. From x(¢;) — x; = O (h?), we
then get that

y(ti) = yi = R(ti, x(1) — R(ti, x;) + O(h?) = O(hP). o

As a more general case, we discuss the application of BDF methods to regular
strangeness-free differential-algebraic equations of the form (5.50), i.e., we consider
the numerical methods given by

Fiti, xi, Dpxi) =0, By, x;) = 0. (5.109)
If the starting values xo, . .., xx— satisfy the algebraic constraints, then we imme-

diately see that all numerical approximations x; satisfy the algebraic constraints as
well. We can therefore split x; into (x; 1, x; 2) and use

xi2 = R, xi,1) (5.110)

to eliminate x;  in the first equation of (5.109). Inserting the definition of Dj, we
obtain the nonlinear system

k k
Fit, xiy, Rt xi,0), % > ouxiopa, % > o R, xi1)) =0 (5.111)
=0 =0
as discretization of the ordinary differential equation (5.61).

To show that this is a reasonable numerical method, we must first show that
(5.111) uniquely determines the numerical approximation x; 1 when we are close to
the actual solution x(#;). To see this, we again discretize the linear problem (5.62)
with the exact solution x* by (5.109) to obtain

k
.1 . N .
E@w) 5 Y jenrxio = Alt)xi = E@)E* (1) — Aw)x™ (@), (5.112)
1=0
Collecting the terms that include x; gives the linear system
k

(e E(t)—hA@))xi = R(E ()% (1) = AW)x* (6)—E) Y ax—1xi—1. (5.113)
=1

Splitting (5.113) as (5.63) in the previous section and using the same notation, we
get
(kB () — hAn ()xin + (o Ena(t) — hAp(1))xi

k
R . (5.114)
= hfit) — Ex(t) ) ewixig

=1
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and

— hAs (t)xi,1 — hAn(t)xip = h (). (5.115)
Similar to (5.66), we then have that
xi2 = R(ti)xi1 + g(#). (5.116)

Due to (5.6), we assume that x;_; = x*(t;_)) + O(h*), [ =1, ... k. Using (5.101)
for x*, this leads to

k k
Z O Xi—] = Zak—zxi*_l + 0"
=1 =1

k

= ixi — axx* () + O(hb)
=0

= hi*(t;) — aex™ (1) + O (h).
Inserting this into (5.114) and eliminating x; » with the help of (5.116) then gives

(e (E11(t) + En()R() — h(A11(6) + Ana(t) R(6)))xi 1
k
= hfit) = (@B (t) — hAn@))g) — Ei() ) ar-1xi-i
=1

= h(E1(t)3* (1) — Ay (t)x* (1)) — (Era(t) — hA (1)) g (1)
— Ex(t)(hi* (1) — aux™ (1)) + O (h*)
= (e E11(t) — hA1 (4)x} () + (e Era () — hA (1) (1)
— (B2 t) — hA () (53 () — RU)x{ (1) + O (h¥)
= (a(E11(t) + Ea(t)R(1)) — h(An1(6) + A () R(1)x} (1) + O (hF).

Since the coefficient matrix ax (E11 (1) + E12 () R(1;)) — h(A11(t;) + A2 (1) R(1;))
is bounded and boundedly invertible, we end up with x(%;) — x;;1 = O (h*) and
hence

x*(t;) — x; = Ohb). (5.117)

In order to show that the nonlinear system (5.111) fixes a numerical solution x;
at least for sufficiently small /#, we apply the Newton-like method (5.13), which
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here takes the form

(5 En + En@R) = )+ An@)Ra) ) =)

k
A 1
=—F (thle]v R(ti, x["), E(Othm + ;ak—lxl'—z,l), (5.118)

k
%(akeﬂ(h’, X+ 1Rt xzel,l)))'

=1
The iteration is started with the first part of the just constructed solution of (5.112),
which is therefore denoted by xgl. Then (5.117) implies that
oo 0 _ k
xy(ti) —x; = O(h"). (5.119)
For the first correction in the Newton-like iteration, we then compute

(@(Eni(t) + En)R) — h(An () + Ap@)R)) (! —xP))
— —hFy (ri, X (1) + 0N, R, x7 (1)) + O (D),
k k
1
Z ak—ix} (ti—) + O(RF), W Zak—le'/?(li—h X7 (ti-D) + @(hk_1)>
1=0 =0
= —hﬁ] (ti,xik(li), R, x)lk(ti))y
(1), Re(ti, XF (1) + Ry (1, XF 1)) (1)) + O(hF)
= O,

1
h

since x} solves (5.61). Thus, the assumptions of Theorem 5.7 are satisfied with
Ix}, —x) |l <a=Ch*, p=Ch, y=ch',

with a suitable constant C independent of 4. The same analysis as in Section 5.2
shows that the Newton-like process generates iterates x;"| that converge to a so-

lution xlf'fl of (5.111) with x}(%;) — le = O(h*). Setting x;fz = R(t, x;jl) then
yields a solution x* of (5.109) satisfying

(1) — xf = O"). (5.120)

In particular, we have shown that (5.111) locally defines a numerical solu-
tion xl?‘fl, provided that the iterates x;_; 1,/ = 1, ..., k, are close to the solution.
Hence, writing (5.111) in a simplified form as

Fiti, Xi 1, Xi—1.1» - > Xi—k.1; ) = 0, (5.121)
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this equation is locally solved by
xi1 =8, Xi—1.1, .., Xi—k.15 h), (5.122)
dropping the superscript *. By definition, the function 4 then satisfies
Filty, 8t Xim1,1s o Xick 13 By Xi—1 15 o Xick,13 h) = 0. (5.123)

Our task now is to show that (5.122) constitutes a convergent discretization method
for the determination of the solution xj of (5.111). To do so, we define

Xitk—1,1 X7 (tipk—1)
ES
Xitk—2,1 X7 (titk—2)
Xi = , . X)) = : ,
Xi1 X ()

together with
B(tiths Xith=1,1, -+, Xi 13 h)
Xitk—1,1
S, Xis h) = , )
Xit1,1

and proceed as in the beginning of this section.
For consistency, we must study X(#;+1) — §(t, X(¢); h). Obviously, only the
first block is relevant. We therefore consider

x{ () — 8, x{(ti—1), ..., X[ (ti—p)s ).

Starting from

k k
Fi (11, X @), R, 37 (0), % D 1 (1), % > e Rt ¥ 1) )
=0 =0
= Fi(ti, x7 (1), R, X7 (1), X1 (1) + O(h"),
R (67, x5 1)) + Ry (@3, x5 @)X (1) + O(h)) = O (),
we consider (5.121) in the slightly more general form
Fiti, Xi, X110 - Xk, 13 h) = 6.
For sufficiently small ¢, this relation is still locally solvable for x; | according to

xXi1 =38, Xi—1,1, .., Xi—k, 15 h, €)
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such that
Fiti, (i, Xic1 1y ooy Xick 13 1, €), Xim1 1y - Xick 13 B, €) = 0. (5.124)
Hence, we can write
X} () = (i, x{tio1). .. X{(tig)i b e),
with ¢ = @ (h¥). It follows that

x{ () — 8(ti, x{ (ti=1)s - - ., X7 (tizk); h)
= 8(ti, XF(tiz1)s -, XF(ip)s By ) — B(ti, XF(tiz1), - XT(ti—k); 11, 0).

In order to get a bound for this, we need a bound for the derivative 5 e of £ with
respect to . Differentiating (5.124) and using (5.111), we get (omitting arguments)

(ﬁl;xl + ﬁl;ngRxl + c;,_kﬁl;,\'cl + %ﬁl;xzﬁ)ﬂ)j&‘ =1

Hence, 8, = O(h) and § is Lipschitz continuous with respect to & with a Lipschitz
constant L, = @ (h). With this, we can estimate

X () = 8 x{ i), - xF (G D < Lee = O(h) O(*) = OB,
showing that the discretization method is consistent of order k.
For stability, we must study §(#;, X(#;); h) — §(#;, Xi; h). Looking again only
at the first block, we must consider

S(ti, x{(tiz1), .o x{(ti—k)s h) — 8(ti, xi—1,1, .., Xi—k 13 h).

In this case, we need the derivatives 4, , , of 4 with respect to x;;,| for [ =
1, ..., k. Differentiating (5.123) and using (5.111), we get (omitting arguments)

(Fl;xl +F1;xzfﬂxl + (%kFl;)'c] + %—"Fl;xzﬁxl)&,«,“ + _Ol/;l—l Fl;)'c] + _Oll;l—l Fl;)&zfﬂxl =0.
Hence, assuming again that the coefficients are scaled so that oy = 1, we have

5xi_“ = —ag_11, + O(h).
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In particular, we find
S, xT(tim), o, XTWi—)s h) — 8@, xi—11, -, Xi—k 13 )
=8, xi—11 + s @G—) —xic1), - -,

=1
Xi—k1 + SO (=) — Xi—k,1): WIS,

1 k
= / E Briy v xic1 1 F s (tim1) — X211, - - -
0

=1
Xik 1+ 8] =) — Xi—p,1); B) (X (ti—) — xi—,1) ds

k
= (=ox—iIy + O (x} (tip) — xi—1.1)
=1

such that
S, X(t); h) — (i, Xis h)

K (—ari Ty 4 Oh)) (X (tik—1) — Xith—1.1)
X\ (tigh—1) = Xith—1,1

X[ (tig1) — Xiv1,1
This then leads to the estimate
15, X(t); h) — 5, Xis DI < (1Ce @ Inll + Kh) | X(5;) — Xl

Thus, the discretization method is stable if the underlying BDF method is stable.

Theorem 5.4 then yields convergence of order k of the discretization method
and hence of (5.111) to the first part x| of the solution x* = (x, x3) of (5.50).
Convergence of the second part associated with x5 follows, since x; 2 = R(#;, X;,1)
together with x5 (t;) = R(#;, x{(t;)) gives

x5 (1) — xiall = 1R, X (1)) — Ry, xi )| < Lt @) — xiall = O(RY)

foralli =0,..., N, where L denotes the Lipschitz constant of &R with respect to
the second argument. Thus, we have proved the following result.

Theorem 5.27. The BDF discretization (5.109) of (5.50) is convergent of order
p = k for 1 < k < 6 provided that the initial values xo, . . ., Xy—1 are consistent.

Remark 5.28. As for Runge—Kutta methods, there are no difficulties to supply BDF
methods with a stepsize control if we restrict their application to semi-explicit dif-
ferential-algebraic equations of index v = 1 or to regular strangeness-free problems
(5.50). Of course, we can also combine a stepsize control with an order control, as it
is typical in the context of multi-step methods. See [29] for more details. Compare
also with Remark 5.19 and Exercise 18.
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Bibliographical remarks

The analysis of Runge—Kutta methods for ordinary differential equations is a clas-
sical theme of numerical analysis. It can be found in most textbooks on this topic,
see, e.g., [11], [35], [38], [72], [106], [108], [210]. The direct application of implicit
Runge—Kutta methods to semi-explicit differential-algebraic equations was studied
in [36], [73], [100], [165], [194]. The existing results are summarized in [105],
[108]. Other one-step methods such as Rosenbrock methods or extrapolation meth-
ods for ordinary differential equations and their extensions to differential-algebraic
equations are discussed in [38], [72], [106], [108], [210].

Multi-step methods for differential-algebraic equations were first studied by
Gear [89]. Based on this work, several implementations of BDF methods were
presented in [28], [30], [164], [195], see also [29], [108]. Other multi-step methods
for semi-explicit or strangeness-free differential-algebraic equations are described
for example in [114], [115], [140], [204] and for multibody systems in [79], [181].

Using these methods for higher index problems, it was observed that difficulties
may arise, see, e.g., [126], [163], [203]. As we have shown, these difficulties
can be avoided by transforming the differential-algebraic equation to an equivalent
strangeness-free formulation, see also [125], [126], [127], [128], [132].

Exercises

1. Verity the claims of Lemma 5.5.
2. Show that |A ® I|lco = ||Alleo for arbitrary matrices A € C™".

3. Assume that (E, A) with E, A € C*" is a singular matrix pair. Prove with the help of
Theorem 2.3 that then I, ® E — hA ® A is singular as well, independent of the choice
of A € C™".

4. Show that for the Gaull method with s = 2, see Table 5.1, we have that k; = 2 and
k> = 2 as defined in Theorem 5.10.

5. Show that for the Radau ITA method with s = 2, see Table 5.2, we have that k| = o0
and kp = 2 as defined in Theorem 5.10.

6. Implement the Gaufl method with s = 2 from Table 5.1 using a constant stepsize. Use
Newton’s method and finite differences to approximate the Jacobians for the solution of
the arising nonlinear systems. Apply your program to the problem (5.26), where N is a
single nilpotent Jordan block with ind(N, I) = 2 and f(r) = [0 exp(r) 17, and verify
the corresponding claim of Theorem 5.10. Explain why this method is not covered by
Theorem 5.12.

7. Implement the Radau IIA method with s = 2 from Table 5.2 using a constant stepsize.
Use Newton’s method and finite differences to approximate the Jacobians for the solution
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Exercises 271

of the arising nonlinear systems. Apply your program to the problem (5.26), where N
is a single nilpotent Jordan block with ind(N, I) = 2 and f(t) = [0 exp(?) 17, and
verify the corresponding claims of Theorem 5.10 and Theorem 5.12.

. Apply your program of Exercise 7 to the problem (5.26) where N is a single nilpotent

Jordan block with ind(N, 1) = v,v =2,3,4,and f(t) =[0 --- 0 exp(¢) 17, and
determine the resulting orders of convergence.

. Show that the matrix E —hA in Example 5.14 is invertible and that the condition number

1S
IE — hAllsoll(E — hA) oo = O(h2).

Apply the Radau ITA method with s = 2 given in Table 5.2 to (5.33) as well as to
the transformed system (5.34) and to the associated reduced problem (3.60). Give a
theoretical analysis and compare the numerical results.

Apply the programs developed in Exercises 6 and 7 to the problem of Example 3.1

_ 2 _
Sl S el A

Do the methods recognize that the solution is not unique?

Show that if the conditions B(p) and C(g) in (5.22) are satisfied, then the quadrature
rules given by the coefficients (8}, y;) j=1,...s for intervals [#;, t; 1], j = 1,...,s and
by the coefficients («;, ¥1)i=1,...s forintervals [#;, t; +y;h], j = 1, ..., s, are of order p
and ¢, respectively, i.e., show that (5.48) holds.

Show that the Gaufl method with s = 1 given in Table 5.1 satisfies B(p) and C(g) of
(5.22) with p = 2 and ¢ = 1 as best choice. Determine the value o of Theorem 5.16
and verify the claimed order by numerical experiments.

Show that the Gaufl method with s = 2 given in Table 5.1 satisfies B(p) and C(g) of
(5.22) with p = 4 and g = 2 as best choice. Determine the value o of Theorem 5.16
and verify the claimed order by numerical experiments.

Let x € CH(I, R) with a compact interval I be sufficiently smooth. Show that x (1) =
O (h*t1) for all t € T implies that £ (1) = O (h**!) forall 1 € IL.

Let ¢ € C(I, R) with a compact interval I be sufficiently smooth. Furthermore, assume
that ¢ has the pairwise distinct zeros t; € I, j =0,...,k. Show that there exists a
smooth function w € C(I, R) such that ¢ has the representation

k
¢(t) =@ [J¢—1)

j=0
forallt € I.

Apply the program developed in Exercise 7 to the regular strangeness-free problem

I 1. (0 O exp(t) + cos(t) _ 10
o ofi=lo S [T o= (1]

Compare the results with the claim of Theorem 5.18.
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18. Consider the differential-algebraic equation

0 1 Of(x 1 0 Of[x 0

0 0 1f|x|=[0 1 O0|]|x2|—1] 0

0 0 Of[x3 0 0 1|/|x3 u(t)
with some sufficiently smooth u € C(I,R). Lett; € I,i = 0,..., N, be given with
o<t <th<---<ty,hi =ti—t;_1,i = 1,..., N. Furthermore, let [xlq,-xzyix\;,,-]T,
i =0,..., N, be the numerical approximations to the solution obtained by the implicit

Euler method.

Show that the numerical approximations with i > 2 are independent of the choice of the
initial values. Furthermore, show that for constant stepsize the implicit Euler method is
convergent of order one. Finally, show that convergence is lost if the stepsize is changed.

19. Prove the claim of Remark 5.25.

20. Implement the BDF methods with k = 1, ..., 6, see Table 5.3, using a constant step-
size. Use Newton’s method and finite differences to approximate the Jacobians for the
solution of the arising nonlinear systems. Apply the program to the problem (5.26)
where N is a single nilpotent Jordan block with ind(N, 1) = v, v = 2,3,4, and
f@® =10 --- 0 exp(?) 17, using exact initial values. Compare with the claim of
Theorem 5.24.

21. Apply the program developed in Exercise 20 to the problem of Example 3.1

—t 2], -1 0 0
o=l S o=l

Do the BDF methods recognize that the solution is not unique?

22. Apply the program developed in Exercise 20 to the regular strangeness-free problem

I 1. (0 O exp(t) + cos(t) _ |0
o o=l S [T o= [

using exact initial values. Compare the results with the claim of Theorem 5.27.
23. Apply the programs developed in Exercise 7 and Exercise 20 to the regular strangeness-
free problem
X1 = X4, X4 = —2x1x7,
X2 = xs, Xs = —2xpx7,
0= xlz + x% — X3,
0 =2x1x4 + 2x2x5 — Xg,

0=2x7 —dxixy +2x2 —dxix; —x7+1=0.



Chapter 6
Numerical methods for index reduction

In Chapter 5, we have seen that stiffly accurate Runge—Kutta methods and BDF
methods are well-suited for the numerical solution of semi-explicit differential-al-
gebraic equations of index v = 1 or, more general, of regular strangeness-free
differential-algebraic equations, while difficulties may arise for systems of higher
index. An immediate idea for higher index problems is to use index reduction by
differentiation, cp. Theorem 4.26, to turn the problem into one of index v = 1 or
even into an ordinary differential equation. Although this seems very appealing
and actually was the common approach until the early seventies, there are major
disadvantages to this approach.

The algebraic equations typically represent constraints or conservation laws.
Using differentiation as in Theorem 4.26 to reduce the index, these algebraic equa-
tions are not present any more during the numerical integration, and hence dis-
cretization and roundoff errors may lead to numerical results that violate the con-
straints. This was already observed in the context of mechanical multibody systems
and led to several stabilization techniques, like in [24], [94]. These techniques are
incorporated in many solution methods, see, e.g., [79], [108], [181], [201].

Another way out of this dilemma is to not replace the algebraic equations by
their differentiated versions but to simply add these to the system, thus creating
an overdetermined system that includes all the algebraic equations as well as all
the necessary information from the derivatives. This approach was examined in
[23], [85], [86] and for the derivative arrays (3.28) or (4.11) in [48], [49], [58].
The disadvantage of this approach is that it typically leads to a larger system and,
in particular, that it requires special solution methods for the linear and nonlinear
systems at every integration step to take care of the overdetermined systems.

An interesting variation of this approach was presented in [154] and modified
in [130]. There new variables, so called dummy derivatives, are introduced to
make these overdetermined systems regular and strangeness-free. The necessary
information which variables have to be introduced is obtained in [154] from the cal-
culation of the structural or generic index as defined in [161], [162]. Unfortunately,
it was shown in [189] that the structural index may not give the correct informa-
tion about the properties of the system, which makes this approach mathematically
doubtful. In the case of structured problems like those discussed in Section 4.2 this
information can be obtained differently, see Section 6.4 below.

There are also many other approaches for index reduction that we will not
discuss in detail here. These include matrix chains as introduced in [ 100], projection
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methods which repeatedly project the numerical solution onto the constraints, see,
e.g., [7], [9], [108], [143], the differential-geometric approach presented in [169],
and tangent space parameterization [169], [228].

In view of the discussion in Chapters 3 and 4, for general high index problems,
however, it seems more promising to discretize the reduced differential-algebraic
equations (3.60) in the linear case or (4.23) in the nonlinear case. Recall that these
reduced equations possess the same solutions as the original differential-algebra-
ic equation. Moreover, due to Chapter 5, a number of numerical discretization
schemes are available to integrate such systems. The only problem that we are
faced with is that the reduced equations are defined implicitly and are therefore not
available in a numerical procedure. However, for the use within a discretization
method, we only must be able to evaluate the reduced equations at distinct points. In
the following, we will discuss how this can be done. We will treat the linear and the
nonlinear case separately. For ease of presentation, we will restrict ourselves to the
BDF discretization. For a discretization with Runge—Kutta type methods, see the
results of Section 7.3, which in a similar way also hold for the Radau IIA methods,
cp. [208]. In addition, we will address here the problem of the computation of
consistent initial values.

6.1 Index reduction for linear problems

Let us first discuss linear differential-algebraic systems with variable coefficients
that satisfy Hypothesis 3.48. In this case, the constructed strangeness-free system
is given by (3.60) and the initial value problem that has to be solved has the form

Ex=Ax+ @), x(to) = xo, 6.1)

5 4 E\] [A [/
(E’A): ([ }7 [A })’ - [ A}. (6‘2)
0] LA / f2
The coefficients are obtained from the derivative array

M)z = Nz + 8. (@), (6.3)

where in contrast to (3.28) we have omitted the hat of /1, via

where

E\=2ZTE, A =2ZTA, h=2zlf. 64)
Ay=ZIN,L, 0 --- 01", fr=2Z1g,.

The (smooth) functions Z;, Z, pointing to the differential and algebraic part of the
given differential-algebraic equation, respectively, are defined in Hypothesis 3.48
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as follows, again omitting hats. Since M, has constant rank, there exists a smooth
matrix function Z; of size (u + 1)n x a and pointwise maximal rank satisfying

ZIM, =0, rank(ZIN,(1, 0 --- 017) =a. (6.5)
Then, there exists a smooth matrix function 7, of size n x d, d = n — a, satisfying
ZINJL, O --- 01", =0, rank(ETy) =d. (6.6)

Finally, there exists a smooth matrix function Z; of size n x d and pointwise
maximal rank satisfying
rank(ZT ETy) = d. (6.7)

For numerical purposes, we may even assume that Z, Z,, and 7> possess pointwise
orthonormal columns, cp. Theorem 3.9.

When we discretize (6.1) by a BDF method, then the approximations x; to the
values x(#;) are the solutions of the discrete problem

E(t)Dpxi = At)xi + f (1), (6.8)

with Dy x; = % Zf:o a—;xi—;. Hence, in order to compute x;, we must evaluate E ,
A, and f at t;. For this purpose, we need Z(¢;) and Z>(t;).

Considering the definition of Z; and Z,, we are able to compute a matrix 22 €
R+Dm.a with orthonormal columns satisfying

ZIM, () =0, rank(Z3 Ny(t)[ 1, O --- 017) =a, (6.9)

say with the help of a singular value decomposition, a rank-revealing QR decom-
position, or a URV decomposition of M, (#;), see, e.g., [99], [206]. Using the same
techniques, we can then determine a matrix Tz € R"4 with orthonormal columns
such that

ZINJD[ L, 0 --- 017 T, =0, rank(E(t)Th) =d. (6.10)

Similarly, we finally geta matrix Z; € R™¢, again possessing orthonormal columns,
with
rank(Z] E(t)T2) = d. (6.11)

Since Z 1 Zz, and Tg have orthonormal columns which can be chosen such that
these columns span the same subspaces as the columns of Z; (t;), Z»(¢;), and T» (;),
respectively, there exist unitary matrices Uy and U satisfying

7y = Z\(t)Uy,  Za = Zo(t;)Ua. (6.12)
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Thus, in the numerical method we do not evaluate smooth functions Z 1 and Zz,
which we know to exist by theory, at a given point #;, but only matrices Zi and Z,
with (6.12). However, since (6.8), written in more detail as

Zi) T E@) Dpxi = Z1(t)T A x + Z1) T 1),

(6.13)
0= Za(t) " Ny(ti)x + Za(t)) T g, (1),

is equivalent to

ZVE@)Dyxi = ZT A(t)x + ZT fi(n),

o - (6.14)
0=27, Ny(ti))x + Z5 gu(t;)

as a system of linear equations that determines x;, it is sufficient to solve (6.14) in
order to compute x;.

In principle, singular value decomposition and rank-revealing QR decompo-
sitions can be modified to evaluate smooth functions Z; and Z,, see [31], [122],
[227]. But during the integration procedure such computations would be too costly.
As we have seen by the above discussion, this does not present any difficulties as
long as the numerical integration method that we are using is invariant under trans-
formations with unitary matrix functions form the left. All the methods that we
have discussed in Chapter 5 fulfill this property.

Remark 6.1. During the integration process, the determination of Z; and Z; allows
us simultaneously to check whether the quantities a and d stay constant. If this is
not the case, then we must distinguish two cases. If a +d = n still holds, then there
is a change in the number of constraints. In such a case, it is important to locate
the point where the change in the values a and d occurs. Moreover, if the value
of a is increasing, then we must check the consistency of the actual solution value
before we may continue the integration. If on the other hand a + d < n holds, then
the value ; may be too small. Hence, we must increase p and check if then the
corresponding values a and d stay constant or not.

Example 6.2. A typical situation, where the effects described in Remark 6.1 may
occur, are hybrid (or switched) systems, see, e.g., [109], [110].

As a (nonlinear) example, consider a pendulum of length / and mass m under the
influence of gravity G = —mg and assume that the pendulum is tangentially acceler-
ated by a (linearly) increasing force. Using the classical Euler—Lagrange formalism
[79], [108] in Cartesian coordinates [ x] x2 17 = [x y]T and velocities [x3 x4 17 =
[ X 17 and the acceleration forces f(z, x1, x2) = [ fi(t, x1, x2) fo(t, x1,x2) 17,
one obtains the differential-algebraic equation

X1 = x3,

X2 = X4,
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mx?) = _2x1)\' + fl(tv X1, x2),
mxs = —mg — 2x2h + fo(t, x1, x2),
0=x}+x3—1%
Now suppose that, when a certain centrifugal force is reached, the system changes

from a pendulum to an flying mass point, i.e., the rope or rod is cut. In this case the
system is not constrained anymore and the equations of motion are given by

X1 = x3,

X2 = X4,
mx3 =0,
miq = —mg.

If we consider the complete system, then it consists of two (operating) modes and
it switches once between them. A typical task would be to determine the switching
point, to simulate the movement of the mass point, or to control the switching and
the successive flight. Since we have a change from a system with characteristic
values @ = 2, a = 3, and d = 2 to a system with characteristic values . = 0,
a = 0, and d = 5, when we add the equation ) = 0 for the no longer needed
Lagrange multiplier, there are no problems with the consistency of the solution of
the first system with respect to the second system at the switching point. Of course,
we do not need to consider A when we solve the second system numerically.

Remark 6.3. For linear differential-algebraic equations with constant coefficient
systems the functions Z1 and Z; can be chosen to be constant in the whole interval.
In this case, we only need to compute Z 1 and 22 at the initial point #yp and can use
them during the whole integration process.

Remark 6.4. If we are in the case of an over- or underdetermined system with
well-defined strangeness index as introduced in Section 3.1, then we can achieve
the more general reduced differential-algebraic equation (3.44) with (3.41). As we
have discussed in Section 3.1, it is not clear how the inhomogeneity f3 belonging
to the third block of equations can be chosen in an invariant way.

From the point of view of numerical methods, this is not a severe problem,
since a nonzero f3 just indicates that the given differential-algebraic equation has
no solution due to an inconsistent inhomogeneity. In order to check this, we may
simply omit that part of the system such that we are (after possibly fixing some
free solution components) back in the case (6.2). Having then computed an x;, we
can test whether the residual E(#;) Dpx; — A(t;)x; — f () in the original system
is significantly larger than the expected discretization error. If this is the case, it
indicates that the given differential-algebraic equation is not solvable, which usually
means that the underlying mathematical model should be modified.
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Having discussed how we can integrate a given differential-algebraic equati-
on, there is still one problem that must be considered. Before we can start the
integration, we must guarantee that the given initial value x¢ is consistent. In
general, the computation of consistent initial values for higher index differenti-
al-algebraic equations is a difficult problem, see [82], [214]. In the case of a
strangeness-free reduced differential-algebraic equation (6.1), however, where the
algebraic equations are displayed directly, the computation of consistent initial
values is straightforward. Since the condition for x¢ to be consistent is simply
given by

0 = A(to)xo + f2(t0), (6.15)
it is easy to check whether the given xo is consistent or not. In the case that a
given X is not consistent, we may use (6.15) to determine a related consistent xg.
One way to do this is to set Xo = xo + & and to determine the correction § by solving

the minimization problem
18]l = min!, (6.16)

subject to the constraint
142(10)8 = fa(to) — A2(t0)%oll2 = min!. (6.17)
The solution of this least-squares problem is given by
8 = Aa(t0)* (A2 (10)F0 + f2(10)), (6.18)

where Az(z‘o)Jr is the Moore—Penrose pseudoinverse of Az(to).
A Singe As(to) has full row rank a due to Hypothesis 3.48, it follows that
As(t9)Ax(to)T = I, hence

As(to)xo + fo(to) = Ax(10)(Fo — 8) + fa(to)
= Ay (10)%0 — (Aa(t0)Z0 + f2(10)) + fo(to) = 0.

If we are interested in finding some consistent initial value xg, then this least-squares
approach is the easiest solution. But in some applications that lead to differential-
algebraic systems, one wants to prescribe initial values for the differential variables,
whereas initial values for the algebraic variables are not known. In such a situation,
we may proceed as follows. Partition (6.15) as

0= [ A (o) An(t)] [ﬁ;g] + fa(t0).

Suppose that A (to) has full row rank indicating that the quantities x o belong to
the differential variables. If an estimate [)EITO, izT O]T for a consistent initial value
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is given and if we want X g to stay as it is, then we may determine a correction 8
according to X2,0 = x2,0 + 82 by solving the minimization problem

182112 = min!, (6.19)
subject to the constraint
1A22(t0)82 — Aa(t0)%0 — f2(to)[|2 = min, (6.20)
1.e.,
8 = A3, (10)(A2(t0)T0 + f2(10)). (6.21)

The same argument as for the first case shows that setting x; o = X1,0 and x2,0 =
X2.0 — 82 yields a consistent initial value.

6.2 Index reduction for nonlinear problems
For general nonlinear initial value problems of the form
F(t,x,x)=0, x(t) = xo, (6.22)

we proceed with the index reduction as suggested in Chapter 4. In particular, we
assume that Hypothesis 4.2 holds in a neighborhood of a path (¢, x*(¢), P (¢)),t € 1,
belonging to the unique solution x* € C!(I, R") of (6.22). Following Section 4.1,
the function x* also (locally) solves the reduced problem

F(t,x,%x) =0, x(ty) = xo. (6.23)

Recall that F has the special structure

Bt x. i) = [F ;A,(;(’tx;c;‘)} , (6.24)

where Fi(t,x,%) = Z lTF (t, x, x) with an appropriate matrix Z1 that possesses
orthonormal columns and a function ﬁz defined by (4.22). In order to determine a
numerical approximation x; to x*(¢;), we apply a BDF method to (6.23) and obtain
the nonlinear system

F(t;, xi, Dpx;) = 0. (6.25)

Whereas an appropriate Z; can be obtained in the same way as in the linear case,
we are here faced with the problem that F; is only defined implicitly by means of
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the implicit function theorem. In order to deal with J2) numerically, we therefore
must go back to its defining equation. According to (4.21), we (locally) have

Fuit, x,y) =0 = y =4, x1,p), (6.26)

where the variables x; out of x and p out of (%, ..., x("“)) denote the selected
parameterization of IL,,. Accordingly to the splitting of x = (x1, x2), we also split
the numerical approximations as x; = (x1;, x2,;). As before, there is no danger of
mixing up the double meanings of xp, xp. Utilizing the splitting, we observe that

Fu(ti, xi, yi) =0 = y; = H(t;, x1,i, pi)- (6.27)

In the construction of Section 4.1, it is possible to fix the parameters p to be p;
instead of pg. The corresponding definition of F» then reads

F(t, x1,x2) = ZY Fou(t, x1, x2, H (1, x1, pi)). (6.28)
If we replace F in (6.23) by this, then we have
Fu(ti, xi,y) =0 = Fy(1;,x) =0. (6.29)
Hence, instead of (6.25) we can consider
ZVF(t, xi, Dpxi) =0, Fu(ti, xi, yi) =0, (6.30)

which is an underdetermined nonlinear system in the unknowns (x;, y;). Any so-
lution (x;, y;) yields an x; that can be interpreted as the unique solution of (6.25)
with an appropriately adapted part .

The standard method for the solution of underdetermined systems of nonlinear
equations ¥ (z) = 0 as (6.30) is the GauB—Newton method

" =" — FREMFE™), 0 given, (6.31)

where }'Z+(Z) is the Moore—Penrose pseudoinverse of #,(z). In order to have
(quadratic) convergence of the iterates z””* to a solution of £ (z) = 0, we must show
that the Jacobians ¥;(z) possess full row rank at a solution and thus in a whole
neighborhood, see, e.g., [71], [160].

Theorem 6.5. Let F of (6.22) satisfy Hypothesis 4.2. Then the Jacobian J of (6.30)
at a solution (x;, y;) has full row rank for sufficiently small h, provided that Z; is
a sufficiently good approximation to Z1 of Hypothesis 4.2 corresponding to this
solution.

Proof. We have (without arguments)

J:[z{(";l—kFHFX)T 0]‘
—Nu[1, 0 --- 017 M,
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Hypothesis 4.2 implies that

7T (% F.
rank J = (u + 1)n — a + rank [Zl (h Ifx—’_F")]

A
= (i + Dn +rank (Z{ (% F; + Fx)T»).

For sufficiently small 4, we then obtain that
rank J = (i + D)n + rank (Z] F; T).
For Z | = Z, this reduces to
rank J = (u + 1)n + d,
and, hence, Z| must approximate Z; in such a way that Z IT F;Tr keepsfullrank. O

Remark 6.6. If the matrix function Z of Hypothesis 4.2 only depends on 7, then
one can determine Z; = Z;(#;) in the same way as Z in the linear case. The
discrete system (6.30) can then be reduced to

ZTF(t;, xi, Dpxi) =0, (6.32a)
ZYFu(t, xi, yi) = 0. (6.32b)

Due to Hypothesis 4.2, we have that ZzT F,.y(,x,y) = 0 independent of (x, y)
such that (6.32b) does not depend on y;. Hence, (6.32) can be seen as a nonlinear
system for x; only. In particular, this simplification applies to ordinary differential
equations where Z, is an empty matrix and Z1 = I, such that (6.32) becomes
the standard BDF method applied to an ordinary differential equation. Moreover,
this simplification also applies to linear systems of differential-algebraic equations,
where (6.32) becomes (6.14) such that the linear case can be seen as a special form
of the nonlinear case.

Remark 6.7. Looking at the presented index reduction procedure, it is clear that the
problem sizes that can be handled by this approach is limited, since we must perform
rank revealing factorizations of the full derivative array at every integration step.
Furthermore, the index reduction procedure heavily relies on rank decisions that
depend critically on the used method. To compute the rank of a matrix numerically
is an intrinsically difficult mathematical problem, see, e.g., [99]. In this respect,
the presented approach still needs a subtle error and perturbation analysis that is
currently not available. Only for the special case of constant coefficient systems
this analysis has been done partially in [153]. This analysis suggests a conservative
strategy which, in the case of an unclear rank decision, takes the decision to rather
use a higher value u.
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In order to compute consistent initial values, we recall that in Chapter 4 it has
been shown that every (xg, yo) in a neighborhood of (x*(p), & (f9)) can be locally
extended to a solution of (6.22). Thus, consistency of an initial value x¢ at fo means
that (g, xo) is part of some (y, xo, yo) € LL,. To determine a consistent initial value
or to check it for consistency, we must therefore solve the underdetermined system

Flt(t()’ X0, )’0) = 0 (633)

for (x0, yo0). Again, the method of choice is the GauB—Newton method, started
with a sufficiently good guess (Xo, Yo). As before, we can expect local quadratic
convergence due to the following theorem.

Theorem 6.8. Let F of (6.22) satisfy Hypothesis 4.2. Then the Jacobian J of
(6.33) at a solution (xq, yo) has full row rank.

Proof. Hypothesis 4.2 requires that Fj,., and Fj,., together have full row rank
onlL,. Hence, J = [ Fy;;x F).y | has full row rank at a solution of (6.33). O

Remark 6.9. To determine the numerical solution of a differential-algebraic equa-
tion by means of the derivative array seems to be very expensive, especially if we
look at the size of the function F,, which has values in R#+D7 Byt there seems
to be no way to avoid this when the given differential-algebraic equation has no
special structure that we can utilize.

If, however, the differential-algebraic equation has further structure, as for ex-
ample in the case of multibody systems, then often a part F, req of F,, will be
sufficient for the computation. We only need that

Fured(ti, xi, i) =0 = Fa(t;, x;) = 0.

In the extreme case, F), req just contains all algebraic constraints, see, e.g., the
formulation (4.44) for multibody systems. It is then obvious that we can just
replace Fy, by F), req in (6.30) and (6.33) without changing the essential properties
of these systems. On the other hand, we may expect that the computational work to
solve the modified systems is drastically reduced. Of course, these observations also
apply to the linear case. See Section 6.4 for the construction of reduced derivative
arrays F), rq in special applications.

Remark 6.10. In the context of nonlinear differential-algebraic equations, it is
important to note that already for the computation of consistent initial values we
must know at least the value of u. In the linear case, . can be computed even when
we have no consistent value, because there the linearization does not depend on the
trajectory along which we linearize. But in the nonlinear case we must take into
consideration that we can compute u (as well as @ and d) only when we already have
a consistent value. This happens due to the fact that the quantities in Hypothesis 4.2
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may be different away from the manifold IL,. In the case that the values of u, a,
and d are not known in advance, the only possibility is to try to fix them during
the computation of a consistent initial value. In this situation, one may proceed as
follows. Set u = 0,a = 0, and d = n — a. In each iteration step for solving (6.33),
we numerically check the ranks (omitting arguments)

corank F,;y < a, (6.34a)
rank ZJ F,.. = a, (6.34b)
rank F;T» = d, (6.34¢)

using say the singular value decomposition. Here Z» denotes a matrix whose
orthonormal columns span the corange of F),., perturbed to a matrix of corank a
and 7> denotes a matrix whose orthonormal columns span the kernel of ZZT Fu.x
perturbed to a matrix of rank a. These perturbations can be easily obtained from the
singular value decomposition by neglecting the smallest (possibly nonzero) singular
values, i.e., expecting a certain rank r proposed by the current setting of a and d
according to (6.34), we simply set the (» 4 1)-st and all following singular values
to zero. This corresponds to approximating the given matrix by the nearest matrix
(with respect to the Frobenius norm) of the required (lower) rank r, see e.g., [99].

A violation of the numerical rank check in (6.34a) then indicates that there may
be additional constraints and that the value of a should be increased by one (and
d decreased by one). A violation of (6.34b) indicates that local uniqueness may
not hold for the given problem and one should terminate. A violation of (6.34c)
indicates that one is near a higher index problem and the value of u should be
increased by one.

The determination of the characteristic values w, a, and d is successful if this
process ends with accepting a consistent initial value under the rank checks (6.34).
Note, however, that this procedure may not work if the given problem is not well
scaled or the initial guess is poor. A detailed perturbation analysis for this procedure
is a difficult open problem.

As in the linear case, it is possible to modify (6.33) when we want some compo-
nents of the initial guess X to be kept fixed in the determination of consistent initial
values. We only must guarantee that the remaining columns of the Jacobian still
have full row rank. This corresponds to the classification of a component of x to
be a differential variable by the requirement that eliminating the associated column
from the Jacobian does not lead to a rank deficiency.

Remark 6.11. In order to solve underdetermined nonlinear systems of equations
by the Gau3—Newton method, the most important property that is needed is full row
rank at the desired solution. This property then not only extends to a neighborhood
of the solution set and guarantees local and quadratic convergence to some solution,
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but also allows for some techniques known from Newton’s method to improve the
efficiency of the method, such as the simplified Gaul—Newton method (fixing the
Jacobian) or the quasi-Gaufl—Newton method (using Broyden rank one updates of
the Jacobian), see, e.g., [71], [160].

6.3 Index reduction via feedback control
In the context of control problems
F(,x,u,x) =0, x(t) = xo, (6.35)
possibly together with an output equation
y=G(t,x), (6.36)

see Section 4.4, different choices of the control u in (6.35) may lead to different
properties of the resulting controlled problem

F(t,x,u(t),x) =0, x(t) = xo. (6.37)

In particular, the free system corresponding to the choice # = 0 may not even
satisfy Hypothesis 4.2. Section 4.4 gives several sufficient conditions when u can
be chosen as state or output feedback in such a way that the closed loop system is
regular and strangeness-free.

Let us first consider a system without the output equation (6.36). As we have
shown in Section 4.4, the regularization can be obtained by a piecewise linear
feedback of the form (4.63) with a suitable matrix K, cp. Theorem 4.39 and Corol-
lary 4.40. Combining the analysis in Section 4.4 and the numerical procedures
introduced in Section 6.2, discretization of (4.59) with a BDF method leads to

Fi(ti, xi,ui, Dpxi) =0, Fa(ti, xi, u;) = 0. (6.38)
The algebraic constraints can be replaced by

XD Dy — g, (6.39)

F,lL(ti7-xia I/li,)éi,l/‘ii, cee

Choosing a suitable feedback matrix K which yields a regularizing state feedback,
we set y

ui = Kx; +wj. (6.40)

The vector w; should be chosen in such a way that u; is near the old value u; 1. We
therefore take w; = u;—1 — Kx;_;. Together with a suitable matrix Z, we thus
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obtain the problem

ZVF @, xi, Kx; + wi, Dpx;) =0

(6.41)
xi(u+1)

. .. +1
Fu (i, xi, Kxi +w;, X;, 14, ..., M,w =0

El

xl_(u+1)

for (x;, x;, i, ..., ,ul(’“rl)). By construction, the value x; is the unique

solution of
Fi(ti, xi, Kxi +w;, Dpx;) =0,  Fy(t;, x;, Kxi + w;) = 0. (6.42)

Under the assumptions of Theorem 6.5, the Gau3—Newton method applied to (6.41)
will again show quadratic convergence for sufficiently small /.
To obtain consistent initial values, we accordingly must solve

(n+1)
X0

Fy (2o, x0, uo, Xo, to, . - - ,u(()“ﬂ)) =0 (6.43)

x(();H—l) u(()/L-F]))'

for (xg, ug, Xo, o, ..., Similar to Theorem 6.8, we expect
quadratic convergence of the corresponding Gauf3—Newton method.

If the output equation is included, then we must discretize (4.65). Applying a
BDF method yields

’

Fi(ti, xi,ui, Dpxi) =0, Fo(ti, xi,u;) =0,y = G(ti, x;). (6.44)

The algebraic constraints (without the output relation) can again be replaced by
(6.39). Choosing a suitable feedback matrix K which yields a regularizing output
feedback, we set y

up = Ky +w; (6.45)

and choose w; = uj_; — K vi—1. Together with a suitable matrix Z1, we obtain the
problem

ZVF (4, xi, Ky +wi, Dyx;) =0,
x[(u+1) ul(u+1)) =0, (6.46)
yi =G, xi) =0

El

Fu@t, xi, Ky; +w;i, %, 1, ...,

for (x;, yi, Xi, tj, - . ., xl.(“H), u§“+l)), Because of the explicit form of the output

equation, we can eliminate y;. It then remains to solve

ZVF@, x;, KG(t;, x;) + wi, Dypx;) =0,

B (6.47)
Fouti, xi, RG (i, %) + wi, &y it .., x D 0@y =0

K #tD

; ,ul(“ H)). By construction, the value x; is the unique

for (x,-, )'C,', l/'ti, ey
solution of

Fi(t;, xi, KG(ti, xi) +wi, Dpxi) =0, Fr(t, xi, KG(t;, x;) +w;) = 0. (6.48)
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Still, due to Theorem 6.5, we expect quadratic convergence of the Gau3—Newton
method for sufficiently small 4.

Concerning consistency, there is no difference to the case of state feedback,
since we work with the same derivative array. Hence, we also solve (6.43) with
quadratic convergence of the related GauS—Newton method.

Having performed an integration step, we always end up with a new consistent
value in L, since in both cases the equation F},(z,) = 0 is part of the numerical
procedure. Thus, we can iteratively proceed with the integration and obtain at least
piecewise smooth regularizing controls and associated solutions.

6.4 Index reduction by minimal extension

As we have already discussed in Section 6.2, the general approach which works with
full derivative arrays may be limited by memory requirements and by the fact that
the quantities Z1, Z;, T, of Hypothesis 4.2 have to be computed in every integration
step. However, in important applications like multibody systems ([79], [201]) or
circuit simulation problems ([103], [104], [214]), the differential-algebraic equati-
on has extra structure that can be used to determine the desired quantities without
this large computational effort and memory requirement.

As we have presented the general method, the complete derivative array is used
to determine an approximation Z1 to the projection Z; at the actual point, and to
compute the next integration step in (6.30). If, however, the structure of the problem
allows to identify the equations that have to be differentiated, then we do not have to
work with the complete derivative array but with a (possibly much) smaller system
that replaces F, in (6.30). See Remark 6.9 on these so-called reduced derivative
arrays. Using a reduced derivative array does not only reduce the computational
effort in the solution of (6.30) but it also reduces the complexity of computing the
projector Z; or an approximation to it, since we can replace the computation of Z»
and 7, from the Jacobian of F), by corresponding computations from the smaller
Jacobian of F), req.

An optimally small reduced derivative array is obtained when we are able to
derive all hidden algebraic constraints of the given differential-algebraic equation
analytically. We then just add these hidden constraints to the original differenti-
al-algebraic equation. While the whole derivative array consists of (u + 1)n + d
equations, the optimal reduced derivative array consists of at most 2n +d equations.
If the number of algebraic constraints is small compared to the size of the original
differential-algebraic equation, then this size is close to n.

But even with the reduction of computational work due to a reduced derivative
array, the computation of the projectors Z, Z», T may still be infeasible for large
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scale systems. In these cases, the only hope is that the whole reduced differential-
algebraic equation (6.23) can be obtained analytically.

In large scale applications, there may be another problem when dealing with
the reduced differential-algebraic equation. The successful numerical treatment of
large scale problems heavily relies on a utilizable structure of the arising linear
subproblems. This structure typically is lost when we go over to the reduced
problem. We are therefore interested in an index reduction method that allows
to conserve certain structural properties of the given problem. A possible approach
(at least for some important classes of applications) is based on the idea to achieve
an index reduction by introducing some new variables, thus ending up with an
extended system, i.e., with a system which contains more unknowns compared
with the original and the reduced system. Such an approach was first suggested
in [154] and modified to obtain a minimal extension in [130].

Since this approach must be adapted to the structure of the given problem, we
restrict ourselves to the discussion of two classes of problems which are important
in applications.

We first demonstrate this approach for mechanical multibody systems. The
classical first order form of a multibody system, see, e.g., [79], [181], [196], is

p=v,
M(p)o = f(p,v) — gp(p)T 2, (6.49)
g(p) =0,

where p are the positions, v the velocities, M (p) is the mass matrix, g describes the
constraints and A is the associated Lagrange multiplier. Under the usual assumptions
that M (p) is symmetric and positive definite and that the Jacobian g, (p) has full
row rank, this system has strangeness index p = 2. In particular, it is a Hessenberg
system with index v = 3, cp. Example 4.27.

A well-known index reduction technique is given by the Gear—Gupta—Leimkuhler
stabilization [94], that couples the time derivative of the constraint equations via
further Lagrange multipliers A into the dynamics according to

p=v— gp(P)Ti,

M(p)o = f(p.v) — gp(p)" A,
0=2g(p).

0=gp(pv.

(6.50)

Thus, this stabilization introduces new variables and therefore yields an extended
system, but this extended system is not strangeness-free. We have to perform
one more differentiation of the constraint equations to obtain the optimal reduced
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derivative array

p=u,
M(p)o = f(p,v) — gp(p)" 2,

0=g(p), (6.51)
0=gp(pv,

0=gp(p)(v,v)+ gp(p)i)‘

To obtain a minimally extended strangeness-free system, we (locally) determine an
orthogonal matrix U such that for the Jacobian matrix g,(p) we have

gp(PU =161 G2, (6.52)

with G, being square and nonsingular. We then partition

UTp: P1 UTy = V1
p2]’ %)

conformably and replace every occurrence of p, by a new variable p, and every
occurrence of vy by a new variable v;. This gives the extended system

p1=vi, (6.53a)
Py =2, (6.53b)
M(p)U [Z;] = f(p.v) = gp(p)1, (6.53¢c)
0=g(p), (6.53d)
0=gp(p, (6.53¢)
0=gpp(pP)(v,v) +gp(PIU [g;} . (6.53f)

The following theorem shows that this system is strangeness-free.

Theorem 6.12. Consider a multibody system of the form (6.49) with M (p) sym-
metric and positive definite and suppose that g,(p) has full row rank. Then the
extended system (6.53) is strangeness-free.

Proof. Since G; in (6.52) is square nonsingular, we can (locally) solve (6.53d) by
means of the implicit function theorem for p; in terms of p; and (6.53e) for v; in
terms of pj and vy. Since M (p) is symmetric and positive definite, we can solve
(6.53¢) for v1 and V. Moreover, W(p) = g, (p)M(p)_lg,, (p)T is symmetric and
positive definite due to the full row rank of g,(p). Hence, we can eliminate v;
and 0, from (6.53f) and solve for A according to

A =W(p) g (p) (W, v) + gp(P)M(p) " f(p,v))
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and we end up with an ordinary differential equation in the unknowns p; and v;.
Thus, the system has strangeness index p = 0. O

Example 6.13. Consider a multibody system describing the movement of a mass
point restricted to a parabola under gravity from [190] given by

p1=vi, U1 = 2Ap1,
D2 = V2, Uy = 2Ap2,
].73:'[)3, 1}3:_)"_17

0= p?+ p? —ps.

Here the coupling between p3 and p3 causes a higher index. Differentiating the
constraint once and eliminating the differentiated variables with the help of the
other equations yields

0 =2p1v1 +2prv2 — v3.

The coupling between v3 and v3 still causes a higher index. Differentiating once
more and eliminating gives

0 =2v7 +4rp} +2v3 +4ap3 + A+ 1.

A minimally extended strangeness-free system is obtained by adding the two deriva-
tives of the constraint to the system and by replacing p3 and ¥3 say by p3 and 03,
respectively. The system then reads

p1 =i, v = 2Ap1,
P2 = v2, vy = 2Ap2,
p3 =3, U3 = —1 — 1,

5 ) (6.54)
0= pi+p5—ps3,
0=2p1v; +2prv2 — v3,
0 =20} +4ap? + 203 +4ap3 + A+ 1.
A reduced system is achieved by simply omitting the equations that involve the
variables p3 and 03 which gives

P1 =i, U1 = 2Ap1,
D2 = V2, Uy = 2Ap2,
0=pi+p5—ps, (6.55)

0=2pivi +2pov2 — 03,
0 =20} +4xp? + 203 +4Ap3 + A+ 1.
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Numerical experiments show that working with the full derivative is about ten
times slower than solving the analytically determined reduced problem (6.55) while
solving the minimally extended system (6.54) is only about a factor two more
expensive than solving (6.55). Note, however, that this is only a small example,
where the utilization of the structure does not pay off so much.

A second class of structured problems, where the minimal extension approach
can be employed successfully, is the simulation of electrical circuit equations. It is
well-known which influence specific elements and their combination may have on
the index, for a survey see [103], [104]. Furthermore, in [83], [84], [214] topological
methods have been derived that analyze the network topology and show which
equations are responsible for higher index. These methods also allow to derive (in a
purely combinatorial way) projectors to filter out these equations from the system.
We will briefly review these results, so that we can produce a minimal extension.

Let us denote by e the node potentials, by j; and jy the currents through in-
ductances and voltage sources, respectively, by i and v the functions describing
the current and voltage sources, respectively, by r the function describing the re-
sistances, and finally by g¢ and ¢ the functions describing the charges of the
capacitances and the fluxes of the inductances, respectively. The modified nodal
analysis leads to a quasi-linear system of differential-algebraic equations of the
form

0=Actqgc(ALe.t) + Agr(Ake,t) + ALjL
+Avjv+Ari(ATe, Lqc(ALe, 1), ji. jv. 1),

0=42¢,(j.1) — Ale,

0=Ape—v(ATe, Lgc(ALe, 1), j. jv. 1),

(6.56)

where the matrix A that contains the information on the topology of the circuit is
splitas [ Ac AL Agr Ay Aj ], with A¢, A, Ag, Ay and A; describing the
branch-current relation for capacitive, inductive, resistive branches and branches
for voltage sources and current sources, respectively.

In more detail, the matrix A is obtained in the following way. We first form
the incidence matrix A = [ak.1] of the network graph, where the rows represent
the nodes and the columns represent the branches of the network graph. There
are exactly two nonvanishing entries in every column of A namely dg,; = 1and
dj,,1 = —1 if the [-th branch connects node k; with node k. Thus, the network
graph is a directed graph, since we must define a positive direction for the currents.
The matrix A is then obtained by discarding the row of A associated with the zero
potential.

For the conventional modified nodal analysis, the vector of unknown variables
consists of all node potentials e and all branch currents j; , jy of current-controlled
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elements. Introducing new functions
Cu,t) = gqc,n), L(G,0) = L0, 1),

and forming the partial derivatives
g, 1) = 2qc@.0), ¢(j.1)=2oL(j. 1),
the system is reformulated as
0= ACC(ACe t)ACd[e—f—Acq,(ACe 1)
+ Agr(Age. 1) + ALjL + Av jv
+ Asi(ATe, C(Ale, t)ACdte—i—Acqt(ACe 0. jr.jv. ), (6.57)
0=LG3r.O%jL+ (e, 1) —
0= AT ve— v(ATe C(Ace t)AC e+ Acq,(ACe t), jL, jv,t).

In the charge/flux oriented modified nodal analysis, the vector of unknowns
is extended by the charges g of capacitances and the fluxes ¢ of inductances. In-
cluding the original voltage-charge and current-flux equations in the system yields
the differential-algebraic equation

0=Acldq+ Agr(Ake,t) + ALjL
+ Avjv +Ari(ATe, g, ji, jv. 1),
0=9¢—Ale,
i = AL o (6.58)
0= Ave - U(A e, %q5 JLs JV, t)y
0=gq —qc(Afe, 1),
0=¢—0¢L(r. D).

Denote by the matrices Q¢, Qv—_c, Qr—cv, and Qv—c projections onto
kernelAg, kernel QgAV, kernel Q‘T,_CQEA R, and kernelA‘T,Qc, respectively,
and by Qcry a projection onto the intersection of the first three of these ker-
nels. These constant projection matrices can be obtained very cheaply by purely
topological analysis of the network. For the conventional modified nodal analysis

(6.57), the equations that are responsible for a nonvanishing strangeness index are
then given by the projected equations

0= QCgy(ALjL + ALi()),
0=07_c(Aye—v().
It follows that the equations in (6.57) together with the derivatives of (6.59)
0= QCgy(ALgrjL + AL g (),
0=0y_ C(Ath %”('))'

(6.59)

(6.60)
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form a reduced derivative array.
To construct a minimal extension, we determine nonsingular matrices IT;, IT,
such that

QlpyALTIT =11 0], Q) _cAbN; = [F 0]

with Ji, F1 square nonsingular. Since Qg rvAL and Q‘T,_CA‘T, are still only
incidence-like matrices (containing topological information on the circuit in form
of integers) the computation of IT;, I, and their inverses is possible with very small
computational effort and very accurately. We partition

< . jL] ~ El
=Iljjp=|%"], er=Ile=|-
JL JJL |:jL2] L e [62:|

conformably and introduce new variables
Gi=%é, =50, (6.61)
It has been shown in [130] that the minimally extended strangeness-free system for

the conventional modified nodal analysis is given by the system
0=AcC(Alm;'e, t)Agngl[ L ] + Acqi(ALTI'E 1)
a2
+ ARr(ARTI e, ) + AT i+ Ay jiv + Afi(9),

. — jl 1= 1~
o=L(JL,r)Hj1[[,7 }+¢t<n,-‘;L,r>—AZHe‘e,
dil L2 (6.62)

0=AlT;"e —v(),
0= LAt 0 4 Lic)
=Ycerv\ALY | a7 di ’

dil La

_ _ el

0= 0} cainy'[ ;) |- foen.

12

Remark 6.14. If the original system has size n and there are / equations in (6.59)
then the extended system has size n + [. Since typically / is much smaller than r,
the extended system is only slightly larger than the original system.

For the charge/flux oriented modified nodal analysis (6.58), the equations that
are responsible for a nonvanishing strangeness are given by the projected equations
in (6.59) together with the last two equations in (6.58).

Using the replacements as in (6.61) and in addition

Gg=2%Lq, o=41¢, (6.63)
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we obtain the following minimally extended strangeness-free system.
0=Acd + Arr(ARTI;' e, 1) + ALTI; L+ Av jiv + Ari(),
0=¢— AT ¢,
0=Alm;'e —v(),
0=g—qc(ACTT; 2. 0),
0=¢—or(; " jr, 1),

0= Qng(ALH;l[ e } +—i (), (6.64)
a5

— 1] & d
0=07% .Aln;! — —("),

Qy_c(AyIl, %52 ar )

n 1~ 4l e 1~
0=¢—C(ALm; e, nalm; 1[ dléz} +q (AL e 1),

dr
2 17 -1 jl -1
0—¢_L(nj ]L’t)nj d = +¢t(nj JL, 1.
darJ La

Obviously, we can use the last two relations to eliminate the just introduced vari-
ables ¢ and (13 obtaining just the minimally extended system (6.62) for the conven-
tional modified nodal analysis. Hence, system (6.64) is strangeness-free as well.
Moreover, from a numerical point of view the reduced problems and minimally ex-
tended systems belonging to the conventional and charge oriented modified nodal
analysis are the same or at least equivalent (in the sense that the common part of
the numerical solution would be same when using the same stepsizes and ignoring
roundoff errors). Concerning efficiency, however, it should be noted that in the
charge oriented modified nodal analysis the minimally extended strangeness-free
system is often significantly larger than the original system.

Remark 6.15. The presented minimal extensions allow to preserve certain sym-
metry properties of the original higher index formulation. This symmetry becomes
important when linear subproblems in large scale problems must be solved itera-
tively. See [17] for details.

Remark 6.16. Circuit simulation packages do not work directly with the equations
but rather with netlists that represent these equations. It has been shown in [18], [19]
how the equations (6.60) that are added to the system can be obtained by replacing
capacitances and inductances by new network elements, so that this process of
index reduction can be incorporated directly into existing packages. Using this
technique, it is furthermore possible to remove some equations and variables so
that the resulting strangeness-free system even has the same number of variables
and equations as the original system, see [18], [19] and the following example.
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Example 6.17. Consider the circuit in Figure 6.1 which has a loop that consists
of two capacitances and a voltage source. The equations of the modified nodal
analysis for this circuit with values Ry = R, = 1 and C; = C> = 1 are given by

-1 1 0 PRk -1 0 -1 el 0
0=|1 =20/ lea|+][0 =1 0 |le|+]| 0
o ol -1 0 0 |]|jv —v(t)

One can show that the strangeness index of this system is u© = 1, cp. Exercise 15,
and that the third equation is responsible for the higher index. Differentiating this

G) —v(t) R

Ry T

Figure 6.1. Circuit with strangeness-index u = 1

d

equation, adding it to the system and introducing the new variable ¢; = 7-e; yields
the minimally extended system
0 1 00 el -1 0 -1 —1|]e 0
0= 0 -2 00 i e |, 0 -1 0 1 e |, 0
0 0 0 O0|dr]|jv -1 0 0 O Jv —v(t)
0 0 00 él 0 0 0 =—=1]]|eé —0(t)

Carrying out the procedure described in [18], [19], which consists essentially in
eliminating again the newly introduced variable ¢; and dropping the last equation,
we obtain the system

0 1 0 d el —1 0 —1 el (1)
0=10 =2 0| —ler|+|0 —1 0 |ler|+]|=5(0)
0 0 of%|jy 1 0 0 |]|jv —(t)

of the original size and with the original variables.
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Bibliographical remarks

Different methods for index computation and index reduction have been widely
studied in the literature. Before the work of Gear [90] and often still today, the
method to solve differential-algebraic equations was to use differentiation and trans-
formation to turn the system into a system of ordinary differential equations. For
linear constant coefficient systems this can be obtained via the computation of the
Kronecker canonical form or rather its variations under unitary transformations, see
[69], [70], [216], [226].

Approaches for index reduction without reducing to an ordinary differential
equation were introduced in [45], [91], [92], [145] using derivatives of the constraint
equations or in [100] using the concept of matrix chains. Index reduction for
multibody systems is studied in [3], [4], [24], [27], [55], [79], [94], [205], for
circuit simulation in [17], [18], [19], [63], [84], [103], [104], [130], [213], and for
chemical engineering in [20], [61], [162].

A breakthrough in index reduction methods came through the work on derivative
arrays [46], [48], [50], [51], [58]. This approach also forms the basis for the methods
that we have presented and that were derived in [126], [128] for regular systems
and extended to general over- and underdetermined systems and control systems
in [39], [40], [116], [117], [129], [132], [183]. These methods are also used for
symbolic computation [59], [134], [171], [172].

Index reduction by introducing dummy variables in derivative arrays has been
introduced in [154] and modified in [130]. It is often based on the computation of a
generic or structural index, see for example [76], [161], [188], [189]. Differential-
geometric approaches for index reduction and integration methods are discussed
for example in [166], [169], [170], [175], [178], [181], [182]. Regularization and
index reduction via feedback in control problems has been discussed for example
in [32], [33], [34], [62], [129], [132].

Exercises

1. Determine analytically an equivalent strangeness-free system for the differential-alge-

braic equation

0 Offx]| _[-1 —nt X1 n sin(t)

1 nt||x] |0 —U+n][x exp(®) |’
What happens if we solve the so obtained problem by means of the implicit Euler method?
Compare with Example 5.15.

2. Implement the index reduction procedure of Section 6.1 in the following way. Suppose
that the characteristic values i, a, and d as well as the functions M, N, and g,, are
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supplied. In order to compute suitable matrices Zz, 7~"2, and Z 1 for given #;, use an
appropriate QR-decomposition of the corresponding matrices. Test your program with
the help of the problem of Example 1.

3. Combine the implemented index reduction of Exercise 2 with the implicit Euler method
using a constant stepsize. Test your program with the help of the problem of Example 1.

4. Apply your program of Exercise 3 to the differential-algebraic equation
0 t]fx1| _|1 Of]|x " 0
0 Of|x2] |0 1]]|x2 sin(¢) |

5. Consider the problem

I O|{x1] |0 Of[|x x O |1
0 Offx2] |1 1f[x2]  [x20)|  |1]|°
Obviously, the given initial value is not consistent. Determine a consistent initial value

using (6.18) as well as (6.21), choosing in the latter case the part Ay of A, as that
belonging to x;.

6. Implement the ordinary Gau3—Newton method for the solution of a given underdeter-
mined system F), (fo, X0, yo) = 0 with respect to (xo, yo). Use finite differences to
approximate the necessary Jacobians. Apply your program to the problem

1 0][x2—x1 —sin(?) —0
X 1 X2 — exp(t) -

with u = 1 in order to determine consistent initial values.

7. Extend your program of Exercise 6 by the computation of a suitable matrix Z; at a
computed solution of F,(fy, X9, yo) = 0, supposing that a and d are given. Test your
program with the help of the problem of Example 1.

8. Extend your program of Exercise 7 by the implicit Euler method according to (6.30),
using a constant stepsize. Test your program with the help of the problem of Example 1.

9. Apply your program of Exercise 8 to the differential-algebraic equation of Exercise 6.

10. Show that the differential-algebraic equation
X1=x2, Xp=x1, xiX+x3=1 x4=2

satisfies Hypothesis 4.2 with u = 1, @ = 2, and d = 2. Apply your program of
Exercise 8 for various initial guesses (Xg, yo) such as

X =1(0,0,1,2), 3 =(0,0,0,0,0,0,0,0),

or
X =(0,1,1,2), 3o =(1,0,0,0,0,0,0,0).
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12.

13.

14.

15.
16.

17.

18.
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Show that the differential-algebraic equation
X1=1, Xpx=(xpzs—1D+1)/2, x—x1=0

satisfies Hypothesis 4.2 with ¢ = 1, a = 2, and d = 1. Apply your program of
Exercise 8.

Consider the control problem

IR = u,

mgic +di(zc — 2z) +c1(ze — z2z) = A,
mziz +di(Zz — i) +c1(zz — z6) =0,
26 = vwe,

modeling a multibody system with generalized positions ¢, zg, zz and a non-holonomic
constraint, i.e., with a constraint that involves first derivatives of the generalized posi-
tions. Written as a first order system, the (scalar) unknowns are given by ¢, zg, 2z, @,
2G, 2z, M, u, where A is the Lagrange multiplier belonging to the constraint and u is the
control. Show that for any proportional state feedback the resulting closed loop system
satisfies Hypothesis 3.48 with u = 1,a = 2,and d = 5.

Apply your program of Exercise 3 to the differential-algebraic equation of Exercise 12
choosing the control u according to u(f) = 0.001 and the parameters according to
IR = 0.002, mg = 3, my = 10, Ccl = 250, d[ = 10, and vy = 2.8.

Derive a strangeness-free differential-algebraic equation that is equivalent to the problem
of Exercise 13 and apply your program of Exercise 3.

Show that the circuit problem in Example 6.17 possesses the strangeness index p = 1.

Determine the analytic solution for the circuit problem in Example 6.17 for the choice
v(t) = sin(100¢).

Derive a strangeness-free formulation of the form (5.50) for the circuit problem in
Example 6.17 and solve the problem numerically on the interval [0.0, 0.1] by one of the
implementations of Chapter 5 choosing v(#) = sin(100¢) and consistent initial values
with e>(0) = 0.

Apply your program of Exercise 3 to the circuit problem in Example 6.17 in the original
formulation with © = 1, d = 1, and @ = 2, in the minimally extended strangeness-free
formulation with 4 = 0, d = 1, and a = 3, and in the strangeness-free formulation of
Example 17 with u = 0, d = 1, and @ = 2. Compare the results.



Chapter 7
Boundary value problems

In this chapter, we study general nonlinear boundary value problems for differen-
tial-algebraic equations, i.e., problems of the form

F(,x,x)=0, (7.1a)

b(x(1), x(1)) =0 (7.1b)
in an interval T = [¢,7] C R. In view of Chapter 4, we assume that F: T x
Dy x Dy — R” with D, D; € R” open, satisfies Hypothesis 4.2. The boundary
conditions are described by a functionb: Dy xD, — RY. In particular, the number
of (scalar) boundary conditions coincides with the number d of differential equations
imposed by (7.1a). Asin the previous chapters, we require that all involved functions
are sufficiently often continuously differentiable. For ease of notation, we write

tuples also as columns and vice versa. Again, we only discuss real problems, since
we can consider the real and imaginary part of a complex problem separately.

Example 7.1. In [108], the model of a periodically driven electronic amplifier is
given. The equations in the unknowns Uy, . .., Us have the form

(Ue(t) — U1)/Ro + C1(Up — Uy) =0,
(U — Uz)/Ry — Ua/R1 + C1(U1 — Up) — 0.01 f (U — U3) =0,
fUs — Us) — Us/R3 — C,U3 =0,
(U — Us)/ R4+ C3(Us — Uy) — 0.99f (U2 — U3) = 0,
— Us/Rs + C3(Us — Us) = 0,
with
Ug(t) = 0.4sin(2007rt), Ug = 6,
f(U) =10"%exp(U/0.026) — 1),
Ro = 1000, R; =---= Rs = 9000,
C;=10"% ¢ =2-10% ¢3=3-10"°
The problem can be shown to satisfy Hypothesis 4.2 with u = 0,a = 2,andd = 3.

If we ask for the periodic response of the amplifier, a possible set of boundary
conditions is given by

U(0) =0,;0.01), [=2,3,5.
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In the area of ordinary differential equations, there are two major approaches
to solve boundary value problems, namely shooting techniques and collocation
methods. In this chapter, we generalize both approaches to differential-algebraic
equations. But at first, we discuss existence and uniqueness of solutions of boundary
value problems for differential-algebraic equations.

7.1 Existence and uniqueness of solutions

In the context of general nonlinear problems, the existence of solutions is usually
shown via the application of fix point theorems or Newton—Kantorovich-like con-
vergence theorems for iterative methods. Typically, the assumptions that have to
be made are very strong and difficult to verify. A standard ingredient in the investi-
gation of numerical methods for boundary value problems is the assumption that a
solution of the given problem does exist. Let F), be the derivative array associated
with (7.1a). According to Remark 4.15, we therefore require that there exists a
sufficiently smooth solution x* € C!(I, R") of (7.1) in the sense that

F(t,x*(t), x*(t)) =0 foralls €1, (7.2a)
Fu(t,x*(@), (1)) =0 forallz €T, (7.2b)
b(x*(1),x*(1)) =0, (7.2¢)

where # : I — R®+D7 i some smooth function arising from the parameterization
of the solution set L, that coincides with x* in the first » components.

Restricting the functions Z{, Z, and 7> of Hypothesis 4.2 to the path
(t, x*(t), P (t)), which lies in L, due to (7.2b), we obtain functions

Z1: 1> R, 7y: 1 — RWtDma . R4 (7.3)

using the same notation for the restricted functions. Note that due to the constant
rank assumptions in Hypothesis 4.2, these functions can be chosen to be smooth on
the whole interval I. By definition, they satisfy

ZoO7 Fui i (t,x* (@), P(1) =0 forallr €1, (7.4a)
Zot) Fox (6, x*(1), PO)Ta() =0 forallz e, (7.4b)
rank Zy ()7 Fe(t, x*(1), #*(t))To(t) = d forallt € I. (7.4¢)

In addition, there exist smooth functions

Z/z: I — R(/L-H)n,(u-‘rl)n—a’ T:1— R(M-‘rl)n,a’

Ty: 1— R™, T): T — RUFDnGutDn—a, (7.5)
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such that the matrix valued functions [ Z, Z> 1, [T T1 1, and [ T, T> ] are pointwise
orthogonal and

Zé(t)TFM;x ,,,, e (t, x¥(@), P@)Ti(t) =0 forallt € L. (7.6)

Following Section 4.1, we know that for every (fo, xo, yo) € L, in a neigh-

borhood of (zy, x*(ty), P (tp)), the differential-algebraic equation (7.1a) is locally

solvable and thus defines a function x from a neighborhood of 7y into R". This
solution can be extended until the boundary of the domain of F), is reached. Since

(to, x*(t0), P(t9)) € L, o€l

defines a solution on the whole interval I, the same holds for every (fy, xo, yo) € L,
in a sufficiently small neighborhood of (7o, x*(f9), £ (ty)). Thus, the solution x of
(7.1a) can locally be seen as a function of (fy, xo, yo). In this way, the value x(7)
becomes a function of (¢, x, y) € L, in aneighborhood of (¢, x*(¢), #(t)). This
means that also the boundary condition of a boundary value problem becomes a
function of (¢, x, y).

To take the restriction of (¢, x, y) to L, and the non-uniqueness of the param-
eterization & into account, we locally define a (nonlinear) projection onto L, by
considering the nonlinear system

Fu(t,%,9) =0, (7.7a)
() (& —x) =0, (7.7b)
i)' G-y =0, (7.7¢)

in the unknowns (x, y, X, y). If we write (7.7) as
H(x,y,x,y)=0, (7.8)

then a solution of this system is given by (x*(¢), P (¢), x*(t), (t)). Since the
Jacobian of H with respect to X, y satisfies

rank H; 5(x*(t), P (1), x*(t), P(1))
[ Fx (2, x*(1), P(1))  Fuy(t, x*(1), P(1))

= rank ()T 0
i 0 Ti(t)"
‘Zg(z)iF,L;xq, xX*¥(1), P(1)  Z5()T Fupy (2, x*(1), P (1))
B Zo(O)TFpx (2, x*(2), P(1)) 0
= rank " o(t) 0 ,

0 T ()"
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and since by construction the matrices

ZL(O)T Fyupy (2, x* (1), P (1)) Zot)T Fyox (2, x*(2), P(2))
T ()" ’ Ty (t)T

are nonsingular for all ¢ € I, it follows that Hy 3(x*(2), P (1), x*(t), (1)) is
nonsingular. We can therefore solve locally for (X, ) and obtain a function §
according to

(£, 3) = S(x, y). (7.9)

Since F,(t, S(x,y)) = 0, we have that (¢, S(x,y)) € L, for every (x,y) in
a neighborhood of (x*(z), #(t)). Observing that the initial value problem for
(7.1a) together with (¢, S(x*(¢), P(¢))) € L, is solvable on the whole interval I,
the initial value problem remains solvable on the whole interval I with an initial
condition given by (¢, x, y) from a neighborhood V =1, N V of (t, x*(t), P(1)),
cp. the notation of Section 4.1. Thus, the differential-algebraic equation defines a
flow

V- R, (7.10)

that maps (¢, x, y) € V to the final value x(7) of the solution x of the associated
initial value problem, cp. Figure 7.1. Since the value ¢ is kept fixed during the

X
A

(X,9) = S(x, )
(z,x,y) X =®(,%,9)

7. 2@ /)

/
/(L5 0, P(0)

/

/

Figure 7.1. Construction of a (local) flow
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following discussion, we will, for convenience, no longer state ¢ in the argument
list of .
For later use, we will need the derivatives of S in (7.9) at (x*(¢), #(¢)). These
are given by the solution of the linear system
He 5(x* (1), (1), x™(1), P(1))Sx,y(x* (1), P (1))
= —Hy y(x* (1), P(1), x*(1), P (1)),

1.e.,

Fu,x({y X*(E)a P (1)) Fp.;y(zv X*(L)a P (1))

Tr(r)" 0 Se,y(x*(1), P(1))
0 Ti(t)"
0 0
= | ()" 0
0 Ti(t)"
Let W be amatrix with orthonormal columns that spankernel F,. (¢, x* (1), P (1)).
Setting
= |T(t) O
W—|: 0 T | (7.11)

we see that W7 W is nonsingular, since H; 5(x*(1), P(t), x*(t), P(t))is nonsin-
gular, and we get

Sey (1), P(1)) = WW w)~'w’. (7.12)

We then have the following theorem on the local uniqueness of solutions of
boundary value problems for differential-algebraic equations.

Theorem 7.2. The function x* in (7.2) is a locally unique solution of the boundary
value problem (7.1) in the sense that (x*(t), P (t)) is a solution of

FM(L’ X, .Y) = 07 (7133)
Ti(t)" (v — P(1)) =0, (7.13b)
b(x, ®(S(x,y)) =0, (7.13¢)

with nonsingular Jacobian, if and only if
€ =(C+ DOy (x* (1), P(1))Sx(x*(2), P(1))) Ta(1) (7.14)

is nonsingular, where C = by, (x*(t),x*(t)) and D = by, (x*(t),x*(1)), the
subscripts x; and x, denoting differentiation of b with respect to its first and second
argument.
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Proof. Obviously, (x,y) = (x*(¢), $(t)) is a solution of (7.13). Moreover, the
Jacobian J of (7.13) is given by

Fll«;x F,U«;y
C+D®,,S; D®,,S,

where we have omitted the arguments (¢, x*(¢), $(z)). We then get that the rank
of J is equal to the rank of

ZQT Fux T, ZQTF/L;XTZ ZéTFu;yTl/ 0
ZIFxT, 0 0 0
0 0 0 I

(C+D®, ,S)T; (C+ Dd,,S)T» D, S, T, Dd, STy

Since
o7t | TS 5T un—1| 0
Se=WWw)y 2| s, =warTwyt
1

by (7.12), we have S, T, = 0 and S,7] = O from the definition of 7| and T,.
Moreover, ZZT F,.xT, and Z’ZT F,.,T| are nonsingular by construction. Thus, J is
nonsingular if and only if

&€=(C+ Dq)x,ny)TZ
is nonsingular. O

System (7.13) is a straightforward generalization of the so-called (single) shoot-
ing method known from the treatment of boundary value problems for ordinary
differential equations, see, e.g., [8]. The only difference is that here we must guar-
antee that initial conditions are consistent in order to fix a (unique) solution of the
differential-algebraic equation.

Example 7.3. The classical shooting problem was to fire a cannon at a given target.
The task then was to align the cannon in order to hit the target. Ignoring ballistic
effects, we can model this problem by

X=0, y=-—g,

where x, y are the Cartesian coordinates of the cannon ball and g is the gravity
constant. At the beginning, the cannon together with the cannon ball is assumed to
be located at the origin, whereas the target is located in a distance of L at a height H.
After an unknown flight time 7', the cannon ball is wanted to be in the same place
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as the target. Finally, the initial velocity of the cannon ball shall be known to be
some given v. This leads to the boundary conditions

x(0)=0, y(©0)=0, %0+ y(0)* =12
x(T)=L, y(T)=H.

In the spirit of the shooting method, we solve the differential equations in terms of
the initial values

x(0) =x0, x(0) =x0, yO0)=yo, y(O)=yo.
We thus obtain
x(t) =xo+%ot.  y(t) = yo + Yot — 3¢,

Utilizing these representations in the boundary conditions gives

x0=0, yo=0, x5+7y5=17%

xo+xT =L, yo+yoT —1gT*=H,

which constitutes a nonlinear system of equations for the determination of xg, xg,
yo, Yo, T. Every regular solution of this system, i.e., every solution where the
Jacobian is nonsingular, provides a regular solution of the boundary value problem.

Of course, we would have had to transform the unknown interval [0, T] to a
fixed interval [0, 1] by scaling time and to introduce a trivial differential equation
T = 0 in order to bring this example into the form (7.1a). But this would not have
essentially altered the shooting approach and the related computations.

Remark 7.4. In the case of linear boundary value problems, i.e., problems (7.1),
where F and b are linear, local existence and uniqueness immediately yields global
existence and uniqueness of the solution x*, as it is typical in all (continuous) linear
problems.

7.2 Multiple shooting

Although the previous section was only intended to give sufficient conditions for a
solution of (7.1) to be locally unique, it also provides a possible numerical approach
by simply trying to solve (7.13). In this context, the evaluation of the function @,
which involves the solution of an initial value problem, is typically assumed to be
exact because we can (at least theoretically) keep the discretization errors as small as
we want by choosing sufficiently small stepsizes. Using the single shooting method,
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one is, however, faced with the difficulty that the arising initial value problems may
be unstable in the sense that small changes in the initial value may lead to large
changes in the solution. This may have the effect that the computed trajectories
become large even though the solution of the boundary value problem is nicely
bounded. Even worse, it may happen that the trajectories do not extend until 7 due
to errors in the initial guess.

Example 7.5. It is well-known that a linear initial value problem
x=AMx+ f@), x(10) = xo,

with A € C([ty, 00), R*™")and f € C([tg, 00), R") always possesses a unique solu-
tion x € C'([ty, 00), R"). If we, however, consider the (scalar) nonlinear initial
value problem

X = xz, x(0) =x9 >0,

the situation is different. Still, there exists a unique solution locally in a neighbor-
hood of #y due to the theorem of Picard and Lindelof [220]. This local solution can
be determined by separation of the variables. From

P
/Ls)ds=/tsds,
0 x(s)? 0

1 1

X0 xo "

we obtain that

hence
X0

1) = .
@ 1 — xot

Obviously, the solution cannot be extended up to t = 1/xp.

To overcome these difficulties, the solution interval I is split beforehand into
smaller subintervals according to

E:t0<t1<-~<tN_1<tN:;, N e N. (7.15)
Given initial guesses
(xj, yi) e RWF2n i =0, .. N, (7.16)

for points (#;, X;, yi) € L, the idea of multiple shooting for differential-algebraic
equations then is to project (f;, x;, y;) onto IL,, and to solve the associated initial
value problems on the smaller intervals [#;, #;+1], requiring additionally that the
pieces match to a continuous function on the whole interval and that the boundary
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condition is satisfied. In order to develop a method which can actually be imple-
mented, it is not possible to use functions such as Z;, Z;, or 73 in the definition
of the procedure. Instead, we must look for computationally available quantities.
Note that this is in contrast to the previous section which was merely dedicated to
a theoretical investigation.

Given (t;, x;, y;) as initial guess for a point on the set L, we can solve
F,(t,x,y) = 0 by the GauB—Newton method to obtain (#;, x;, y;) € L,. Of
course, we must require that the guess (¢, x;, y;) is sufficiently accurate to guar-
antee convergence. Applying Hypothesis 4.2, we can then compute matrices 22, i
and 712,,-, so that the columns form orthonormal bases of corange Fy,.,(#;, X;, ¥i)
and kernel ZZ.T i Fu.x(ti, X;, yi), respectively. Subsequently, we can determine ma-
trices Zé’i and fz’ ; so that the columns complement the columns of 22, ; and 7:2,,-

to bases of the full space. Analogous to (7.5) and (7.6), we finally can define Tl,i

and fl’l
Similar to (7.7), the system
F(ti, %, %) =0, (7.17a)
T (& — x;) =0, (7.17b)
;i —y) =0 (7.17¢)

locally defines functions ; according to
(Xi, 9i) = Si(xi, yi) (7.18)

in such a way that (;, S; (x;, y;)) € L. Defining W; to have columns that form an
orthonormal basis of kernel F,. ,(#;, X;, y;) with (¢;, X;, §;) € L, and setting

- ;i O
W, = ’ ~ , 7.19
: [0 TU] (7.19)
we obtain : y
Sty Giy 90) = Wi (W wy~twT (7.20)

similar to (7.12), as long as WiT W; isinvertible. In the same way as with ® in (7.10),
we define flows ®; that map initial values (#;, X;, y;) € LL,, to the value x(#;41) of
the solution x of the corresponding initial value problem. As for @, we here omit
the argument ¢#; of ®; for simplicity. Again, we assume that we can evaluate ®;
exactly, i.e., without discretization errors.

The multiple shooting method is then given by

Fy (i, xi, yi) = 0, i=0,...,N, (7.21a)
Ty (it — @i (Si(xi, y)) =0, i=0,...,N—1, (7.21b)
b(xp, xy) = 0. (7.21¢)
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Comparing with the single shooting method of Section 7.1, the condition (7.13a) is
now required in (7.21a) at all mesh points #; with corresponding unknowns (x;, y;).
Besides the boundary condition (7.21c), we impose continuity conditions for the
differential components in (7.21b). Condition (7.13b), which was responsible for
local uniqueness of the solution in (7.13), cannot be used here because it involves
knowledge of the actual solution. Thus, in the present form, system (7.21) is
underdetermined. To solve this system, we apply the following Gauf3—Newton-
like method, where in the course of the presentation, we will select a suitable
generalized inverse of the Jacobian by additional conditions that will turn out to be
the appropriate replacement for (7.13b).

Given approximations (x;, y;), the Gau—Newton-like method is defined by the
corrections (Ax;, Ay;) that are added to (x;, y;) to get updated approximations.
In the (underdetermined) ordinary Gaul—Newton method, these corrections satisfy
the linearized equations

Fuox (@i, xis yi) Axi + Fuy (i, xi, yi) Ayi = —Fu (&, xi5 i), (7.222)

T (DXt — Py (S5 (i, Y)) (St (i, ¥ AX; + Sy (37, 1) Ayi)) -
= =T (i1 — @i (Si (xi, y))), ‘

by, (x0, xN)Axg + by, (x0, XN) Axy = —b(x0, XN). (7.22¢)

For an efficient numerical method, however, the structure and the properties of the
Jacobian should be utilized. In the following, we will perturb the coefficient matrix
in such a way that the system decouples into smaller systems of reasonable size. In
particular, we will choose perturbations that tend to zero when the (x;, y;) converge
to a solution of (7.21). This property then implies that the resulting GauB—Newton-
like process will show superlinear convergence, see, e.g., [71].

Definition 7.6. Let 7, m € Ny, from some normed vector space form a convergent
sequence with limit point z*. We say that the z™ converge superlinearly to z*, if
there exist £, > 0, m € Ny, with £,, — 0 and m* € Ny such that ||zt — z*|| <
CmllZ" — 2%|| for m > m*.

In a solution of (7.21), the matrices F,., (%, x;, y;) will have rank deficiency a.
We therefore perturb F),., (%, x;, ;) to matrices Mi with rank deficiency a. The
only condition that we must require is that these perturbations tend to zero when the
matrices Fj,;y(f;, x;, y;) tend to matrices with rank deficiency a. One possibility to
achieve this is to replace F,;y(t;, x;, y;) by the nearest matrix of rank deficiency a,
by neglecting the a smallest singular values of F,.,(t;, x;, y;), see, e.g., [99]. The
equations (7.22a) are thus replaced by

Fuox(ti, xi, vi)Axi + M Ay; = —F,(ti, xi, i) (7.23)



308 7 Boundary value problems

Let the columns of Z; ; form an orthonormal basis of corange M,- and let [ Zé’ i Z2.i]
be orthogonal. Relation (7.23) then splits into

Z5 Fuo (i, i, y) Axi + 25, M Ay = —ZY Fu (4, xi, i), (7.24a)
ZgiFu;x(ti,xia Vi) Ax; = —ZgiFM(ti,xi, Vi) (7.24b)

Requiring in addition that ~
T/ ;Ay; =0 (7.25)

as substitute for (7.13b) and observing that

_—
Zi,iTMi
Ty,

is nonsingular for sufficiently good initial guesses (x;, y;), it follows that we can
solve (7.24a) with (7.25) for Ay; in terms of Aux;.

Let the columns of the matrix 7> ; form an orthonormal basis of the space
kernel ZzT’ i Fuox (ti, xi, yi). Forsufficiently good initial guesses (x;, y;) also T{i T
is nonsingular. Thus, there exists a matrix Tz/’ ; such that [ Tz/’ ; T».i ]is nonsingular
and

7,1}, =0. (7.26)

Defining Av; and Av; by the relation
Ax; = Tz/,,l'AUl{ + Tp,i Av;, (7.27)
equation (7.24b) becomes
Zy i Fuox(ti, i, yi) Ty ; AV] = —Z3  Fu(ti, xi, yi). (7.28)

Since ZZT’ i Fuax (i, xi, }’i)Tz/,,- is nonsingular by construction, (7.28) can be solved
for Av].
Turning to (7.22b), we know that at a solution of (7.22) the relations

- 7T
Siox (xis i) Ax; = Wi (W W;) 1[ 5’1] Tp,iAv; = Si.x(xi, i) To,i Avi, (7.292)

~ _ 0
Sy (i y) Ay = Wi (W W) ™! [fr] Ay; =0 (7.29b)
Li

hold because of (7.25) and (7.26). Thus, we replace (7.22b) by

fg,'+1T2,i+1AUi+l =I5 Picx v (Si (xis YD) Six (X, i) Ta,i Av;

. (7.30)
= =Ty, 11 (Xig1 — Pi(Si(xi, yi))),
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which is again a perturbation that tends to zero when the iteration converges. Due

to (7.30) we only need the derivative ®;;, y(S; (x;, yi))Si;x(x;, yi) in the direction

of the d columns of 75 ;. In particular, if we use numerical differentiation to

approximate this derivative, then we only need to solve d initial value problems.
Finally, we write (7.22c¢) in the form

by, (x0, xN)T2,0Avg + by, (x0, xN) T2, N Avy

, , , , (7.31)
= —b(x0, xn) — by (x0, xN) T g Avy — by, (x0, XN) T yAVy.

Setting

Gi =T, Piva,y(Si (i y)) Sizx (i, ¥ Toin i=0,...,N—1, (7.32a)
Ji=T),Th,, i=1,...,N, (7.32b)
C = by, (x0, xN)T2,0, D = by, (x0, xN) T2, N, (7.32¢)

the remaining linear system that we have to solve for the unknowns Awv; has the
shooting-like coefficient matrix

—Go N
-G )
En = . (7.33)
—GnN_1 Jg\/
C D

This system can be solved by standard methods such as Gauf elimination with
pivoting. Since the blocks J; are invertible for sufficiently good initial guesses
(xi, i), it follows that the matrix &y is nonsingular if and only if the condensed
matrix

Ev =C+ DUy Gn-DUy Gyoa) .. (U G Go) (7.34)

is nonsingular. Thus, for the method to work locally, it suffices to show that this is
the case at least at the solution and therefore in some neighborhood of it.
At a solution (x;, y;) = (x*(t;), y;), the matrix &y takes the form

i=0

8N = CTZ,O + DTZ,N 1_[ [(TQT,,'HTZ,HI)_ITQT,,'H
i=N—1 (7.35)

c Dy (Si (X, ¥i))Six (X, yi)Tz,i].

To take into account that ®; (S; (x, y)) is consistent at #; ;1 for (x, y) in a neighbor-
hood of (x;, y;) as the value of a solution of the differential-algebraic equation on



310 7 Boundary value problems

[#, ti+1], we consider the nonlinear system

Fu(ti,x,9) 4+ Z2 ;a0 =0, (7.362)
TG —y) =0. (7.36b)

Writing this as
Hi(x,y,a)=0, (7.37)

we know that H; (x;, y;, 0) = 0. Since

rank H;.5 o (x;, yi, 0)

F;L;y(lz’ Xiy ¥i) ZZ,i

0 1
T
Ty, 0

7T
Ty, 0

’

Z/ ;Ly(tlaxuyl) 0
:rank[ ] = rank

the construction of 22 and T1 i guarantees that the matrix H;.; o (x;, yi, 0) is non-
singular. Thus, via the 1mp1101t function theorem, (7.36) locally defines functions K;
and L; according to

y=Ki(x), a=Lix). (7.38)
For all x with L;(x) = 0, we have F,(#;, x, K;(x)) = 0 and x is consistent at ;.
Furthermore, differentiating

F,(ti,x,Ki(x))+ Z>;Li(x) =0

with respect to x, evaluating at x;, and multiplying by Z; ; yields

Liix(xi) = —Z3 ;Fue (ti Xi. yi).

Hence, L;., has full row rank in a neighborhood of x; and the set of solutions of
L;(x) = 0 forms a manifold of dimension d = n — a, which is a submanifold of
the manifold of consistent values at point #;. Due to the results of Section 4.1, the
consistency of x is locally described by the condition 132 (t, x) = 01n (4.23) which
fixes a manifold of dimension d. The submanifold of the solutions of L;(x) = 0
must therefore coincide with the manifold of consistent values at ¢;.

Thus, given an x that is consistent at #;, the function K; yields a y such that
(ti,x,y) € L,, while L; (x) = 0. In particular,

Fu(tip1, ®i(Si(x,y)), Kit+1(®i(Si(x, y)))) =0 (7.39)
holds in a neighborhood of (x;, y;). Differentiating this relation with respect to
(x, y) and setting (x, y) = (x;, y;j), we obtain

Frox @ity Xige 1, Yir ) Pix,y (Si (i, ¥i))Sin,y (Xis ¥i)
+ Fuyy@Git1s Xit1s Yir 1) Kip 1,0 (1) @i,y (Si (i, ¥i)) Sizx,y (i, yi) = 0.
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Multiplying with Z; ;41 from the left finally yields

ZZT,,-HFM;x(tiH, Xit 1> Vit ) Pisx,y (Si (xi, yi))Sizx,y(xi, yi) = 0. (7.40)
Hence, the columns of ®;., ,(S; (x;, yi))Si.x,y(xi, y;) lie in the kernel of the matrix
Z£i+1FM;x(ti+1, Xi+1, Yi+1), which in turn is spanned by the columns of 77 ;41.
Since the expression 77 ;41 (T2Ti 41 Ty i) T2Tl. 41 18 a projector onto this kernel,

we have

i1 (TZ,'HT2,i+1)_1f2€-+1¢i;x,y(5i (xis YiSix,y (i, ¥i)

(7.41)
= CIDi;x,y(Si()Ci’ )’i))Si;x,y(xiv yi)-
Thus, (7.35) reduces to
i=0
en =CTo0+ D( [T @iy (S0 y)Six @i 30 oo (7:42)
i=N—1
Finally, defining

i (x) = (x, Ki(x)) (7.43)

and using T{i K;.x(x;) = 0 which holds due to (7.36b), we find that

s |10 1
Six,y (i Yi) Wi (xi) = Wi (W Wp) 0 TIT,- Kiox ()

T
2’l:| = Si;x(xia Vi)

= w,(Wlwy™! [ 5

Hence, (7.42) becomes

i=0
& = CToo+ D( T @iy (Sixis 30)Sivuy (0 3 Wicn @) 20 (7:44)
=N-1

1

Comparing with (7.14), the term
i=0
[T @iy (SiGein y)Sicy (i y0) Wi (i)
i=N-—1

in (7.44) is nothing else than the derivative @, ,, Scof doS decomposed according
to

PoS=(Py_10Sy_1)o(Wy_10Py_208y_2)0---0 (¥ odgyoSy), (7.45)
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where S differs from S by replacing T1(¢), T>(t) with Tl,O, Tz,o in (7.7). This means
that for sufficiently good initial guesses, the matrix &y in (7.44) is nonsingular
when & of (7.14) is nonsingular, i.e., when there exists a locally unique solution of
the boundary value problem in the sense of Theorem 7.2.

Summarizing the obtained results, we have the following convergence theorem.

Theorem 7.7. Suppose that the boundary value problem (7.1) satisfies Hypothe-
sis 4.2 and that (7.1) has a locally unique solution according to Theorem 7.2. Then,
for sufficiently good initial guesses, the iterates of the Gauf3—Newton-like procedure
developed in the course of this section converge superlinearly to a solution of (7.21).

Proof. Writing the Gaul3—Newton-like procedure for (7.21) in the form

where M, is the chosen perturbation of ¥,(z™) and M, denotes the chosen pseu-
doinverse due to (7.25), we have

M My =1,

since multiplication with M, yields a solution of the perturbed linear system. Thus,
we get

T = M F ()
= — M, [F ™) — FE" = My (@™ — 2" D]
= =M, [FE" T 5@ =YD - FHET -
— (M1 — F(@"NE" = 2"H]

1
- —Mm[/ (FGE" s =" - F N =" ds
0

— (M1 — F (2" (" — zm—1>].

Introducing constants 8, y, and §,, according to
Ml < B, IF(u)—F. W <yllu—-vl, [My—FZ")|=bn

for some vector norm and its associated matrix norm, recalling that we assume
sufficient smoothness for the data, we obtain the estimate

Iz — 2" < 1By llz™ — 2" + BSm—tllZ™ — 2" (7.46)

0

For a sufficiently good initial guess z°, we have that

Byt =1+ g8 <L <1.
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Due to the construction of M,,, we may assume that §,, < §¢ for 7" € 50, p),
o= ﬁ, where S(z°, p) denotes the closed ball of radius p around z°. It follows
then by induction that

Il =" < Lji" = 2"

and that
L 4ol .0
Iz — 2% < 221zt = 201

Hence, we stay in S(z°, p). Moreover, since

L,n
lzm+h — 2 < £ 112 = 201,

the iterates z” form a Cauchy series and thus converge to a z* € Sz, p). Since
the iterates satisfy M, ("1 — M) = —F () where the left hand side tends to
zero, we get F (z) — 0 and the continuity of ¥ yields F(z*) = 0.

By assumption, we now can utilize that §,, — 0 in order to show superlinear
convergence. We first observe that (7.46) then says that

m+1 _

-1 1 -1
llz N < ematllZ" =", em—1 =3By = 2" 4 Bdm—n

with g, — 0. This gives the estimate

1 &
m+1 _ *” < _L”ZWH—Z _Zm-‘rl” < L”Zm-‘r] _Zm”

1 - “1-L

&
T G o EA )

llz z

IA

Since 1 — L — g, is positive for sufficiently large m, we obtain for such values of m
that

m+1 _ x < m o % — Em
Iz e I Ty -
with ¢, — 0. This finally proves superlinear convergence of the given Gauf3—
Newton-like method. O

Remark 7.8. The main difficulty in the construction of multiple shooting methods
for differential-algebraic equations is to deal with inconsistent iterates. In the
method presented here, we have used (locally defined) nonlinear projections on L,
to get consistent initial values. A second possibility would have been to shift the
manifold I, in such a way that the given inconsistent iterate then lies in the shifted
manifold. In the case of single shooting, we could define

Ly ={t,x,y) e R B (1 x —xg+ %,y —yo+5) =0}

witp (X, ) = S(x0, yo) and solve the arising initial value problem with respect
to L,. The same idea is used in [197] in the form of so-called relaxed algebraic
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constraints when these are explicitly available. One can show that using the tech-
nique of shifting the manifold would yield a method with the same properties as the
method that we have presented here. However, the method of shifting the manifold
has the disadvantage that it requires to modify F), for the use in the initial value
solver.

Remark 7.9. In the case of linear boundary value problems
E@®)x = A(t)x + f(t), Cx(t)+ Dx(t) =w,

we can work with the reduced differential-algebraic equation (3.60). In particular,
we can directly parameterize the space of consistent values x; at a point #; by

X = —Ayt) T Hht) + T, v € RY

Thus, in this case there is no need of a projection to obtain consistent initial values.
Moreover, no values y; are needed in order to integrate a linear differential-algebra-
ic equation. Hence, in the linear case we can omit (7.21a) and rewrite (7.21b) and
(7.21c) in terms of the unknowns vy, ..., vy. Since the given problem is linear,
(7.21b) and (7.21c) then constitute a linear system for vy, . . . , vy whose coefficient
matrix has the form (7.33).

7.3 Collocation

The multiple shooting method replaces the boundary value problem by a sequence
of initial value problems. But it is well-known already from the case of ordinary
differential equations, see, e.g. [8], that a boundary value problem may be well
conditioned while the corresponding initial value problems are not. In such cases,
multiple shooting is not an adequate approach.

Example 7.10. Consider the (scalar) boundary value problem
=2, x(0) =1, x(1)=1.

withA > 0. Introducing x; = x and xp = x, we can rewrite the differential equation
of second order as a system of differential equations of first order according to

[2]=[f2 (1)][;‘;] =1, x()=1

All solutions of the differential equation have the form

. exp(At) exp(—At)
xX(1) =c [A exp()»t)j| to |:—k exp(—kt):| ’
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with ¢, c2 € R.

If we provide (nontrivial) initial values x(0) = 81, x2(0) = 81, we get the
conditions

c1+cy =281, Aci— Acr = 62,

which yield

A8+ 62 XS — 6
=, C2 = —

2) 2\

The corresponding solution x given by

_ A1 48 [ exp(nr) Ad1 — 382 [ exp(—At)
T 2n | Arexp(rr) 2A —Aexp(—Ar)

C1

x(1)

can be seen as a perturbation of the solution of the given boundary value problem
with respect to perturbations of the initial values. Thus, using the maximum norm
in R? and the related norm in C([0, 1], R?), the quotient ||x||/||8]| behaves like
rexp(A) for A — oco. The same holds by symmetry if we provide initial values at
t=1.

Considering on the other hand the (nontrivial) boundary conditions x1(0) = 41,
x1(1) = 8, we get the conditions

c1+cx =461, exp(h)ci+exp(—A)cy = 8,
which yield

_ 8y — exp(—A)dq _ exp(L)d; — 62
T exp(n) —exp(—n)| 2 exp(h) — exp(—n)

The corresponding solution x given by

o = 8> — exp(—A)8; |: exp(At) ] exp(A)d1 — &2 |: exp(—At) :|
"~ exp(h) —exp(—A) | Aexp(A) | exp(h) —exp(—A) [ —Aexp(—Ar)

can be seen as a perturbation of the solution of the given boundary value problem
with respect to perturbations of the boundary values. In this case, the quotient
llxIl/1I8]] behaves like A for A — oo.

Since the numbers ||x||/||8]| describe how errors in the initial condition or in the
boundary condition are amplified, they represent corresponding condition numbers.
If we choose for example A = 100, then we get A exp(1) > 10* and we cannot
expect to get reasonable results when we solve the corresponding initial value
problems numerically. The boundary value problem on the other hand possesses a
nicely bounded condition number.

An alternative class of methods is given by so-called collocation methods. In
contrast to multiple shooting methods, for collocation methods an approximate
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solution is sought in a finite dimensional subspace of C (I, R") in such a way that it
satisfies the given equation at selected points. The preferred spaces in this context
are spaces of piecewise polynomial functions with respect to a prescribed mesh.

In order to formulate and investigate collocation methods for (7.1), we first
assume that it has the special form

Fi(t,x,%) =0, (7.47a)
Fr(t,x) =0 (7.47b)

according to (4.23). The results for the general case then follow from the local
transformation to the form (7.47) that we have presented in Section 4.1.

For the analysis, it is convenient to write (7.1) as an operator equation. For the
choice of the correct spaces, we must not only observe that (7.47a) and (7.47b) have
different smoothness properties but also that the collocation solution is required to
be piecewise polynomial and globally continuous. Given a mesh

Tit=h<h<---<iy_1<ty=1i, NEN,
bt . _ ‘ : ‘ (7.48)
i=tiq1—t, h= max h;, h<K min h;,

where K > 0 is some fixed constant when we consider # — 0, we define the spaces

X =l R" NI, RY), (7.49a)
Y = %1, RY) x CL, RY) N (I, RY) x R4, (7.49b)

The subscript 7 indicates that we have the stated smoothness only piecewise with
respect to the mesh with one-sided limits. This leads to an ambiguity of the corre-
sponding function values at the mesh points, which, however, is not crucial in the
following analysis.

If we equip the spaces in (7.49) with the norms

[xllx = max [[x(f)looc + max { max |[[x(#)]oo}, (7.50a)
tel i=0,....N—1 t€[tj,tiy1]

|(f f,w)lly = max { max || f1(f)]leo} + max || f2(1) oo
i=0,....N—1 te[t;,tiy1] tel
(7.50b)

+,_max { max (A0} + oo,

i=0,...,N—1 te[t;,ti1

where for t = t;, t;+ the value x(¢) and similar quantities denote one-sided limits
taken within [#;, t;41], then the spaces X and Y become Banach spaces.
The boundary value problem (7.1) then takes the form of an operator equation

L(x) =0, (7.51)
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with
L:X—->Y, (7.52a)
Fi(t, x(1), £(1)
X = Fo(t, x(1)) . (7.52b)
b(x(t), x(1))
Since x* solves (7.1) according to (7.2), we have L(x*) = 0. In the construction

of a Newton-like method for the solution of (7.51), we will later need the Fréchet
derivative DL[z] of L at z € X, which is given by

DL[7]: X =Y, (7.53a)
Free(t, 20). 20)x () + Fro(r, 20). 20))% (1)
X = Fp.x(t, z(2))x () . (7.53b)

by (1), 2(1))x(1) + by, (2(2), 2(1))x(1)

In order to select a finite dimensional version of (7.51), we introduce the finite
dimensional spaces

X = Prs1,n NCOILRY), (7.54a)
Y, = RN 5 REN+Da o Rd. (7.54b)

where [Py 1 » denotes the space of piecewise polynomials of maximal degree &, or,
synonymously, of maximal order k 4 1. Observe that Y is chosen such that

dmX; =k + 1)Nn— (N —1)n= (kN + Dn =dim Y.

Hence, we must require (kN + 1)n scalar conditions in order to fix a unique ap-
proximate solution in X,,. For collocation methods, these conditions (besides the
boundary conditions) are of the form that the given differential-algebraic equation
is satisfied at some selected points. In view of (7.47), the choice of the points should
reflect the different smoothness properties of (7.47a) and (7.47b). Moreover, we
want the approximations at the mesh points to be consistent, i.e., to satisfy the alge-
braic constraints. We therefore use a Gau3-type scheme for the differential part and
a Lobatto-type scheme for the algebraic part. These schemes are given by nodes

O<o1 <<k <1, (7.55a)
O=o0pg<---<or=1, keN, (7.55b)

respectively, and define the collocation points

tij =t +hioj, j=1,...,k, (7.56a)
sij =t +hioj, j=0,... k. (7.56b)
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Observe that if it is desired that the resulting method is symmetric with respect to
time reversion, then we must choose the nodes to lie symmetric in [0, 1].

The collocation discretization of (7.51) is then given by the nonlinear (discrete)
operator equation

Lz (xz) =0, (7.57)
with
Ly: X — Yg, (7.58a)
Fij, x (1)), (1))
X = F(sij, x(sij)) , (7.58b)

b(x(1), x(1))

and we seek a solution x,; € X,;. For ease of notation, we have omitted in (7.58b)
that the indices i and j must run over the valuesi = 0,..., N —1,j =1,...,k
in the first componentand i = 0,..., N — 1, j = 1, ..., k together with i = 0,
J = 0 in the second component. Note that in the second component the indices
i=1,..., N—1,j = 0mustbe omitted, since the space X, includes continuity of
the solution. We will use this kind of abbreviation in the remainder of this section.

We will also need the Fréchet derivative D L, [z] of the discretized operator L
at z € X, which is given by

DL;[z]: X —> Y, (7.59a)
ﬁl;x(tip z2(tij), 2(tij))x (tj) + ﬁl;x(tij, z(tij), 2(tij))x(tif)
X = Fy.x (sij, 2(sij))x (sif)

by, (z(1), z(£))x(1) + by, (2(1), z(1))x (1)
(7.59b)

Note that we have defined L, on the larger space X and not only on X, € X.
Because of this inclusion, we use the norm of X also for X,;. For Y, we take the
{so-norm. Finally, we need the restriction operator

Ry: Y — Y, (7.60a)
Si fi(tij)
fa| = | faGsij) |- (7.60b)
w w

Observe that L, = R;L and DL, [z] = Ry DL|z].
Example 7.11. Consider the model of a physical pendulum
p1 =1, Ui = —2piA,
p2 =2, Uy = —=2poh — g,
pi+p=1,
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where g = 9.81 is the gravity constant, cp. Example 1.3. According to Exam-
ple 4.27, it satisfies Hypothesis 4.2 with characteristic values 4 = 2, a = 3, and
d = 2. We are thus allowed to impose two scalar boundary conditions. Following
[137], we take

v12(0) =0, p1(0.55) =0.

To get the hidden constraints, we differentiate the given constraint twice and elim-
inate the arising derivatives with the help of the other equations. In this way, we
obtain

2pivi +2povy =0

and
20} —4p7h + 203 —4p3k —2gpr = 0.

Obviously, the latter constraint can always be solved for A. The two other constraints
possess the Jacobian [ 2p; 2p, ] with respect to p1, p; in the first case and vy, v7 in
the second case. The kernel vector [ —p> pi 17 can then be used to select a suitable
differential part. This leads to a possible reduced differential-algebraic equation of
the form

P1p2 — p2p1 = p1v2 — pavi,

P1v2 — pavy = —gp1,

pi+pi=1,

2p1v1 +2pv2 =0,

207 — 4pia + 205 —4pIn —2gpy = 0.

Renaming the variables according to

(x1, x2, X3, X4, X5) = (p1, p2, V1, V2, A),
this system, after some trivial simplifications, can be written as
x1(2 — x4) — x2(x1 —x3) =0,
X1X4 — x2%3 + gx1 =0,
x12 + x22 —-1=0,
x1x3 + xx4 =0,
x32 —I—xf —gxy —2x5 =0.

Hence, the corresponding boundary value problem has the form L(x) = 0 with

fi
Lx)=|f2|,
w
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where

x1(1)X4(t) — x2()X3(t) + gx1 (1)
x1(0)? +x2(1)% — 1

fi() = | OGO = xa®) = 0O ) = x3 (t))]

f2(t) = x1(2)x3(t) + x2(2)x4(t) ,
| x3(0)% + x4(1) — gxa(t) — 2x5(1)
[ xa(0)
= _x1(0.55)i| '

The Fréchet derivative D L[z] of L at some z can be obtained via its defining relation
L(z+x)=L(z)+ DL[z]x + R(x), R(x)/|x|| = Ofor |x| — 0.
In the first component we thus get (omitting the argument ¢)

(z1 + x1) (22 + X2) — (24 + x4))
— (22 +x2)((z1 +X1) — (24 + x3)) — 21(22 — z4) + 22(21 — 23)

= 71 (%2 — x4) + x1(22 — 24) — 22081 — x3) — x2(21 — 23) + O(|Ix|?).

Treating the other parts in the same way, we get
i

DL[zIx)= | f» |,
w

where

} [ 21 (1) G2 (1) — x4(1)) + x1 () (22(1) — z4(1)) —

fi@®) = —22(t) (x1(2) — x3(8)) — x2(t)(21(t) — z3(2)) |,
| 21(0)Xa (1) + x1(1)24(1) — 22(0)x3(F) — x2()23(7) + gx1(7)

} i 2z1(0)x1 (1) + 2z2(1)x2(2)

f2@0) = | z1®)x3() + x1(Dz3() + 22(8)x4(2) + x2()z4(0) |,

| 2z3(0)x3(1) + 2z4(t)xa(t) — gx2(1) — 2x5(1)

[ x4(0)

| x1(0.55) ]

w =

A representation of the collocation operator L, and its Fréchet derivative DL [z]
can then simply be obtained by utilizing L, = R; L and DL [z] = R, DL[z] with
(7.60).

The first step in the analysis of collocation methods is to show that if x* satisfies
some regularity condition that guarantees that x* is locally unique, then equation
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(7.57) is solvable in X, at least for sufficiently small z. In addition, we derive
orders of convergence for &z — 0.

To do so, we follow [8, pp. 222-226], where a corresponding result is shown in
the case of ordinary differential equations. In the context of differential-algebraic
equations, we consider the iterative process

XM = ¥ DL [x*]7 Ly (™) (7.61)

and prove that under suitable assumptions it generates a sequence {x'} in X that
converges to a solution of (7.57). Note that the iteration (7.61) is only a tool for
the theoretical analysis. It cannot be used as a numerical method, since the value
of the Fréchet derivative at the exact solution x™* is not available.

Recall the basic properties of the iterative process (7.61) given in Theorem 5.7.
In the present context, however, we are interested in properties of (7.61) for A — O.
Thus, we must consider families of iterations (7.61) with the maximum mesh sizes
tending to zero. For these we must show that certain constants are independent of 4.
Unfortunately, in the standard formulation of Theorem 5.7 and its proof this does
not hold for the constants 8 and y. The main task of the following considerations
is therefore to replace the standard definition of 8 and y in Theorem 5.7 by more
appropriate quantities and to show that then the crucial estimates in the proof of
Theorem 5.7 still hold. Since the modified quantities will play the same role as the
original constants 8 and y, we will keep the same notation.

To derive these results, we first investigate in detail the linear boundary value
problem associated with the Fréchet derivative D L, [x*]. Introducing the Jacobians

E((t) = Fie(t, x* (1), 5*(1), € = by (x*(1), x*(7)),
A1(t) = —Fi, (6, x* (1), (1)), D = by, (x*(1), x*(7)), (7.62)
Ay(t) = —Fpx (1. x* (1)),

we have that

DL[x*]: X - Y, (7.63a)

E1(0x(1) = A1(Dx(0)
x> —Ax()x(1) (7.63b)
Cx (1) + Dx(7)

and DL, [x*] = Ry DL[x*].
Applying the transformation of Lemma 5.6 to the (linear) boundary value prob-
lem

E@M)x = A@)x + f(1), (7.64a)
Cx(1)+ Dx(1) = (7.64b)
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with some g = (f, ) € Y yields that

I O[%]_[o o][#],[A
[0 0} [fcz]_[o Ia] [@}r[ﬁ]a (7.65a)

[C1 ] [28;} +[D; Dy] [gg;ﬂ =, (7.65b)

where
x = Q[ﬂ, Pf= [ J] CO()=[C1 C21, DO@) =[Di D21
2 12
The solutions of the differential-algebraic equation (7.65a) therefore have the form
s ~ ~
a0 =00+ [ Aieds B0 =-fo.
t

Inserting this into the boundary condition (7.65b) gives a linear equation for X ()
with coefficient matrix C; + D;. We therefore have proved the following result,
compare with Theorem 7.2.

Lemma 7.12. The boundary value problem (7.64) is uniquely solvable if and only
ifC1+ Dp € R4 jg nonsingular, with C1, D as defined in (7.65b).

Writing (7.64) in operator form as D L[x*]x = g, the corresponding collocation
discretization reads DL, [x*]x; = R, g or

E1(tij)ix (tij) — Ay (ti)xx (t37) = fit)), (7.66a)
— AZ(Sij)xn (sij) = fz(Sij), (7.66b)
Cxz(t) + Dx (1) = . (7.66¢)
In order to determine a solution x; € X; of (7.66), we set Xz ;i = Xzl(t.1411
which is a polynomial of maximal degree k fori =0, ..., N — 1, and require the
continuity of x, explicitly as x ;—1(t;) = xx,;(#) fori = 1,..., N — 1. This,

however, would lead to an overdetermined system when combined with (7.66b),
since it yields that

Ax(t) i1 (1) — X (1)) =0, i=1,...,N—1,

because of 5; o = s;—1,x = ;. Observe that

Aa (1)
T (t:)T
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is nonsingular for i = 0,..., N. It is therefore sufficient to require that
Tz(ti)T(x,,’i_l(ti) —xri(t)) =0fori =1,..., N — 1. Hence, the collocation
method for a linear differential-algebraic equation consists in determining polyno-
mials x,; of maximal degree k that satisfy the linear system

E1(tij)3a.i(ti)) — Ay (ti)) % (t1)) = f1(ti)), (7.67a)
- AZ(Sij)xn,i(Sij) = fz(sij), (7.67b)
To(t)" (i1 (1) = %, (1)) = 0, (7.67¢)
Cxz(t) + Dxr (7) = . (7.67d)

Note that the indices i and j range over all those values such that (7.67a) and (7.67b)
are required for all collocation points and (7.67c) is required for all interior mesh
points tq, ..., tN—1.

For the representation of the arising polynomials, we use Lagrange interpolation
with respect to both sets of nodes. In particular, we define the Lagrange interpolation
polynomials

k k
— §—oj 1 _ § — Om
Li(§) = U ooy Li®)= n[[l P (7.68)
il ml

The polynomials x ; can then be written as

k
t—1t
Xp,i(t) = E xi 1Ly (h_> , (7.69)
1=0 !

with x; ; = x5 ;(s;;). Defining v;; = Ll(gj) anduj; = Li(¢j) forl =0,...,k,
j=1,...,k we get

k k
Xn,i(tij) = h—ll Zvjlxi,lv Xr,i(tij) = Zujlxi,l-
1=0 1=0
If we set
oj
wﬂ:/ Li(&)dg, j,l=1,...,k, (7.70)
0

then we see that V = [v;];; is nonsingular with vl = [wji];,, cp. Exercise 7.
Finally, we introduce xy = xy,0 = Xz, N—1(N).
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Inserting the representation of x ; and X, ; into (7.67), we get a linear system
for the values x; ; given by

k k
1 ~ o ~
™ S v Erpxio = Y ujiAytxin = fi(t)), (7.71a)
L =0 1=0
— As(sip)xi,j = falsij), (7.71b)
Xik — Xit1,0 =0, (7.71c)
Cx0,0+ Dxy o= w, (7.71d)
— Ax(t)x0,0 = f2(t0), (7.71e)
with j = 1,...,kandi = 0,..., N — 1. Here, we have used the fact that the
matrix R
[Az(li) ]
()"

is nonsingular and have combined the equations in (7.67b) for j = 0 with those in
(7.67¢) to obtain (7.71c).

In order to prove that the collocation method is well defined, we have to show
that the linear system (7.71) has a unique solution. To do so, we proceed in two
steps. First we consider the local systems of the form

Xi1
Bi| : |=axio+b, i=0,...,N—1, (7.72)
Xik
which consist of the collocation conditions (7.71a) and (7.71b) for j = 1, ..., k.

Their solvability is examined in Lemma 7.13.
Solving these systems in terms of the other variables and inserting the solution
into the other equations leads to relations

Xig =100 --- 0 I1B 'aixio+[0 --- 0 I1B;'b;, (7.73)
which, together with (7.71c), can be written as
Xit1 = Wix;i + gi. (7.74)

Representations for W; and g; are given in Lemma 7.14.
In the second step, we consider the global system

X0
Kp| | =gn (7.75)

XN
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representing the continuity conditions (7.71c), the boundary condition (7.71d), and
the consistency condition (7.71e), with the solutions (7.74) of the local systems
(7.72) already inserted. Its solvability is examined in Lemma 7.15.

Settlng El J o= El(tlj) Al g = Al(tlj) AZ/ = AZ(SU) fl i = fl(tlj) and
f27 j= f2 (sij) for selected fixed i, the local system (7.72) is given by

FEL —unAnn | JRE G —unAn || PEEL —uAn
iy 0 0
T Ey—unAiy | FE2—unAiy || PEEL —unAi
B; = 0 —Adp 0
7 N 2 N Vkk F; A
BEk —uiAk | PE—uAik || 5Bk — ukkAv
0 0 A
and _ -
UIOEI 1 +uioAr i1
0 f2.1
a; = s bl = R
—HRLE1k + uroArk Sk
0 2k

where B; € Rkkn g ¢ REnn and b; € R*. In the following lemma, we prove
the nonsingularity of B; for sufficiently small /;, using multiplications from the left
and from the right, respectively, with block matrices

o Pu(tij) - Pro(sij)
Tp—dlag<|: 0] P22(Si;):|>j:1

where P, O transform the differential-algebraic equation into the canonical form
(5.11). We also need to reorder block rows and columns with the help of Uy, € [Rkn.kn
given by

. Tp= dlag(Q(sU)) ,

1y 0
0 1,

U = 0 la . (7.76)

Iy 0
0 I, |

For the following estimates, we use the £,,-norm and the associated matrix norm.
Recall again that we assume all functions to be sufficiently smooth.
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Lemma 7.13. Consider the block matrix

1 2
A; = [Aoi Aoi] (1.77)

with
k
Aj = [’li ;w”Gfm]j,m:] """ o s=12

and

(i (o1 — o) — D(P11E1 Q) (tir)

—(uy — D(PHAIQ) (1) + Ohy), [ =m,
Vim (Om — o) (P11 E1 Q) (1)

— wim (P11A1Q) (1) + O (hy), l #m,

[Gl,, Giyl=

form=0,...,kandl, j=1,...,k Then the representation

1
h—[_V®I 0

} I + AUl T, (7.78)

holds and, for sufficiently small h;, the matrix B; is nonsingular with

hRVI®I 0

B! =TQUk(1—A,~+(9(h,.2))[ 0 =

] Ul'Tp. (7.79)

Proof. Taylor expansion yields
Q(sim) = Q(tir) + hi(om — 0 Qtir) + O(h}) = Q(tir) + O (hy)

and

(P12A20)(sit) = (PraA2 Q) (tir) + O(hi) = (P11 E1Q — PiiA1Q) (i) + O(hy).

This leads to

M Ey — uimAiy

[ Pii(ti) Pia(sin) [ hi 0 } O (sim)

= %(PIIEI)(til)Q(Sim) — i (P11 A ) O (Sim)

1

= ’Z—’_"(PnElsz) + Vim0 — @) (P11 E1 O) (1)
— wm (P11A1Q) (i) + O(hy)
Ulm 1 2

I’l_[l 0]+[G1m Glm]

1
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for m # . Analogously, we get

- .
TEEL —uim Al

P t; P i ~
[ Pr1(tin) 12(S1)]|: s,

:| O(sir)

- %(Puﬁl)(fil)Q(Sil) —un(PA) (1) Qsin) = (PraA2Q)(sin)
- %(pllfj] O) (i) + vir(or — o) (P11 E1 Q) (1i1)

—up(PiiA1Q) (i) — (PLE1Q — PiiA1Q) (1) + O(hy)
v 1 ~2
= h—[l 01+16Gy, Gy 1.
i
Multiplying B; with Tp from the left and Ty from the right and reordering the rows
and columns using Uy as in (7.76), we obtain that

1 1 2
Lver o
Ul'TpBiToUy = [hi ® }+[G G }

0 -1 0 0
with G* = [Gfm]l’m. Since V is nonsingular with vl = [wji]j,1, we have
-1
[hlv . ®1 _01] UT TpB:ToUy = I + A, (7.80)

with A; as defined in (7.77). Multiplication with the inverses yields the desired
representation of B;.

Since the matrices G, stay bounded for all /,m and s = 1,2 when h; — 0,
we have |A;|| = O(h;). Thus, I 4+ A; is nonsingular for sufficiently small A;
with the inverse satisfying (I + AV =T—-A + (D(hl.z). By this and (7.80),
we see that B; is nonsingular for sufficiently small %; and that Bfl has the stated
representation. O

Having shown that the local systems (7.72) are uniquely solvable at least for
sufficiently small /;, we now derive representations for W; and g; in (7.74).

Lemma 7.14. In equation (7.74), the coefficients W;, g; have the representations

Wi = Qi) [’ - —gfz} 0a™, (7.81)
with F;1 = O(h?), Fip = O(h;), and
Ci
i =0 2 , 82
81 = Qlli+1) |:_(P22f2)(ti+1):| (7.82)

where c; = O (h;).
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Proof. Using the representation of Bl._1 given in Lemma 7.13, we compute
WiQ(t) =10 - 0 1B 'a;Q().

With Q(t;) = Q(ti) + O(hi) = Q(tir) — orhi O(t) + O (h?), we have

[ Pii(tin) PraGsin) ]

[ _%}El,l + uzofil,z} o)
0

= —%(PIIEAI Q) (tir) + vio1 (P11 E1 Q) (i) + uio(P11 A1 Q) (i) + O (hy)

Vo
=— -l 0]1-[Gly G 1.

Hence, we have

1 Tvo®I O Gl G?
U,ZTpaiQa,-):——[Oo o}_[oo e

hi
with vo = [viol;=1,...k and G‘B = [G‘;O]lzl ..... yfors =1,2.
Applying the next factor in the representation of B;" Iand using vy = — Ve with
e=[1 --- l]T,weget
VeI 0
[ 0 _,} U{ Tp ai Q(t1)

_[nvter ol ([iVeel 0] [G) G}
- 0 ~1 0 0 0 0

_[e®l 0] [mV'®G) hV™'®G]
Lo o 0 0 '

The next factor that has to be applied due to the representation of Bl._1 is given by

1 0 Al A2
I—A,-+(9(h%)=[0 1]‘[6 Ol]w(h%).

Setting

1 0] [Al A7 2
Hi=([0 1}_[0 O}+(9(hi))

(lewl 0] [nV'®G) hiV™'®G]
0 0 0 0 ’
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and observing that A;O = h; Zf:] w1 Gy, = O(h;) according to Lemma 7.13, we

obtain that

329

— — — — — k — — —
I 0] [Ale Al Yol 0] [omd om?
Hi=11 0|~ |aly a2o| 7| kool 0| T|om) oud
0 0 0 0 0 0 0 0
o o] o o] | 0 o] | 0 0 |
Thus,
-, e
% k
Hi=|1-F1 —F2|,
0 0
with Fij = Y5 g AL, + Oh2), Fp = AL )+ O (k).

Altogether, we obtain

Wi Q) =10 --- 0 I1B'a;Q(t;) =[0 --- 0 I1diag(Q(si)UxH;

and hence, since s;x = t;+1, we have

F;

Wi = Q(ti+1) [1 _0 _5’2} o).

In order to show that Fj; (9(hi2), we use interpolation of the polynomials
p(t) =1,q(t) =t at the points oy, . . ., 0% to obtain

k
Z Lrn(Ql)Gm =1

m=0

k k
Y Luen =1, > Lule) =0,
m=0 m=0
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By inserting the terms defined in Lemma 7.13, we see that

k k k
1 1
D A= ) i ) wuGiy

k
= hi Y wit( Y [oim(om — e (P E1 00 i) = wim (P1 A1 Q1 ()]
=1 m=0
m#l

+ oy = ) = DPHEI QD) = (i = D(PAI QD W) + O o))

k k
=i Y wi ([ Lmtentom — ) = 1](PE G
=1 m=0

k
= |22 Lmten = 1|PuAi QD) + O ) = O D)

m=0
and therefore )
Fit =Y Ay, + 00} = 0.
m=0
Looking at the definition of A,%O, it is obvious that Fjp = O (h;).
Analogously, we insert the representation for B;l given in Lemma 7.13 into
gi=[0---01 ]Bflbi. We first observe that

T o T (P11 f) (@) + (P f2) (1))
Uk TPbl — Uk [|: (Pzzfz)(tij) :|j_1 ki|

_ [(Pnfl)(tij)ﬂf(Plzfz)(fij)]j:1 ..... k
[(Pzzfz)(tij)]j:1,...,k ‘

=1,...,

Applying then the remaining factors of the representation of B;~ ! gives

-1
g =100 - 0 I1ToUr(I — A; + O(h?)) [h’v 0 ®1 _01] Ul Tpb;
2 O (hi)
=[0---0 Q(Sik) ]Uk(l —A; + (9(”1[ )) |:[—(P22f2)(tj)] . k:|
U j=1,..,
_r0 0 O 1T O (hi)
= [ oo Q(ll+1) ] k [_(P22f2)(tij)]j:1 ..... .

Ci
= Q(ti+1) |:_(P22f2)(t,’+1):| ’
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with ¢; as in (7.82). O

The global system (7.75) is given by K;, € RINTDn(N+Dn apg o) ¢ RNV+D2
where

— —_ — A —

C D w
—Az (o) Sf2(to)
Wo —1I —80
Kn = coen=| (7.83)
| Wy —1 | | —8N—1_]

To prove that K}, is nonsingular and that K~ ! gn is bounded for 4 — 0, we multiply
from the left and from the right, respectively, with

T) = diag(I, Pn(1), Q1) ', ..., Qem) ™), T, = diag(Q(1)), - - ., Qtn)),

where P, Q are given by Lemma 5.6. We also use Uy € RIV+DN+Dn which is
defined analogously to Uy in (7.76), to reorder rows and columns. Finally, we set

Cq D G D,

I =1 —Fpy O

My = . . , Np= . . ,
I I —Fy_12 0
0
_FO,l 0
Dy = ,
—Fy_11 O

with Cy, C2, D1, D> given in (7.65b) and Fjj, F;p given in Lemma 7.14, and define

| My Ny _|Dn O
S K B
Lemma 7.15. The matrix Kj, of the global system (7.75) given in (7.83) has the

representation
Kn=T""Uy Ay +A) UL T (7.84)

For a uniquely solvable boundary value problem (71.64), the matrix Ky, is invertible
for sufficiently small h, with

K, ' =T7"Un( — A A+ 0PN A UL T (7.85)



332 7 Boundary value problems

Proof. Multiplying with T; from the left and 7, from the right, we get blockwise

I 0 C o o
[0 Pzz(to)} [—Az(ro)] Qo) = K —1]’

I 0 D D1 D,
[0 sz(to)i| [0] QUM =19 o }

[1—Fy — i2:|

Qi)™ WiQ) = |" 0

if we use the representation of W; given in Lemma 7.14. Reordering of the rows
and columns yields
Uy Ti Kn T, Uy = Aj + A

and thus (7.84).
By Lemma 7.12, the matrix S = Cy 4 D; is regular. Hence, M}, is regular with
inverse

I D - D
S*l
Mh—lz —-C
S—l D
I -C --- —C
Using Lemma 7.14, it follows that
N—-1
1M, Dilloe < 115~ loo max {[|C1lloc: 1D1llcc} Y I Fitllo = O(h).
i=0

Since M), is nonsingular, the same holds for Aj. In particular, we obtain
145 Anlloo = 1M, Dhlloc = O ().
Thus, Ay + Ay, is invertible for sufficiently small 4 and
(An+ A~ =T - A A+ OP)AL
This proves the invertibility of K} and the representation of K, I O

We then combine Lemmas 7.12, 7.14, and 7.15 to investigate the solvability of
the linear collocation system (7.66).

Theorem 7.16. Let the boundary value problem (7.64) be uniquely solvable. Then,
for sufficiently small h, there exists a unique solution x; € Xy of (7.66). Moreover,
writing (7.66) in the form DL [x*]x; = R, g, the estimate

lx=llx < Bliglly (7.86)

holds, where B does not depend on g and h.
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Proof. Using (7.82) and observingthatc; = @ (h;) and Fj» = O (h;) by Lemma7.14,
the representations of K, Vand M " ! yield that

_ 5 _
—co
M, d
-1 —1 : (P
A UL Tigy = [Mé' Mh_INh} —ext | = ( 22f2)(to)
(P22 f2)(t0) -
. — (P22 f2)(N)
L (P2 f2)(tn)
with R )
do W + C2(Pa f2)(t0) + Da(Pr2 f2)(tN)
di —co — Fo,2(Px2 f2)(t0)
dpy=1| . | = .
dy —CN-1 — FN—1,2(P22f2)(tN—1)

In particular, ||dj||cc = O(h) fori = 1,..., N. Hence, with § = C| + D; we
obtain that

N
1M, dplloo < ||S—1||oo(||do||oo +max {[|Cilloo: 1 D110} Y ||d,~||oo),
i=1
and therefore

1K, gnlloo < IT,UNU — Ay Ap + OP) A UL Tignlloo
< IT,UNUI — Ay Ap 4+ O lloo
-max { | M}, dhlloo, | (P22 f2)(t0)lloos - -, (P22 f2) (tN) oo} -

Recalling the definition of the quantity ¢; in the proof of Lemma 7.14, we have that
llcilloo < Bhillglly,i =0,..., N —1, where B does not depend on 4; and i. Then,
the quantities d;, i = 0, ..., N, are also bounded according to ||d; ||coc < Bhillg|ly
with possibly increased constant 8. Thus, we get

max_|xilloo = 1K, ghlloo < Bliglly.
i=0,....N
again with possibly increased constant 5. The relations (7.72) and (7.69) then show
that a similar estimate holds for all values x; ; and hence uniformly on I. In this
way, we get

max oz () lloc < Bllglv

with a (possibly increased) constant 8 which does not depend on £.
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To get the estimate for the derivative X, on [f;, f;11] involved in (7.86), we
observe that

E\(tij)in (1)) = Ay (ti)xe (t) + A1), j=1.....k,
0= Ax(sij)xa(sij) + flsij), j=0,....k
Since x; € Pr11 7, We can write x; as
k
@ =3 xe iDLy (’%)
1=0

compare (7.69). Hence,

k
t; t; 1
AZ(t”)xn (tj) = ZAZ(IU)X” (Sll)Ll ( ljh l) hi
=0 i i

= Z(Az(s,n + O(h))xz (m)Lz(@,)—

=0

Z@(h) X (sit) L <g, Zfz(szz)Lz(QJ)—

=~

. 1 A A . 1
O(h) - xx (Sil)Ll(Qj); - Z(fz(sz'z) - f2(ti))Ll(Qj);a
1 l:O 1

where the latter identity follows from
Xk: i (t il ) 0
l =
1=0 hi

forallt € [t, tj+1]. Since fz is continuously differentiable on [#;, ;41 ], there exist
points 6;; € [¢;, t;+1] which satisfy

Psi) — o) = hior f(6i).

Therefore, possibly increasing the constant 8, we have that

1A2(tij)ix (1) loo < Brliglly + ﬂzte[max | 1F 200 < Bllglly-

itig1

Together with A
IE1(tij)xx (tij) loo < BlIgIly,
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it then follows that
X7 (tij) oo < Bligly,

E,
A

is a (smooth) pointwise nonsingular matrix function, compare Lemma 5.6. Using
Lagrange interpolation of X, at the points #;; with L as in (7.68), we have

k
0 = Y i i) Ly (Ih—t> .

=1

since

Thus, it follows that

max Xz (D)oo < Bllglly
telt tiv1]

and finally
Xz llx < Bliglly
with possibly increased constant 8. Observing that the choice of 8 does only depend

on the problem data involved in D L[x*], but not on the selected inhomogeneity
g € Y nor on A, the claim follows. O

Remark 7.17. Theorem 7.16 shows that the collocation discretization given by
DL,[x*] is stable in the sense that the operator norm of the linear operator
DL,[x*]"'R,: Y — X is bounded according to

IDLy[x*]7 Rellx v < B (7.87)
with § independent of /.

The next question then is how good the collocation solution approximates the
true solution. Recall again that we assume that all coefficient functions and hence
the solution are sufficiently smooth.

Theorem 7.18. Let x be the unique solution of the boundary value problem (771.64)
and let h be sufficiently small. Then the collocation solution x; € X, of (7.66)
satisfies

llx = xzllxx < Th*, (7.88)

where the constant U is independent of h.
Proof. Interpolation of x analogous to (7.69) yields

x(k-i—l)(g (1)) l_[
(r —

x(l‘)—Zx(Szl)Ll< W )JH/W) Vil =0

(7.89)
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with 0;(¢) € [t;, ti+1]. Inserting this representation into the differential-algebraic
equation and evaluating at the collocation points ¢;; and s;; gives

x(si1) 71

B; : =ax(t)+bi—| |, ;= |:(E1Wi B glwi)(tij)] ,
X (Sik) Tik
compare (7.72). Obviously, we have ; (1;;) = O (h¥™") and ; (1;) = @ (h¥), thus
T = (9(h{.‘). Since the collocation problem is uniquely solvable for sufficiently
small 4, it follows that the matrix B; is nonsingular and that we can solve for
x(sik) = x(tiy1) to get
Ti1
x(tip) =Wix(t) + g —1, u=[0 - T1B7"| : |,
Tik

compare (7.74). This then yields the representation
- ) Pi o k+1
T = Q(tl+1)|:0:|v i —O(hi )

of the local error 7; analogously to that of g; given in Lemma 7.14. The continuity,
boundary and consistency conditions for x lead to the global system

0
x(to) %
Kp : =g+t = : ,
x(t
(n) —

compare (7.75). Due to the unique solvability of the collocation problem for suf-
ficiently small 4, the matrix K is nonsingular and the difference of the global
systems for x and x,, respectively, gives

x(to) — xo
Ky : =T1. (7.90)

x(ty) — xn

Replacing g, by 1, in the proof of Lemma 7.15 and observing that 7, = @ (h**1),
we have Kh_lrh = O (h"), ie.,

max[lx () = xilloo = O(h").

1=l

.....
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Similarly, we obtain
x(si1) — X1 Ti1
: =B lai(x(t) —x) - B | | =005 +0omh) 791)
X(Sik) — Xik Tik
for the difference in the local systems. Thus, we have shown that

(max (o) =i jlloo = O").

Looking at the differences of the interpolation representations for x and x,, respec-
tively, we then find that

max [|x(f) — x5 (t)|loo < Th".
telti tiv]

To get an estimate for the derivative x — X, on [#;, t;+1], we observe that
Er(ti) Gi(tig) = k() = A i) (e (tij) — x2 (1)), j=1,....k,
0= Aa(si)(x(sij) — x2(si)))s j=0,....k.

Applying Lagrange interpolation of x — x;; at the points s;; = 1; + h;o0; gives

x(t) — xp (1) = Z(x(slz) — X (si) L ( - ) +OEh.
1=0 !
Since (jt)kﬂxn = 0 on [¢, tj+1], it follows that the constant involved in O (h¥+1)
does not depend on &. Thus, we have

Ar (1)) (G (1) — in (81)))

k
. - (tij—1) 1
= Ay(tij) Y (x(sir) — Xz (sin)) Ly (t] ! > T O ("

1=0 hi

k ) 1
=D _(Aalsin) + O (x(sir) = xx (i) La(ey) ;- + O
=0 !

k

=Y 0+ 0Mh) - 0Hr")-0)- 00" + 00"

=0

oY),

where all constants do not depend on /. Together with the relation

Ev(tij) G (ti) — % (t))) = O(hY),
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this implies

15 (1)) = & (1) oo < TAE,
possibly increasing the constant I'. Lagrange interpolation of X — x; at the points #;;
gives

k r—1
() = dn (1) = ) (i) — dx () Ly (—) + 00"

I=1 hi
Again, since (%)k)'cn = Oon[#, tj+1], it follows that the constant involved in @ (h*)
does not depend on /. Thus, we finally have

max [ (f) — %z (t)]leo < Th¥,
telt,tivr]

possibly increasing again the constant I'. O

Having performed the detailed analysis for the linear boundary value problems
associated with the Fréchet derivative DL, [x*], we return to the nonlinear case.
As already mentioned, we want to apply Theorem 5.7, but we must replace the
constants B and y by quantities which do not depend on the maximal mesh width 4.
With the interpretation of the constant 8 from (7.86) according to Remark 7.17,
we already have an appropriate substitute for the constant 8. In order to obtain a
corresponding replacement for y, we must consider the dependence of the opera-
tor DL[z] on z.

Lemma 7.19. Let L from (7.51) be defined on a convex and compact neighborhood
D C X of x*. Then there exists a constant y that is independent of h such that

IL@x) = L(y) = DLIZI(x = )y < 3¥llx — ylxlx — zlx + Iy — zllx) (7.92)
forallx,y,z € D.

Proof. Letx,y,z € D, setg = (f1, f»r,w) = L(x) — L(y) — DL[z](x — y), and
introduce the convex combination u(t; s) = y(¢t) + s(x(t) — y(¢)) with s € [0, 1].
For the first component f; we have
I £1() oo
= | Fy(t, x (), (1)) — F1(t, y(1), y(2))
— By (t, 2(0), 2(0)) (x (1) — y(£)) — F1.5(t, 2(0), 2(0)) (i (1) — (1) [l
= | F1(t, ult; s), ilt; )20
— Fp(t, 2(0), 2(0)) (x (1) — y(£)) — F1.5(t, 2(0), 2()) (i () — (1) [l
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1
= H/O [(Frox(t u(ts 8), (1 8)) — Frox(r, 2(0), 20) (x (1) = y()
+ (Frii(t,u(ts s), i(t; ) = Fiis(t, 2(0), 2@) G () = $(1)lds Hw

1
< /O [ lla(ts $) = 2o + v2lli(t: 8) — 2O o) X (1) — YO lloo
+ allutts ) — 20 lloo + 7alli(E: ) = 2O o) 1) — $©)lloc)ds
1
<ylx— y||x/0 lu(-: ) — zllxds,

with all the constants 1, ..., y4 and y being independent of ¢, x, y, z, and h.
Analogously, we get for the second component f>

12O lleo = I1F2(t, x (1)) — Fa(t, y(1)) — Fax (7, 2(1) (x (1) — y(0)lloo
= | Ea(t, u(t; )2 — Faux (2, 2(6)) (x(2) — y())lloo

- H /Ol(ﬁ“(t» u(t; 5)) — Fax(t, 2(0))(x (1) — y(t))ds Hoo

1
=vlx - yIIX/O lu(-:s) — zlxds,

possibly increasing y. Furthermore,

1
120 lloo = H /0 [(Pouan (t, 1t 5)) + Fouxx (1, u(t: )i (t: 5))

— Fe(t, 2(0) = Fax (£, 2(0) Z(0)) (x (1) — y(1))
(P, 0(55.9) = Pt 2(0) () = 50)ds |

< /01 [(yilluzs s) — 2Ol + y2llu(t: s) — 2(Dlloo
+ y3llu(t; s) — 2@ lloo) 1x (@) — y(Dlloo
+ vallu(t; ) — 2@ ool (1) — Y () lloclds
=vlx - yllx/O1 lu- 5 5) — zllxds,
again possibly increasing y. Finally, for w we get

lwllo = IBGx(2), x(7)) = b(y(£), Y(£)) — by (2(1), 2()) (x (1)
—y(1)) = by, (2(1), (D)) x(7) = Y(T)) oo
= [1bu(t; ), u(7; )15
— by (2(1), 2(D)(x(1) — y(2)) — by, (2(2), (D)) x(T) = Y () lloo
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1
ol fo [(by (25 ), u(T; 5)) = by (2(), 2(DN (L) = ¥(1))
+ (by, (13 9), u(T; 9)) = by, (2(2), 2(D) (x(7) = y(7))1ds Hw

1
=< /0 [((illu(t; s) — 2(Dlloo + v2llu(ts ) — 2(Dlloo) 1x(2) — y(Dlloo
+ (3llut; s) — 2(Dlloo + vallu(ts s) — 2(H)lloo) 1x(£) — y(H)llc1ds

1
< yhx =yl [ - 59) = zleds,
and thus we have, again possibly increasing y,
1
lglly = yllx — ylle0 ly+s&x —y) —zlxds

1
=ylx— yIIX/O ls(x —2) + (I —s)(y — 2)lIxds

IA

Ivlix = ylix(x = zlx + Iy — zllx)- O

With these modifications of the constants 8 and y, we can show that the crucial
estimates in the proof of Theorem 5.7 still hold. In particular, we have

[t — X
= DL [x*]7 Ly (x") — Ly (x™ ™Y = DL [x*1(x" — x™ " H]|Ix
= DL [x*]7 'Ry [L(x™) — L(x™™ Y — DLIx*1(x™ — x™ H]|Ix

1 - _
< 3By Xl — x2 M (lx — x*llx + I1x2 1 = x*[1x),
as long as xg, ..., xP, x* € D, and similarly, for x>* € X; ND with L, (x}*) =0,

1 1
g 1 = X3k < 3By Iy — xa* Iy — x* x4 e — x*[1x).

Thus, to apply Theorem 5.7, it only remains to discuss the assumptions con-
cerning the quantities o« = ||x}, - xg Ix and T = —||x2 — x*|Ix. Both involve the
choice of the starting value xg of the iteration (7.61). To get an appropriate xg, we
consider the linear boundary value problem

DL[x*]x = DL[x*]x* (7.93)
and its collocation discretization

DL [x"]x = DL [x*]x*. (7.94)
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Since (7.93) has the unique solution x* by construction, Theorem 7.88 yields that
(7.94) has a unique solution x € X, for sufficiently small / satisfying

x* —x2)lx < Tht. (7.95)

” T ||X = ’ ( . )
X X = 2[3 ‘ 96

cp. Corollary 5.8. Moreover, because of
lx) —x20x = IDL[x* 17 Ly (x2) 1%
= IDL[x* 17 'Ry L(x* 4+ (x2 — x")x
< BIL(x*) + DL[x*1(x2 — x*) + 0(I1x2 — x*| %) lIx

< BIDLIx ]y x I1x0 — x*|Ix + O(Ix2 — x*[1%),

we have N
Ixy — x2lx < Th* (7.97)

with T independent of %, and we can choose / so small that

_ 1 0 1
o =[xy —xzlx < 9By (7.98)

and that §(x2 ,4a) C D. It follows then inductively, as in the proof of Theorem 5.7,
that (7.61) generates a sequence {x'} with

XM e S, 4a) N Xy (7.99)

Since X; € X is closed, the sequence converges to an x* & S (xg, da) N X,
with Ly (x}) = 0. Local uniqueness follows, since (7.96) and (7.98) imply that
p— < p4. Observing that

e =il < 2% = xpllx + llxg — x5 llxc < Th* +4Fh*
by Corollary 5.8, we have shown the following result.

Theorem 7.20. Let x* € X be a regular solution of L(x) = 0. Then, for sufficiently
small h, there exists alocally unique solution x}: € Xy of Ly (x7) = 0. Inparticular,

the estimate
Ix* — x%llx < Th (7.100)

holds, with T independent of h.
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Hence, the proposed collocation discretization given by (7.57) represents a
method which is convergent of order k in the sense of (7.100), whenever we choose
the nodes according to (7.55).

It is well-known from the case of ordinary differential equations that special
choices of the nodes yield even higher order compared to (7.100) at least at the
mesh points #;. This effect is called superconvergence. In the following, we will
discuss this issue for the situation that we choose Gauf3 nodes for o1, ..., gox and
Lobatto nodes for oy, ..., or. These are given by transforming the interval [0, 1]
to [—1, 1] and defining the modified GauBl nodes o; = 2¢; — 1, j = 1,...,k,
to be the zeros of the Legendre polynomial P and the modified Lobatto nodes
&j =20;—1,j=1,...,k — 1, to be the zeros of Pk, respectively. Since the
Legendre polynomials form an orthogonal system in the space of polynomials, we
have

1 k
/ q) [[¢s —ep)ds =0 forallg € Py, (7.101a)
0 il
1 k
/ q(s) l_[(s —o0j)ds =0 forallg € Py_;. (7.101b)
0 <0

Moreover, the two sets of nodes are related by

o k

J
/ n(s—gl)a’s=0, ji=0,... k. (7.102)
0 o

See, e.g., [108, Ch. IV] for more details on this topic. For the cases k = 1, 2, 3, the
GauB3 and Lobatto nodes are given in Tables 7.1 and 7.2, respectively.

We begin the analysis of the collocation methods belonging to this special choice
of the nodes again by studying the convergence order in the case of linear boundary
value problems.

Theorem 7.21. Consider Gauf3 nodes for i, ...,0r and Lobatto nodes for
00, ..., 0. For sufficiently small h, let x; be the unique solution of the linear
boundary value problem (7.66). Then, for the resulting approximations x; = X (t;)
the estimate

max [lx () = xilloo = O(h*) (7.103)

.....

holds.

Proof. Since x; is consistent, the initial value problem £y = Ay + f, y(&;) = x;i
is uniquely solvable and the solution y has a representation

[101(Q() "x +f,f(Pf)(s>ds>}

—1 i
(@ o= [ —(Paf)()
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Table 7.1. Gaul3 nodes

oj |j=0 j=1 j=2 j=3
k= 0 1

k = 0 : 1

_ 1 _ /5 1,45

when we use the transformation (7.65) to canonical form. The approximation x,
is the solution of the initial value problem

Ey = Ay + (Eix — Axz),  y(6) = xi,
and can therefore be written in the form
—1 t A N
(0 \xn)(t) = [10](QH) 'x; +ftL(P(Exn — Axz))(s)ds) .
(PnA2x7)(1)

Since x;; is consistent at the mesh point #; 1 1, the difference of these representations
att = tj4] gives

lit1 Lit1
Y(tis1) = Xip1 = Otit1) [ffi dals)ds g Jy ‘Ms)ds} , (7.104)

with functions

ba = Pi1(fi — Erig + A1xz), ¢ = Pra(fo + Aaxy).

Since x; satisfies the collocation conditions, the collocation points #;1, . .., tj; are

zeros of ¢g and s;0, . . ., $ix are zeros of ¢, respectively. Hence, there exist smooth
functions w; and w, with

k k
¢a(s) = 0a(s) [ [ = 1), Pals) = wals) [ (s = si)).

j=1 j=0
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Taylor expansion yields wg = ¥4 + O(h{.‘), wq = Vg + (9(hf.‘_1) with polynomials
Vg € Py and ¢, € Pr_1, respectively. Inserting this into (7.104) and using the
orthogonality properties (7.101) of the Gauf} and Lobatto schemes, we obtain

tit1 fit+1 k
$a(s)ds = f [a(s) [ Js — i) + Oh7))ds
1

ti j=1

1 k
- hf“ /0 Ya(ti + hi§) H(g — 0j)dE + @(h?k-i-l),

j=1

tit1 fit+1 k
Pa(s)ds = f [Va(s) [ [ (s = 5ij) + Oh7))ds
1

ti j=0

1 k
= hi'H_Z\/(‘) WL{(ti + hlS) l_[(é' — O—j)d%- + (9(h1,2k+1).

j=0
Altogether, we then have that

ftfi+l da(s)ds + flii-%—l ¢a(s)dSi| — Oh2,

T =y(tiv1) — Xit1 = QUit1) [ 0

Considering a fundamental solution W ( -, ¢;), i.e., a solution of
AL A I 0 1
EW =AW, W) =0 |, oo™,

we see that x(r) — y(t) = W(t, t;)(x(t) — y(t;)). Setting t = t;41, we get in
particular that

W(tiv1, t)(x (&) — x;) = x(tip1) — y(tig1) = x(tig1) — Xip1 — T

fori =0,..., N — 1. This, together with the boundary condition and the consis-
tency condition in #g, gives the linear system
C D 0
—Ax(to) 0 x(to) — xo
Wt 1) —1 : =| —% |,
: . x(tN) — XN :
Wy, tn-1) —1 —IN-1

compare (7.90). Proceeding as in the proof of Theorem 7.18, we get

max_[|x(t;) — xiloo = O(h?),
=0 N

1=U,...,

since the inhomogeneity is of size @ (h?+1). O
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Corollary 7.22. Under the assumptions of Theorem 7.22, we have that
max{lx(sij) = xijlloe = O} %) + O (%) (7.105)
J

.....

fori=0,...,N—1ifk>72,and
max [|x (1) — xx (1) oo = O *T). (7.106)
te
Proof. Lookingat (7.91) in the proof of Theorem 7.18 and using x (t;) —x; = O (h?k)
due to Theorem 7.22, it is sufficient to show that Bl._1 [7i,;]; = (9(hf+2) in order

to prove the first assertion. Recall the definition of v; in (7.89). Transformation to
the canonical form of Lemma 5.6 yields

Pii(Eri — Aryi) = (PUE1Q) (07 ) — (P11A1Q — PLE0)(Q™ i)
=[1 01407 i) + (P2A20)(Q7 ') = ¢ + O,

when we define ¢ = [ I 0](Q~!v;). By interpolation of ¢ with respect to ¢; and
by Taylor expansion of the interpolation error, we obtain

k 50 (g k
Z Yo (i) = 6(1) - % [T¢ -
=1 ’ =1

k
=¢t) — K[ [t —t) + O
=1

with K = o**+D(#;). Inserting the definition of w; given in (7.70) leads to

k
> wjigtin)
=1

O’j k
/0 3 l<s)¢(m>d§—hff'fZLl %) (i)t
=1
k

= [ ewdt — £ [0 T]@ = ade + 0wl
=1

O'j k
= PO ey / [1¢ - ends + ok
i 0 =1

= Ohh,

since s;;, t; = s;0 are zeros of v; and thus of ¢, and since the second term is zero
due to (7.102). Altogether, recalling that vl = [wj;];,, we have

(Pui (v — Alwi»(t,-,-)]j} _ [[«b(m) - O(hf-‘“)]j]

U{ Tpluijlj = [[ 0 0
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which implies that

[hiv_l ® 1 0 ] UkTTP[‘L'i J]J _ ]”ll' |:[2le w!lw(tll)]l:| + (9(hk+2)

0 -1 0
— k+2
= O(h**?)
and therefore
- RVI®I 0
B '[11; = TQUk(I—Ai+(9(h,-2))|: 0 —1} Ul Tplt ;= O,
The convergence order k + 1 for any ¢ € I can now be proved by considering the
difference of the interpolation representations for x and x. O

In order to transfer the estimates of superconvergence from the linear to the
nonlinear case, we observe that

L(x}) = L(x* + (x} — x*) = L(x*) + DLIx*1(x} — x*) + O(llx} — x*|%).
Hence,

0= Ly(x}) = Ry L(x}) = DLy [x*](x} — x*) + Ry O(|lx} — x*[).
and it follows with (7.100) and (7.94) that

DL [x*1x* = DL [x*]x* + Ry O(h**) = DL, [x*1x0 + R, O (h%),

where once more the involved constants in the remainders are independent of /.
Application of (7.86) yields

xf=x0 4 om?. (7.107)
In particular, we have
XE() = x*(1) = (1) — x2(1) + (x2(1) — x*(1))
= xJ(1) — x*(1) + O(™)

for all ¢ € I and the estimates (7.103), (7.105), and (7.106) applied to (7.94) carry
over to the nonlinear case. Thus, we have proved the following superconvergence
result.

(7.108)

Theorem 7.23. Let the assumptions of Theorem 7.20 hold and let o1, . .., ox and

00, - - - » 0k be Gaufs and Lobatto nodes, respectively. Then
_max [lx* (1) = x7 (1) oo = O (™), (7.109a)
max [l (siy) = ¥ (5ip)loo = O fork =2, (7.109b)
j=0....,
max [lx* (1) = 43 (0 oo = O, (7.109¢)
te

with constants independent of h.
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Up to now, we have considered collocation only for the special case of boundary
value problems for nonlinear differential-algebraic equations of the form (7.47). To
transfer the problem Ly (x5;) = 0, written in more detail as

ﬁl(tij,xn(fij),in(fij)) =0,
Fa(sij, X (sij)) = 0, (7.110)
b(xz (1), x7 (1)) =0,

to a nonlinear problem (7.1), where F satisfies Hypothesis 4.2, we proceed as in

Section 6.2. The function F] represents a suitable differential part of F, which we
must select depending on the collocation point f;;. For this, we choose suitable

matrices Z 1,ij € R™4_ The function 132 represents the algebraic constraints of the
differential-algebraic equation. Following Section 6.2, consistency of x; (s;;) at s;;
is given when there exists a y;; such that (s;;, x; (s;;), yi;) € Ly,. In summary, we
therefore replace (7.110) by

ZlT,ijF(fij, Xz (tij), Xz (t;j)) =0,
F(sij, xz(sij), yij) =0, (7.111)
b(xz (1), x7 (1)) =0,
which constitutes an underdetermined nonlinear system in the unknowns
(s 3ij) € Prgtr N COW R x RVEHDGHDr

withi =0,...,N—1,j=1,...,kandi =0, j =0.
The iteration process of choice for the numerical solution of (7.111) is a Gaufl—
Newton-like method of the form

Zerl — Zm _ Mnt‘{}?(zm)s Zm — (X?, yl’?)’ (7112)

when we write (7.111) as (z) = 0. In contrast to the ordinary Gaufl—Newton
method, we replace the Jacobian ¥, (z™) by a perturbed matrix /M, in order to get
a more efficient procedure. In particular, we determine M, from ¥ (z,,) in such a
way that we replace the block entries F,.; e (sij, X7 (sij), yi;) by matrices of

%
rank deficiency a, e.g., by ignoring the a smallest singular values. This decouples
the determination of A y?]. = yl.”} e yl.’;‘ foreachi, j from the corrections for x' and

leaves a linear system, which has the same form as the linear system arising in the
case of a linear boundary value problem. Thus, we can use the presented technique
of solving first local systems of the form (7.72) and then a global system of the form
(7.75). Having computed the corrections for x”, it then remains the solution of the
decoupled underdetermined linear systems for the A y;’]? . Taking the Moore—Penrose
pseudoinverse to select a solution realizes the Moore—Penrose pseudoinverse of the
overall system due to the decoupling. Since the applied perturbations tend to zero
when """ converges to a solution, we get superlinear convergence as in Theorem 7.7.
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Theorem 7.24. Suppose that the boundary value problem (7.1) satisfies Hypoth-
esis 4.2 and that (7.1) has a locally unique solution according to Theorem 7.2.
Then, for sufficiently good initial guesses and sufficiently small h, the iterates of
the Gauf3—Newton-like procedure developed in the course of this section converge
superlinearly to a solution of (7.111).

Remark 7.25. In contrast to multiple shooting where it was assumed that we can
solve initial value problems exactly and where we therefore did not need to consider
discretization errors, the error of the collocation solution depends on the quality of
the selected mesh. As in the solution of initial value problems, it is therefore
necessary for real-life applications to adapt the mesh during the numerical solution
of the problem. For strategies in the context of boundary value problems, see,

e.g., [8].

Bibliographical remarks

Boundary value problems for ordinary differential equations are well covered in
the literature, see for example [8]. For differential-algebraic equations, collocation
methods are studied for example in [10], [12], [13], [14], [15], [21], [111], [118], see
also [11]. Shooting methods for certain classes of differential-algebraic equations
were presented in [81], [137], [145], [197].

The results of this section are based on [136], [207], [208] in the linear case and
[130], [131] in the nonlinear case. The convergence analysis for GauB—Newton-like
methods can be found in [71], [160].

Exercises

1. Show that the Radau ITA methods with s = 1 and s = 2, see Table 5.2, applied to (7.47)
can be written in the form

k k

N 1

Fi <fi +0jh, ujox; +Zuj1x,~_j, E(vjoxi +Zvj1x,-,j)) =0,
=1 =1

ﬁz(ti +Ujh,x,~,j) =0,

with j =1,..., kand xj4+1 = x; &.

2. Sinceinitial value problems are special boundary value problems, the collocation method
given by L (x;) = 0 defines a one-step method for the solution of (7.47). Using (7.69),
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this one-step method has the form

k k

R 1

ol (fi _i_th, ujox; + Zuﬂxivj’ E(vjox,' + Zvjl)ﬁ,])) =0,
=1 =1

Byt +0jh, xi ;) =0,

with j = 1,...,k and x;11 = x; ;. Determine the coefficients when we choose Gauf}
and Lobatto nodes for k = 1 and k = 2 according to Table 7.1 and Table 7.2.

. Implement the methods of Exercise 1 and Exercise 2 for the solution of initial value
problems with a differential-algebraic equation of the form (7.47) using a constant
stepsize. Use Newton’s method and finite differences to approximate the Jacobians
for the solution of the arising nonlinear systems. Apply the program to the regular
strangeness-free problem

I 1. (0 O exp(t) + cos(t) _ 10
o ofi=[o A [ wo=[i)

and verify the claimed orders numerically.

. Implement the single shooting method as special case of the multiple shooting method
for N = 1. Use the simplification that the differential-algebraic equation is already given
in the form (7.47) and that suitable matrices TI,O, Tg,o and a suitable function Sy are
available. Furthermore, set x; = ®¢(Sp(x0, yo)) such that only the unknowns (xo, yo)
must be considered. Take the program of Exercise 3 to solve the arising initial value
problems and use Newton’s method and finite differences to approximate the Jacobians
for the solution of the arising nonlinear systems. Write the problem of Exercise 3 as a
boundary value problem and determine suitable quantities 7~‘1,0, Tz,o, and Sp. Test your
implementation with the help of the so obtained problem.

. Determine suitable quantities TI,O, fz,o, and Sp for the problem of Example 7.1 and
apply the program developed in Exercise 4.

. Determine suitable quantities le(), Tzﬁo, and Sy for the problem of Example 7.11 and ap-
ply the program developed in Exercise 4, using the initial guess (p1,0, p2.0, V1,0, V2,0) =
(1,0,0,0).

. Show that V = [vj;]j=1,...,
verifying that V=1V = .

x as in (7.70) by

.....

8. Verify (7.101) and (7.102) for k = 1, 2, 3 using Tables 7.1 and 7.2.

9. Implement the collocation method of Section 7.3 using equidistant mesh points #; =

to+ih,i =0,...,N,with h = (f —t)/N, and GauB and Lobatto nodes for k = 1.
Assuming that the differential-algebraic equation is already given in the form (7.47), the
collocation system can be written as

A 1 1 1 .

Bt + 3 50 4 i) 4 Gign =x)) =0, i =0, N — 1,

Fy(ti, xi) =0, i=0,....N,
b(xo, xy) = 0.
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10.
11.
12.

13.

14.

15.
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Take the program of Exercise 3 to generate suitable initial guesses for x;,i =0, ..., N,
and use Newton’s method and finite differences to approximate the Jacobians for the
solution of the arising nonlinear systems. Write the problem of Exercise 3 as a boundary
value problem and test your implementation with the help of the so obtained problem.

Apply the program developed in Exercise 9 to the problem of Example 7.1.
Apply the program developed in Exercise 9 to the problem of Example 7.11.

Apply the programs developed in Exercise 4 and in Exercise 9 to the linear problem
of Example 7.10. How large can you choose the parameter A to still get a numerical
solution?

The simplest model for a predator-prey interaction is given by the so-called Lotka—
Volterra system
X1 =oax) — Bxixz, X2 = —yxa+8x1x2,

where x1, x; are measures for the population size of prey and predator, respectively, and
a, B, y,8 > 0. Show that this system can be transformed by

X1(7) = &ixi (A1), X2(7) = E2x2(AT)
with appropriate constants X, &1, & > 0 into

f=8(-%), X=-ch(l-3i)
with some constant ¢ > 0.

Consider the Lotka—Volterra system
X1 =x1(1=x2), X2 =—cxa(l —x1)
with a given constant ¢ > 0.

(a) Show that the function H: D — R with D = {(x1, x2) | x1, x2 > 0} and
H(x1, x2) = c(x1 —logx1) + (x2 — logx2)

stays constant along every solution of the transformed system which starts in .

(b) Show that H, restricted to the curve x, = xi’, q € R, with the convention x; = 1
for ¢ = 400, has a minimum zp,j, at (x;, x2) = (1, 1) and assumes every value
Z > Zmin exactly twice. Prove on this basis that all solutions of the transformed
system with x1(#p), x2(tp) > O stay in D and are periodic.

In order to determine a periodic solution of the Lotka—Volterra system of Exercise 14,
we consider the boundary value problem

(1 —x1)ky — e(l = x)i1 + exa(1 = x1)* + ex (1 — x2)* = 0,

c(x; —logxy) + (xo —logxy) —z =0,

x1(0) =x1(T), x1(0) =1,
where z is the desired level of the function H and 7 is the unknown period of the solution.
The first boundary condition requires the solution to be periodic, whereas the second

boundary condition is used to fix the phase of the solution. The latter is necessary, since
shifting a solution of an autonomous problem in time yields again a solution.
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(a) Show that the given differential-algebraic equation satisfies Hypothesis 4.2, pro-
vided that we exclude the point (x1, x2) = (1, 1).

(b) Transform the given boundary value problem to the interval [0, 1] by scaling time
and using x3 = T as further unknown.

16. Determine suitable quantities fl,o, quo, and Sp for the problem of Exercise 15 and

apply the program developed in Exercise 4, using the initial guess (x1,0, X2,0, X3,0) =
(1.0, 0.6, 6.0).

17. Apply the program developed in Exercise 9 to the problem of Exercise 15.



Chapter 8

Software for the numerical solution of
differential-algebraic equations

Due to the great importance of differential-algebraic equations in applications, many
of the numerical techniques for differential-algebraic equations have been imple-
mented in software packages. In this section, we will give a survey over the available
codes and briefly describe their particular features.

Most of the available software packages for differential-algebraic equations are
FORTRAN or C subroutine libraries and can be found via the internet from software
repositories or homepages. We have listed all relevant web addresses in Table 8.1.

The most important software repositories for differential-algebraic equations are
the NETLIB server (1) and the test set for initial value problems (2). Some solvers
are also commercially available from the NAG (3) or IMSL library (4) or in math-
ematical software environments like MATLAB (5), SCILAB (6) or OCTAVE (7).
Special codes for multibody systems are available in commercial packages like
Simpack (@9, ADAMS @0), or DYMOLA @1). Also some symbolic computation
packages such as MAPLE (8), MATHEMATICA (9) contain routines for the solution
of differential-algebraic equations.

We will present now a brief overview over some of the existing non-commercial
codes.

For problems of the form

Ex = f(t,x), x(to) = xo, (8.1)

where E is a constant square matrix, several alternative codes are available.

A generalized Adams Method is the code GAMD (2) by lavernaro and Mazzia
[114], [115]. Widely used are the 2-stage Radau IIA method, implemented in
RADAUS (10), a diagonally-implicit Runge—Kutta method of order 4, implemented in
SDIRK4 (0), and a Rosenbrock method of order 4(3), implemented in RODAS (10),
all due to Hairer and Wanner, see [108]. A BDF code for the same problem is
MEBDFDAE (1) of Cash [60]. Some of these codes also contain variants that apply
to the more general problem

E(t, x)x = f(t,x), x(t) = xo, 8.2)

for which also an extrapolation code based on the linear-implicit Euler method
called LIMEX (i) of Deuflhard, Hairer, and Zugck [73] is available. For (8.2) the
code MEBDFV (2), an extension of MEBDFDAE, was developed by Abdulla and
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www.netlib.org NETLIB
pitagora.dm.uniba.it/~testset/ IVP Testset
www.nag.co.uk/ NAG
http://absoft.com/ IMSL

www . mathworks.com/ MATLAB
scilabsoft.inria.fr/ SCILAB
www.octave.org/ OCTAVE
www.maplesoft.com/ MAPLE

www .wolfram.com/ MATHEMATICA
www.unige.ch/math/folks/hairer/ E. Hairer

www.zib.de/Software/

Zuse Inst. Berlin

B|8|G|®|Q|E|®|G®|B|E|6|B|V|® IRV IE®IEIE|O

www.ma.ic.ac.uk/~jcash/ J. R. Cash
www.cwi.nl/cwi/projects/PSIDE PSIDE
www.math. tu-berlin.de/numerik/mt/NumMat/ | TU Berlin
synmath.synoptio.de/ SynOptio
www.llnl.gov/CASC/sundials/ SUNDIALS
wwwl.iwr.uni-heidelberg.de/ IWR Heidelberg
www-m2 .ma . tum.de/~simeon/numsoft.html B. Simeon
www . simpack.de/ SIMPACK
www.mscsoftware.com/ ADAMS

www .dynasim.com/ DYMOLA

Table 8.1. Web pages

Cash. A further extension of MEBDFV is MEBDFI (1) by the same authors for the
general implicit problem

F(t,x,x) =0, x(t9) = xop. (8.3)
Animplementation of the 2-stage Radau ITA method for (8.3) is the code PSTIDE (3)
of Lioen, Swart and van der Veen [141], [142] which is specifically designed for
the use on parallel computers.

For this general problem, the BDF code DASSL (1) of Petzold [164] and several
of its variations and extensions (including root finding and iterative solution methods
for large scale problems) are all included in the code DASKR (1).

For different classes of quasilinear problems, a package DAESOLVE (1) has

been implemented by Rheinboldt [181], [193].
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All the above listed codes have limitations to the index that they can handle,
which is typically a differentiation index of at most three.

For general linear problems with variable coefficients of arbitrary strangeness
index, i.e., for systems of the form

Et)x =AM)x+ f@), x(to) = xo, (8.4)

two versions of the code GELDA by the authors [133] are available. Version 1.0 (1)
is for the square case and Version 2.0 for general nonsquare problems. Both
versions use adaptations of the codes RADAUS and DASSL as integrators.

A general nonlinear code GENDA for square problems of the form (8.3) of
arbitrary index has been developed by the authors [135]. A MATLAB (5) interface
solvedae (15 for both codes GELDA and GENDA including symbolic generation
of the derivative arrays is commercially available.

A very recent development is the SUite of Nonlinear and DIfferential/ALgebra-
ic equation Solvers SUNDIALS which builds on many of the existing methods
for ordinary differential equations and differential-algebraic equations and includes
serial and parallel versions and a MATLAB interface.

There are also many special algorithms that have been implemented for struc-
tured problems. These include the codes MEXAX (1) of Lubich, Nowak, Phle
and Engstler [144], MBSSIM (7 of von Schwerin and Winckler [218], ODASSL
of Fiihrer [85] which is available from the author, see also [79], GEOMS of
Steinbrecher [205], and MBSpack of Simeon [201] for multibody systems.

Not much software has been developed for boundary value problems associated
with differential-algebraic equations. Essentially, the only code is COLDAE (1) of
Ascher and Spiteri [12] for semi-explicit systems of index v = 2 of the form

X = f(t x,y),
0=g(,x,y).

Remark 8.1. Several of the available codes are in a state of flux. This concerns,
in particular, better implementations on modern computer architectures, the use of
preconditioned iterative methods for the solution of the linear systems that arise
at every iteration step as well as the use of symbolic or automatic differentiation
packages to determine the necessary Jacobians and derivative arrays.

As is standard in the design of modern software packages, the implementation
of most of these codes is based on existing basic linear algebra subroutines BLAS,
see [75], [139], which are usually provided with the computer architecture, and
use high quality linear algebra packages such as LAPACK (1) or SCALAPACK (1),
see [1] and [26], respectively, for the solution of problems like the singular value
decomposition, linear system solution or the solution of least squares problems. A
possible solver for nonlinear problems is NLSCON (1), see [158].
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Exercises

Furthermore, in the solution of the linear and nonlinear systems that arise in the
time stepping procedures, most of the methods need appropriate scaling routines
and the design of such routines is essential in getting the codes to work.

Remark 8.2. Almost all the available codes contain order and step size control
mechanisms. For BDF codes, order and stepsize control is described in detail in
[29] and for Runge—Kutta methods such techniques are discussed in [106], [108].

Bibliographical remarks

There is a multitude of numerical methods for differential-algebraic equations that
we have not described here. Several of these have also been implemented in software
that we have mentioned above. For more details on some of these methods, see,
e.g., [11], [29], [106], [108], [181] and the described web pages.

Exercises

1. Download and implement the codes DASSL, RADAU5, and GELDA. Check your imple-
mentation with the help of the problem

I 1{. (0 O exp(t) + cos(t) |0
o ofi=lo AT o= 1]

2. Compare the behavior of the codes DASSL, RADAUS5, and GELDA for the linear problem
with constant coefficients

02 1 12! T -3 t6r
A2
0 1 1 4t° 4 8¢
X = x+ :
! —41% + 8t
2 1 —41> + 6t
L 0 1] L 1 2] | —3¢2 + 21 |

x(0) = 0, in the interval [0, 1] with respect to accuracy and computing time.

3. Apply the codes DASSL, RADAUS5, and GELDA to the problem of Example 3.1

B

2

Tl

-1

0 _01i|x, x(0)=0

and analyze how the codes handle the nonuniqueness of the solution.
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4. Apply the codes DASSL, RADAUS5, and GELDA to the problem of Example 3.2 with E,
A, and f given by

|10 0 N __ | sin(?)
E@) = [1 _t] L AD = [ o O] . f= [exp(,)]
and analyze how the codes handle the problem that the matrix pair (E(¢), A(¢)) is singular
for all ¢.

5. Apply the codes DASSL, RADAUS5, and GELDA to the problem (5.33) as well as to the
transformed system (5.34) and to the equivalent strangeness-free system for various
choices of 7 and compare the numerical results.

6. Apply the codes DASSL, RADAUS5, and GELDA to the regular strangeness-free problem

I 1. [0 O exp(t) + cos(t) _ 10
o o=l S0 o= [i]

and compare the numerical results.

7. Download and implement the code GENDA.
Check your implementation with the help of the problem of Exercise 1

8. Apply the codes DASSL, RADAUS5, and GENDA to the problem

1 0] x2 —x; —sin(t)
. =0.
x; 1 xp —exp(t)
with © = 1 and compare the numerical results.
9. Apply the codes DASSL, RADAUS5, and GENDA to the problem
X1 =x2, Xp=2x1, XX%a+x3=1 x4=2

with 4 = 1, @ = 2, and d = 2. Use the initial values xo = (0,0, 1,2) and xg =
0,1,1,2).

10. Apply the codes DASSL, RADAUS5, and GENDA to the problem
Xx1=1, xp=(xpxz3—1)+1)/2, x—x1=0

withu =1,a=2,andd = 1.

11. Apply the codes DASSL, RADAUS5, and GENDA to the various formulations of Exam-
ple 6.17.



Final remarks

With the current state of the theory of differential-algebraic equations and their
numerical treatment, this topic can now be covered in standard graduate courses.
This textbook is designed for such courses presenting a systematic analysis of initial
and boundary value problems for differential-algebraic equations, together with
numerical methods and software for the solution of these problems. In particular, it
covers linear and nonlinear problems, over- and underdetermined problems as well
as control problems and problems with structure.

Many important research topics concerning differential-algebraic equations,
however, are still in their infancy. These include for example the stability anal-
ysis of differential-algebraic equations, the study of optimal control problems and,
in particular, the coupling of differential-algebraic equations with other types of
equations, such as ordinary or partial differential equations, via complex networks.

We hope that this textbook will provide the basis for future research in these
topics.
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stiffly accurate, 231, 242, 243,
273

semi-explicit differential-algebraic
equation, 168, 182, 237
Hessenberg form of index v, 172

of index v = 1, 168, 237, 262,
273
of index v = 2, 169
shooting method, 303
singular value decomposition, 62, 155,
275, 276, 283
solution
differential-algebraic equation, 6
initial value problem, 6
stabilization, 273
state, 48, 138, 189
stereographic projection, 197
stiffly accurate, 231, 242, 243, 273
Stokes equation, 10
strangeness, 59, 73
strangeness index, 7, 74, 98, 107, 156,
183
strangeness-free, 74, 92, 93, 117, 154,
156, 182, 183, 209, 264, 284
structural index, 7
submanifold, 198, 310
of class Ck, 198
of class C¥, 199
topological, 198
superconvergence, 251, 342
superlinear convergence, 307, 347
switched system, 276
system
closed loop, 50
extended, 287
overdetermined, 273

tangent bundle, 201

tangent space, 200

tangent space parameterization, 274

tangent vector, 200

Taylor expansion, 152, 229, 252, 257,
326, 344, 345

test function, 35

topological basis, 196

topological embedding, 198

topological space, 195



topological submanifold, 198
tractability index, 7, 147

underlying ordinary differential
equation, 97
undetermined variable, 59, 70

Index 377

vanishing equation, 59, 70
variation of constants, 23
vector field, 203

Weierstrall canonical form, 17, 228, 260
‘Wronskian matrix, 125
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