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Preface

In the last 30 years, differential-algebraic equations have become a widely accepted
tool for the modeling and simulation of constrained dynamical systems in numerous
applications, such as mechanical multibody systems, electrical circuit simulation,
chemical engineering, control theory, fluid dynamics, and many other areas.

Although there has been a tremendous explosion in the research literature in the
area of differential-algebraic equations, there are only very few monographs and
essentially no textbooks devoted to this subject. This is mostly due to the fact that
the research in this area is still very active and some of the major issues were still
under development. This concerns the analysis as well as the numerical solution of
such problems and in particular the modeling with differential-algebraic equations
in various applications.

At this time, however, we feel that both theory and numerical methods have
reached a stage of maturity that should be presented in a regular textbook. In
particular, we provide a systematic and detailed analysis of initial and boundary
value problems for differential-algebraic equations. We also discuss numerical
methods and software for the solution of these problems. This includes linear
and nonlinear problems, over- and underdetermined problems as well as control
problems, and problems with structure.

We thank R. Janßen and the IBM research center in Heidelberg for giving us
the opportunity to start our joint research on differential-algebraic equations in
1988/1989 by placing us for nine months in the same office. We especially ap-
preciate the support by the Deutsche Forschungsgemeinschaft, which we got for
our joint research in the years 1993–2001. Major influence for the development of
our research came from the biannual workshops on descriptor systems organized
by P. C. Müller in Paderborn and from discussions with friends and colleagues at
numerous meetings and colloquia in the last fifteen years.

We also thank W. Hackbusch for initiating the idea to write this textbook and
our colleagues and students S. Bächle, K. Biermann, B. Benhammouda, F. Ebert,
D. Kreßner, J. Liesen, L. Poppe, W. Rath, T. Reis, S. Schlauch, M. Schmidt,
C. Schröder, I. Seufer, A. Steinbrecher, R. Stöver, C. Shi, T. Stykel, E. Virnik,
J. Weickert, and L. Wunderlich for many discussions and comments and their
help in proofreading, programming and keeping software and bibliography files
up-to-date.
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Part I

Analysis of differential-algebraic
equations





Chapter 1

Introduction

The dynamical behavior of physical processes is usually modeled via differential
equations. But if the states of the physical system are in some ways constrained,
like for example by conservation laws such as Kirchhoff’s laws in electrical net-
works, or by position constraints such as the movement of mass points on a surface,
then the mathematical model also contains algebraic equations to describe these
constraints. Such systems, consisting of both differential and algebraic equations
are called differential-algebraic systems, algebro-differential systems, implicit dif-
ferential equations or singular systems.

The most general form of a differential-algebraic equation is

F(t, x, ẋ) = 0, (1.1)

withF : I×Dx×Dẋ → Cm, where I ⊆ R is a (compact) interval and Dx,Dẋ ⊆ Cn

are open, m, n ∈ N. The meaning of the quantity ẋ is ambiguous as in the case
of ordinary differential equations. On one hand, it denotes the derivative of a
differentiable function x : I→ Cn with respect to its argument t ∈ I. On the other
hand, in the context of (1.1), it is used as an independent variable of F . The reason
for this ambiguity is that we want F to determine a differentiable function x that
solves (1.1) in the sense that F(t, x(t), ẋ(t)) = 0 for all t ∈ I.

In connection with (1.1), we will discuss the question of existence of solutions.
Uniqueness of solutions will be considered in the context of initial value problems,
when we additionally require a solution to satisfy the condition

x(t0) = x0 (1.2)

with given t0 ∈ I and x0 ∈ Cn, and boundary value problems, where the solution is
supposed to satisfy

b(x( t ), x( t )) = 0 (1.3)

with b : Dx ×Dx → Cd , I = [ t, t ] and some problem dependent integer d . It will
turn out that the properties of differential-algebraic equations reflect the properties
of differential equations as well as the properties of algebraic equations, but also
that other phenomena occur which result from the mixture of these different types
of equations.

Although the basic theory for linear differential-algebraic equations with con-
stant coefficients

Eẋ = Ax + f (t), (1.4)
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whereE,A ∈ Cm,n and f : I→ Cm, has already been established in the nineteenth
century by the fundamental work of Weierstraß [223], [224] and Kronecker [121]
on matrix pencils, it took until the pioneering work of Gear [90] for the scientific
communities in mathematics, computer science, and engineering to realize the large
potential of the theory of differential-algebraic equations in modeling dynamical
systems. By this work and the subsequent developments in numerical methods for
the solution of differential-algebraic equations, it became possible to use differen-
tial-algebraic equations in direct numerical simulation. Since then an explosion of
the research in this area has taken place and has led to a wide acceptance of differ-
ential-algebraic equations in the modeling and simulation of dynamical systems.
Despite the wide applicability and the great importance, only very few monographs
and essentially no textbooks are so far devoted to this subject, see [29], [100],
[105], [182]. Partially, differential-algebraic equations are also discussed in [11],
[42], [43], [72], [79], [108], [181].

Until the work of Gear, implicit systems of the form (1.1) were usually trans-
formed into ordinary differential equations

ẏ = g(t, y) (1.5)

via analytical transformations. One way to achieve this is to explicitly solve the
constraint equations analytically in order to reduce the given differential-algebraic
equation to an ordinary differential equation in fewer variables. But this approach
heavily relies on either transformations by hand or symbolic computation software
which are both not feasible for medium or large scale systems.

Another possibility is to differentiate the algebraic constraints in order to get an
ordinary differential equation in the same number of variables. Due to the necessary
use of the implicit function theorem, this approach is often difficult to perform.
Moreover, due to possible changes of bases, the resulting variables may have no
physical meaning. In the context of numerical solution methods, it was observed in
this approach that the numerical solution may drift off from the constraint manifold
after a few integration steps. For this reason, in particular in the simulation of
mechanical multibody systems, stabilization techniques were developed to address
this difficulty. But it is in general preferable to develop methods that operate directly
on the given differential-algebraic equation.

In view of the described difficulties, the development of numerical methods that
can be directly applied to the differential-algebraic equation has been the subject
of a large number of research projects in the last thirty years and many different
directions have been taken. In particular, in combination with modern modeling
tools (that automatically generate models for substructures and link them together
via constraints), it is important to develop generally applicable numerical methods
as well as methods that are tailored to a specific physical situation. It would be
ideal if such an automatically generated model could be directly transferred to a
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numerical simulation package via an appropriate interface so that in practical design
problems the engineer can optimize the design via a sequence of modeling and sim-
ulation steps. To obtain such a general solution package for differential-algebraic
equations is an active area of current research that requires strong interdisciplinary
cooperation between researchers working in modeling, the development of numeri-
cal methods, and the design of software. A major difficulty in this context is that still
not all of the analytical and numerical properties of differential-algebraic systems
are completely understood. In particular, the treatment of bifurcations or switches
in nonlinear systems and the analysis and numerical solution of heterogeneous (cou-
pled) systems combined of differential-algebraic equations and partial differential
equations (sometimes called partial differential-algebraic equations) represent ma-
jor research tasks.

It is the purpose of this textbook to give a coherent introduction to the theo-
retical analysis of differential-algebraic equations and to present some appropriate
numerical methods for initial and boundary value problems. For the analysis of dif-
ferential-algebraic equations, there are several paths that can be followed. A very
general approach is given by the geometrical analysis initiated by Rheinboldt [190],
see also [182], to study differential-algebraic equations as differential equations on
manifolds. We will discuss this topic in Section 4.5. Our main approach, however,
will be the algebraic path that leads from the theory of matrix pencils by Weierstraß
and Kronecker via the fundamental work of Campbell on derivative arrays [44] to
canonical forms for linear variable coefficient systems [123], [124] and their exten-
sions to nonlinear systems in the work of the authors ([128], [129], [131], [132]).

This algebraic approach not only gives a systematic approach to the classical
analysis of regular differential-algebraic equations, but it also allows the study of
generalized solutions and the treatment of over- and underdetermined systems as
well as control problems. At the same time, it leads to new discretization methods
and new numerical software.

Unfortunately, the simultaneous development of the theory in many different
research groups has led to a large number of slightly different existence and unique-
ness results, particularly based on different concepts of the so-called index. The
general idea of all these index concepts is to measure the degree of smoothness of
the problem that is needed to obtain existence and uniqueness results. To set our
presentation in perspective, we now briefly discuss the most common approaches.

1.1 Solvability concepts

In order to develop a theoretical analysis for system (1.1), one has to specify the
kind of solution that one is interested in, i.e., the function space in which the solution
should lie. In this textbook, we will mainly discuss two concepts, namely classical
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(continuously differentiable) solutions and weak (distributional) solutions, although
other concepts have been studied in the literature, see, e.g., [148], [149].

For the classical case, we use the following solvability definition, the distribu-
tional case will be discussed in detail in Sections 2.4 and 3.5.

Definition 1.1. Let Ck(I,Cn) denote the vector space of all k-times continuously
differentiable functions from the real interval I into the complex vector space Cn.

1. A function x ∈ C1(I,Cn) is called a solution of (1.1), if it satisfies (1.1) point-
wise.

2. The function x ∈ C1(I,Cn) is called a solution of the initial value problem (1.1)
with initial condition (1.2), if it furthermore satisfies (1.2).

3. An initial condition (1.2) is called consistent with F , if the associated initial
value problem has at least one solution.

In the following, a problem is called solvable if it has at least one solution. This
definition seems natural but it should be noted that in most of the previous literature,
the term solvability is used only for systems which have a unique solution when
consistent initial conditions are provided. For comparison with Definition 1.1,
consider the solvability condition given in [29, Def. 2.2.1].

If the solution of the initial value problem is not unique which is, in particular,
the case in the context of control problems, then further conditions have to be
specified to single out specific desired solutions. We will discuss such conditions
in Section 3.4 and in the context of control problems in Sections 2.5, 3.6, and 4.4.

1.2 Index concepts

In the analysis of linear differential-algebraic equations with constant coeffici-
ents (1.4), all properties of the system can be determined by computing the in-
variants of the associated matrix pair (E,A) under equivalence transformations.
In particular, the size of the largest Jordan block to an infinite eigenvalue in the
associated Kronecker canonical form [88], called index, plays a major role in the
analysis and determines (at least in the case of so-called regular pairs) the smooth-
ness that is needed for the inhomogeneity f in (1.4) to guarantee the existence of a
classical solution. Motivated by this case, it was first tried to define an analogous
index for linear time-varying systems and then for general implicit systems, see
[95]. However, it was soon realized that a direct generalization by linearization and
consideration of the local linearized constant coefficient system does not lead to a
reasonable concept. The reason is that important invariants of constant coefficient
systems are not even locally invariant under nonconstant equivalence transforma-
tions. This observation led to a multitude of different index concepts even for linear
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systems with variable coefficients, see [53]. Among the different approaches, the
differentiation index and the perturbation index are currently the most widely used
concepts in the literature. We will give formal definitions in Sections 3.3 and 3.4,
respectively.

Loosely speaking, the differentiation index is the minimum number of times that
all or part of (1.1) must be differentiated with respect to t in order to determine ẋ as
a continuous function of t and x. The motivation for this definition is historically
based on the procedure to solve the algebraic equations (using their derivatives if
necessary) by transforming the implicit system to an ordinary differential equation.
Although the concept of the differentiation index is widely used, it has a major
drawback, since it is not suited for over- and underdetermined systems. The reason
for this is that it is based on a solvability concept that requires unique solvability.
In our presentation, we will therefore focus on the concept of the strangeness index
[123], [128], [129], [132], which generalizes the differentiation index to over- and
underdetermined systems. We will not discuss other index concepts such as the
geometric index [190], the tractability index [100], [148], [149] or the structural
index [161]. A different index concept that is of great importance in the numeri-
cal treatment of differential-algebraic equations is the perturbation index that was
introduced in [105] to measure the sensitivity of solutions with respect to pertur-
bations of the problem. For a detailed analysis and a comparison of various index
concepts with the differentiation index, see [53], [92], [147], [150], [156], [189].

At this point, it seems appropriate to introduce some philosophical discussion
concerning the counting in the different index definitions. First of all, the motivation
to introduce an index is to classify different types of differential-algebraic equations
with respect to the difficulty to solve them analytically as well as numerically.
In view of this classification aspect, the differentiation index was introduced to
determine how far the differential-algebraic equation is away from an ordinary
differential equation, for which the analysis and numerical techniques are well
established. But purely algebraic equations, which constitute another important
special case of (1.1), are equally well analyzed. Furthermore, it would certainly
not make sense to turn a uniquely solvable classical linear system Ax = b into a
differential equation, since then the solution would not be unique anymore without
specifying initial conditions. In view of this discussion, it seems desirable to classify
differential-algebraic equations by their distance to a decoupled system of ordinary
differential equations and purely algebraic equations. Hence, from our point of
view, the index of an ordinary differential equation and that of a system of algebraic
equations should be the same.

This differs from the differentiation index, for which an ordinary differential
equation has index zero, while an algebraic equation has index one. Although the
research community and also people working in applications have widely accepted
this way of counting, in the concept of the strangeness index ordinary differential
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equations and purely algebraic equations both have index zero. We will present
further arguments for this way of counting on several occasions throughout this
textbook.

1.3 Applications

We will now discuss some elementary examples of differential-algebraic equations
arising in applications such as electrical networks, multibody systems, chemical
engineering, semidiscretized Stokes equations and others.

Let us first consider an example arising in electrical circuit simulation. For this
topic, there is an extensive literature that includes the classification of properties
of the arising differential-algebraic equations depending on the components of the
network, see, e.g., [18], [83], [84], [103], [104], [214].

Example 1.2. To obtain a mathematical model for the charging of a capacitor via
a resistor, we associate a potential xi , i = 1, 2, 3, with each node of the circuit,
see Figure 1.1. The voltage source increases the potential x3 to x1 by U , i.e.,

x1

x2

x3

�

�

R

C

U

Figure 1.1. A simple electrical network

x1− x3−U = 0. By Kirchhoff’s first law, the sum of the currents vanishes in each
node. Hence, assuming ideal electronic units, for the second node we obtain that
C(ẋ3− ẋ2)+ (x1− x2)/R = 0, where R is the size of the resistance of the resistor
and C is the capacity of the capacitor. By choosing the zero potential as x3 = 0,
we obtain as a mathematical model the differential-algebraic system

x1 − x3 − U = 0,

C(ẋ3 − ẋ2)+ (x1 − x2)/R = 0,

x3 = 0.

(1.6)

It is clear that this simple system can be solved for x3 and x1 to obtain an ordinary
differential equation for x2 only, combined with algebraic equations for x1, x3. This
system has differentiation index one.
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A second major application area is the simulation of the dynamics of multibody
systems, see, e.g., [79], [196], [201], [205].

Example 1.3. A physical pendulum is modeled by the movement of a mass
point with mass m in Cartesian coordinates (x, y) under the influence of grav-
ity in a distance l around the origin, see Figure 1.2. With the kinetic energy
T = 1

2m(ẋ
2 + ẏ2) and the potential energy U = mgy, where g is the gravity

�

�

�

�
�

�
�

�
�

�

m

mg

l

x

y

Figure 1.2. A mechanical multibody system

constant, using the constraint equation x2 + y2 − l2 = 0, we obtain the Lagrange
function

L = 1

2
m(ẋ2 + ẏ2)−mgy − λ(x2 + y2 − l2)

with Lagrange parameter λ. The equations of motion then have the form

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= 0

for the variables q = x, y, λ, i.e.,
mẍ + 2xλ = 0,

mÿ + 2yλ+mg = 0,

x2 + y2 − l2 = 0.

(1.7)

It is obvious that this system cannot have differentiation index one, it actually has
differentiation index three.

Differential-algebraic equations are also frequently used in the mathematical
modeling of chemical reactions, see, e.g., [161].

Example 1.4. Consider the model of a chemical reactor in which a first order
isomerization reaction takes place and which is externally cooled.
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Denoting by c0 the given feed reactant concentration, by T0 the initial temper-
ature, by c(t) and T (t) the concentration and temperature at time t , and by R the
reaction rate per unit volume, the model takes the form⎡

⎣1 0 0
0 1 0
0 0 0

⎤
⎦
⎡
⎣ ċṪ
Ṙ

⎤
⎦ =

⎡
⎣ k1(c0 − c)− R

k1(T0 − T )+ k2R − k3(T − TC)

R − k3 exp
(− k4

T

)
c

⎤
⎦ , (1.8)

where TC is the cooling temperature (which can be used as control input) and
k1, k2, k3, k4 are constants. If TC is given, this system has differentiation index
one. If TC is treated as a control variable, the system is underdetermined and the
differentiation index is not defined.

Another common source of differential-algebraic equations is the semidiscretiza-
tion of systems of partial differential equations or coupled systems of partial differ-
ential equations and other types of equations, see, e.g., [5], [11], [102], [202].

Example 1.5. The nonstationary Stokes equation is a classical linear model for the
laminar flow of a Newtonian fluid [225]. It is described by the partial differential
equation

ut = �u+ ∇p, ∇ · u = 0, (1.9)

together with initial and boundary conditions. Here u describes the velocity and p
the pressure of the fluid. Using the method of lines [209], [211] and discretizing
first the space variables with finite element or finite difference methods typically
leads to a linear differential-algebraic system of the form

u̇h = Auh + Bph, BT uh = 0, (1.10)

where uh and ph are semi-discrete approximations for u and p. If the nonunique-
ness of a free constant in the pressure is fixed by the discretization method, then
the differentiation index is well defined for this system. For most discretization
methods, it is two, see, e.g., [222].

The study of classical control problems in the modern behavior framework [132],
[167] immediately leads to underdetermined DAEs.

Example 1.6. The classical linear control problem to find an input function u that
stabilizes the linear control system

ẋ = Ax + Bu, x(t0) = x0 (1.11)

can be viewed in the so-called behavior context ([116], [117], [167]) as determining
a solution of the underdetermined linear differential-algebraic equation

[ I 0 ]ż = [ A B ]z, [ I 0 ]z(t0) = x0 (1.12)

such that for z = [ x
u

]
the part [ I 0 ]z is asymptotically stable.
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Differential-algebraic equations also play an important role in the analysis and
numerical solution of singular perturbation problems, where they represent the
limiting case, see, e.g., [108], [159], [221].

Example 1.7. The van der Pol equation

ẏ = z,

εż = (1− y2)z− y,
(1.13)

possesses the differential-algebraic equation

ẏ = z,

0 = (1− y2)z− y
(1.14)

as limiting case for ε → 0. The analysis and understanding of (1.14) is essential in
the construction of numerical methods that can solve the equation (1.13) for small
parameters ε.

Many more application areas could be mentioned here, but these few exam-
ples already demonstrate the wide applicability of differential-algebraic equations
in the mathematical modeling and the numerical solution of application problems.

1.4 How to use this book in teaching

This book is laid out to be and has been used in teaching graduate courses in several
different ways.

Chapters 2, 3, and 4 together form a one semester course (approximately 60
teaching hours) on the analysis of differential-algebraic equations. As a prerequisite
for such a course, one would need the level that is reached after a first course on the
theory of ordinary differential equations.

A course with smaller volume is formed by omitting Sections 2.5, 3.6, and 4.4 on
control that depend on each other in this order but are not needed for other sections.
An even shorter course is obtained by omitting Sections 2.4 and 3.5 on generalized
solutions which depend on each other in this order but again are not needed for other
sections. Section 3.4 on generalized inverses is useful for the sections on control
but not needed for other sections and can therefore also be omitted to shorten the
course. Section 4.2 on structured problems and Section 4.5 on differential equations
on manifolds again are not needed for other sections and could be omitted.

A combined one semester course (approximately 60 teaching hours) on the
analysis and numerical solution of differential-algebraic equations would need as
a prerequisite the level that is reached after a first course on the theory of ordinary
differential equations as well as a first course on numerical analysis including the
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basics of the numerical solution of ordinary differential equations. Such a course
would consist of Chapter 2, Section 2.1, Chapter 3, Sections 3.1, 3.2, 3.3, and
Chapter 4, Sections 4.1, 4.2, 4.3, concerning the analysis and Chapter 5, Chapter 6,
Sections 6.1, 6.2, and Chapter 7 concerning the numerical solution of differential-
algebraic equations.

The numerical part of the book, which strongly relies on the analysis part, would
represent a separate course (approximately 30 teaching hours) on the numerical
solution of initial and boundary value problems for differential-algebraic equati-
ons that includes Chapter 5, Chapter 6 Sections 6.1, 6.2 and Chapter 7. A slightly
extended course would combine these with Sections 6.3 and 6.4.

The scheme below displays the dependencies between the different sections and
may help to organize courses on the basis of this textbook.

Sec. 2.1 Sec. 2.2 Sec. 2.3 Sec. 2.4 Sec. 2.5� �

� � �

•
•
� �

Sec. 3.1 Sec. 3.2 Sec. 3.3 Sec. 3.4 Sec. 3.5 Sec. 3.6� �

� �

•
•
�

•
�

•
�

Sec. 4.1 Sec. 4.2 Sec. 4.3 Sec. 4.5 Sec. 4.4�

�

�

•
•
�

•
�

•
�

•
�

Sec. 5.1 Sec. 5.2 Sec. 5.3�

�

•
�

Sec. 6.1 Sec. 6.2 Sec. 6.4 Sec. 6.3� �

�

•
•
�

Sec. 7.1 Sec. 7.2 Sec. 7.3�•
�

basic topics additional
topics

generalized
solutions control



Chapter 2

Linear differential-algebraic equations with
constant coefficients

In this chapter, we consider linear differential-algebraic equations with constant
coefficients of the form

Eẋ = Ax + f (t), (2.1)

with E,A ∈ Cm,n and f ∈ C(I,Cm), possibly together with an initial condition

x(t0) = x0. (2.2)

Such equations occur for example by linearization of autonomous nonlinear prob-
lems with respect to constant (or critical) solutions, where f plays the role of a
perturbation.

2.1 Canonical forms

The properties of (2.1) are well understood for more than one century, in particular
by the work of Weierstraß [223] and Kronecker [121]. The reason is that (2.1) can
be treated by purely algebraic techniques. In the following, we describe the main
aspects of this approach.

Scaling (2.1) by a nonsingular matrix P ∈ Cm,m and the function x according
to x = Qx̃ with a nonsingular matrix Q ∈ Cn,n, we obtain

Ẽ ˙̃x = Ãx̃ + f̃ (t), Ẽ = PEQ, Ã = PAQ, f̃ = Pf, (2.3)

which is again a linear differential-algebraic equation with constant coefficients.
Moreover, the relation x = Qx̃ gives a one-to-one correspondence between the
corresponding solution sets. This means that we can consider the transformed
problem (2.3) instead of (2.1) with respect to solvability and related questions. The
following definition of equivalence is now evident.

Definition 2.1. Two pairs of matrices (Ei, Ai), Ei,Ai ∈ Cm,n, i = 1, 2, are called
(strongly) equivalent if there exist nonsingular matrices P ∈ Cm,m and Q ∈ Cn,n,
such that

E2 = PE1Q, A2 = PA1Q. (2.4)

If this is the case, we write (E1, A1) ∼ (E2, A2).
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Similar definitions can be found in the literature in the context of matrix pencils,
linear matrix functions, or generalized eigenvalue problems, often with the notation
λE − A or αE − βA instead of (E,A), see, e.g., [88], [99].

As already suggested by the definition, relation (2.4) fixes an equivalence rela-
tion.

Lemma 2.2. The relation introduced in Definition 2.1 is an equivalence relation.

Proof. We must show that the relation is reflexive, symmetric, and transitive.
Reflexivity : We have (E,A) ∼ (E,A) by P = Im and Q = In.
Symmetry : From (E1, A1) ∼ (E2, A2), it follows that E2 = PE1Q and A2 =

PA1Q with nonsingular matrices P and Q. Hence, we have E1 = P−1E2Q
−1,

A1 = P−1A2Q
−1 implying that (E2, A2) ∼ (E1, A1).

Transitivity : From (E1, A1) ∼ (E2, A2) and (E2, A2) ∼ (E3, A3) it fol-
lows that E2 = P1E1Q1, A2 = P1A1Q1 and E3 = P2E2Q2, A3 = P2A2Q2
with nonsingular matrices Pi and Qi , i = 1, 2. Eliminating E2, A2 gives E3 =
P2P1E1Q1Q2, A3 = P2P1A1Q1Q2, such that (E1, A1) ∼ (E3, A3). �

Having defined an equivalence relation, the standard procedure then is to look for
a canonical form, i.e., to look for a matrix pair which is equivalent to a given matrix
pair and which has a simple form from which we can directly read off the properties
and invariants of the corresponding differential-algebraic equation. In the present
case, such a canonical form is represented by the so-called Kronecker canonical
form. It is, however, quite technical to derive this canonical form, see, e.g., [88].
We therefore restrict ourselves here to a special case and only present the general
result without proof. In the next chapter, we will derive a canonical form for linear
differential-algebraic equations with variable coefficients which will generalize the
Kronecker canonical form at least in the sense that existence and uniqueness results
can be obtained in the same way as from the Kronecker canonical form for the case
of constant coefficients.

Theorem 2.3. Let E,A ∈ Cm,n. Then there exist nonsingular matrices P ∈ Cm,m

and Q ∈ Cn,n such that ( for all λ ∈ C)

P (λE−A)Q = diag(Lε1, . . . ,Lεp ,Mη1, . . . ,Mηq ,Jρ1, . . . ,Jρr ,Nσ1, . . . ,Nσs ),

(2.5)
where the block entries have the following properties:

1. Every entry Lεj is a bidiagonal block of size εj × (εj + 1), εj ∈ N0, of the form

λ

⎡
⎢⎣0 1

. . .
. . .

0 1

⎤
⎥⎦−

⎡
⎢⎣1 0

. . .
. . .

1 0

⎤
⎥⎦ .
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2. Every entry Mηj is a bidiagonal block of size (ηj + 1) × ηj , ηj ∈ N0, of the
form

λ

⎡
⎢⎢⎢⎢⎣

1

0
. . .

. . . 1
0

⎤
⎥⎥⎥⎥⎦−

⎡
⎢⎢⎢⎢⎣

0

1
. . .

. . . 0
1

⎤
⎥⎥⎥⎥⎦ .

3. Every entry Jρj is a Jordan block of size ρj × ρj , ρj ∈ N, λj ∈ C, of the form

λ

⎡
⎢⎢⎢⎢⎣

1
. . .

. . .

1

⎤
⎥⎥⎥⎥⎦−

⎡
⎢⎢⎢⎢⎣
λj 1

. . .
. . .

. . . 1
λj

⎤
⎥⎥⎥⎥⎦ .

4. Every entry Nσj is a nilpotent block of size σj × σj , σj ∈ N, of the form

λ

⎡
⎢⎢⎢⎢⎣

0 1
. . .

. . .

. . . 1
0

⎤
⎥⎥⎥⎥⎦−

⎡
⎢⎢⎢⎢⎣

1
. . .

. . .

1

⎤
⎥⎥⎥⎥⎦ .

The Kronecker canonical form is unique up to permutation of the blocks, i.e., the
kind, size and number of the blocks are characteristic for the matrix pair (E,A).

Note that the notation for the blocks in Theorem 2.3 implies that a pair of 1×1-
matrices (0, 0) actually consists of two blocks, a block L0 of size 0×1 and a block
M0 of size 1× 0.

Example 2.4. The Kronecker canonical form of the pair

(E,A) =

⎛
⎜⎜⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎢⎢⎣

1
0 1
0 0

0
0 1

0

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎢⎢⎣

1
1 0
0 1

1
1 0

0

⎤
⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎠

consists of one Jordan block J1 = λ1− 1, two nilpotent blocks N2,N1, and three
rectangular blocks L1,L0,M0.
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With the help of the Kronecker canonical form, we can now study the behavior
of (2.1) by considering single blocks, cp. Exercise 1.

A special case which we want to discuss here in more detail and for which
we want to derive the associated part of the Kronecker canonical form is that of
so-called regular matrix pairs.

Definition 2.5. LetE,A ∈ Cm,n. The matrix pair (E,A) is called regular ifm = n

and the so-called characteristic polynomial p defined by

p(λ) = det(λE − A) (2.6)

is not the zero polynomial. A matrix pair which is not regular is called singular.

Lemma 2.6. Every matrix pair which is strongly equivalent to a regular matrix
pair is regular.

Proof. We only need to discuss square matrices. LetE2 = PE1Q andA2 = PA1Q

with nonsingular P and Q. Then we have

p2(λ) = det(λE2 − A2) = det(λPE1Q− PA1Q)

= det P det(λE1 − A1) detQ = c p1(λ),

with c �= 0. �

Regularity of a matrix pair is closely related to the solution behavior of the
corresponding differential-algebraic equation. In particular, regularity is necessary
and sufficient for the property that for every sufficiently smooth inhomogeneity f

the differential-algebraic equation is solvable and the solution is unique for every
consistent initial value. To show sufficiency, we return to the problem of finding
an appropriate canonical form, which can be derived on the basis of the Jordan
canonical form of a single matrix, see, e.g., [87].

Theorem 2.7. Let E,A ∈ Cn,n and (E,A) be regular. Then, we have

(E,A) ∼
([

I 0
0 N

]
,

[
J 0
0 I

])
, (2.7)

where J is a matrix in Jordan canonical form and N is a nilpotent matrix also in
Jordan canonical form. Moreover, it is allowed that one or the other block is not
present.

Proof. Since (E,A) is regular, there exists a λ0 ∈ C with det(λ0E − A) �= 0
implying that λ0E − A is nonsingular. Hence,

(E,A) ∼ (E,A− λ0E + λ0E)

∼ ((A− λ0E)
−1E, I + λ0(A− λ0E)

−1E).
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The next step is to transform (A − λ0E)
−1E to Jordan canonical form. This is

given by diag(J̃, Ñ), where J̃ is nonsingular (i.e., the part belonging to the nonzero
eigenvalues) and Ñ is a nilpotent, strictly upper triangular matrix. We obtain

(E,A) ∼
([

J̃ 0
0 Ñ

]
,

[
I + λ0J̃ 0

0 I + λ0Ñ

])
.

Because of the special form of Ñ , the entry I+λ0Ñ is a nonsingular upper triangular
matrix. It follows that

(E,A) ∼
([

I 0
0 (I + λ0Ñ)−1Ñ

]
,

[
J̃−1 + λ0I 0

0 I

])
,

where (I + λ0Ñ)−1Ñ is again a strictly upper triangular matrix and therefore
nilpotent. Transformation of the nontrivial entries to Jordan canonical form finally
yields (2.7) with the required block structure. �

With the help of (2.7), which is sometimes called Weierstraß canonical form,
we are now able to write down the solutions of (2.1) in the case of a regular matrix
pair explicitly. In particular, we utilize that (2.1) separates into two subproblems
when (E,A) is in canonical form. Denoting for both subproblems the unknown
function by x ∈ C1(I,Cn) and the inhomogeneity by f ∈ C(I,Cn), we get for the
first subproblem

ẋ = Jx + f (t), (2.8)

which is a linear ordinary differential equation, while for the second subproblem
we obtain

Nẋ = x + f (t). (2.9)

Since initial value problems for linear ordinary differential equations are always
uniquely solvable for f ∈ C(I,Cn), see, e.g., [65], [106], we only need to consider
(2.9) in more detail.

Lemma 2.8. Consider (2.9) with f ∈ Cν(I,Cn), n ≥ 1. Let ν be the index of
nilpotency ofN , i.e., letNν = 0 andNν−1 �= 0. Then (2.9) has the unique solution

x = −
ν−1∑
i=0

Nif (i). (2.10)

Proof. One possibility to show that a solution must have the form (2.10) is to
separate (2.9) further into the single Jordan blocks and to solve then componentwise.
A simpler proof is given by the following formal approach. Let D be the linear
operator which maps a (continuously) differentiable function x to its derivative ẋ.
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Then (2.9) becomesNDx = x+f or (I −ND)x+f = 0. BecauseN is nilpotent
and N and D commute (N is a constant factor), we obtain

x = −(I −ND)−1f = −
∞∑
i=0

(ND)if = −
ν−1∑
i=0

Nif (i)

by using the Neumann series [87]. Inserting this into (2.9) gives

Nẋ − x − f = −
ν−1∑
i=0

Ni+1f (i+1) +
ν−1∑
i=0

Nif (i) − f = 0,

thus showing that (2.10) is indeed a solution. �

Looking at the result of Lemma 2.8, we can make two important observations.
First, the solution is unique without specifying initial values or, in other words, the
only possible initial condition at t0 is given by the value of x from (2.10) at t0.
Second, one must require that f is at least ν times continuously differentiable to
guarantee that x is continuously differentiable. In this sense, the quantity ν plays an
important role in the theory of regular linear differential-algebraic equations with
constant coefficients.

Definition 2.9. Consider a pair (E,A) of square matrices that is regular and has a
canonical form as in (2.7). The quantity ν defined by Nν = 0, Nν−1 �= 0, i.e., by
the index of nilpotency of N in (2.7), if the nilpotent block in (2.7) is present and
by ν = 0 if it is absent, is called the index of the matrix pair (E,A), denoted by
ν = ind(E,A).

To justify this definition and the notation ν = ind(E,A), we must show that ν
does not depend on the special transformation to canonical form.

Lemma2.10. Suppose that the pair (E,A)of squarematrices has the two canonical
forms

(E,A) ∼
([

I 0
0 Ni

]
,

[
Ji 0
0 I

])
, i = 1, 2,

where di , i = 1, 2, is the size of the block Ji . Then d1 = d2 and, furthermore,
Nν

1 = 0 and Nν−1
1 �= 0 if and only if Nν

2 = 0 and Nν−1
2 �= 0.

Proof. For the characteristic polynomials of the two canonical forms, we have

pi(λ) = det

[
λI − Ji 0

0 λNi − I

]
= (−1)n−di det(λI − Ji).

Hence, pi is a polynomial of degree di . Since the normal forms are strongly
equivalent, p1 and p2 can only differ by a constant factor according to the proof
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of Lemma 2.6. Thus, d1 = d2 and the block sizes in the canonical forms are the
same. Furthermore, from the strong equivalence of the canonical forms it follows
that there exist nonsingular matrices

P =
[
P11 P12
P21 P22

]
, Q =

[
Q11 Q12
Q21 Q22

]
,

partitioned conformably, such that[
P11 P12
P21 P22

] [
I 0
0 N2

]
=
[
I 0
0 N1

] [
Q11 Q12
Q21 Q22

]

and [
P11 P12
P21 P22

] [
J2 0
0 I

]
=
[
J1 0
0 I

] [
Q11 Q12
Q21 Q22

]
.

Thus, we obtain the relations

P11 = Q11, P12N2 = Q12, P21 = N1Q21, P22N2 = N1Q22,

and

P11J2 = J1Q11, P12 = J1Q12, P21J2 = Q21, P22 = Q22.

From this, we get P21 = N1P21J2 and, by successive insertion of P21, finally
P21 = 0 by the nilpotency of N1. Therefore, P11 = Q11 and P22 = Q22 must be
nonsingular. In particular, J1 and J2 as well as N1 and N2 must be similar. The
claim now follows, since the Jordan canonical forms of N1 and N2 consist of the
same nilpotent Jordan blocks. �

This result shows that the block sizes of a canonical form (2.7) and the index,
as defined in Definition 2.9, are characteristic values for a pair of square matrices
as well as for the associated linear differential-algebraic equation with constant
coefficients.

Remark 2.11. It would be much more elegant to use a different counting for the
index by taking it to be the smallest μ ≥ 0 such that Nμ+1 = 0. This would
allow a rigorous treatment of nilpotent endomorphisms φ of a vector space V .
With the usual definition, the case that V has zero dimension is not clearly defined.
Obviously, if V = {0}, then every endomorphism maps 0 to 0 and is therefore the
identity map, i.e., an isomorphism.

The zero matrix is the matrix that maps every vector to 0 and it is the matrix
representation of the endomorphism φ : V → V with φ(v) = 0 for all v ∈ V .
Thus, for V = {0} the zero matrix equals the identity matrix.
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Using the usual convention that N0 is the identity matrix, and thus nonzero, im-
mediately leads to difficulties in the classical definition of the index of nilpotency ν,
e.g., by

ν = min{
 ∈ N0 | kernelN
+1 = kernelN
},
since for V = {0} this would yield ν = 0 although N is the zero matrix. See also
[74] for an extended discussion on properties of matrix representations of linear
mappings associated with zero dimensional vector spaces.

We can now summarize the above results.

Theorem 2.12. Let the pair (E,A) of square matrices be regular and let P and Q
be nonsingular matrices which transform (2.1) and (2.2) to Weierstraß canonical
form, i.e.,

PEQ =
[
I 0
0 N

]
, PAQ =

[
J 0
0 I

]
, Pf =

[
f̃1

f̃2

]
(2.11)

and set

Q−1x =
[
x̃1
x̃2

]
, Q−1x0 =

[
x̃1,0
x̃2,0

]
. (2.12)

Furthermore, let ν = ind(E,A) and f ∈ Cν(I,Cn). Then we have the following:

1. The differential-algebraic equation (2.1) is solvable.

2. An initial condition (2.2) is consistent if and only if

x̃2,0 = −
ν−1∑
i=0

Nif̃
(i)
2 (t0).

In particular, the set of consistent initial values x0 is nonempty.

3. Every initial value problem with consistent initial condition is uniquely solvable.

Example 2.13. Consider the differential-algebraic equation Eẋ = Ax+f (t) with

E =
⎡
⎣ 0 1

0 0
0

⎤
⎦ , A =

⎡
⎣ 1 0

0 1
1

⎤
⎦ , f (t) =

⎡
⎣ 0
−t3
−t

⎤
⎦ .

The solution is unique and given by x(t) = [ 3t2 t3 t ]T independent of an initial
condition.
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It remains to consider what happens if a given matrix pair (E,A) is not regular,
i.e., if the matrices are not square or the characteristic polynomial (2.6) vanishes
identically. In particular, we want to show that in this case the corresponding initial
value problem either has more than one solution or there are arbitrarily smooth
inhomogeneities for which there is no solution at all. With the well-known principle
for linear problems that two solutions of the inhomogeneous problem differ by a
solution of the homogeneous problem, this is equivalent to the following statement.

Theorem 2.14. LetE,A ∈ Cm,n and suppose that (E,A) is a singular matrix pair.

1. If rank(λE−A) < n for all λ ∈ C, then the homogeneous initial value problem

Eẋ = Ax, x(t0) = 0 (2.13)

has a nontrivial solution.

2. If rank(λE − A) = n for some λ ∈ C and hence m > n, then there exist
arbitrarily smooth inhomogeneities f for which the corresponding differential-
algebraic equation is not solvable.

Proof. For the first claim, suppose that rank(λE − A) < n for every λ ∈ C. Let
now λi , i = 1, . . . , n + 1, be pairwise different complex numbers. For every λi ,
we then have a vi ∈ Cn \ {0} with (λiE − A)vi = 0 and clearly the vectors vi ,
i = 1, . . . , n+ 1, are linearly dependent. Hence, there exist complex numbers αi ,
i = 1, . . . , n+ 1, not all of them being zero, such that

n+1∑
i=1

αivi = 0.

For the function x defined by

x(t) =
n+1∑
i=1

αivie
λi(t−t0),

we then have x(t0) = 0 as well as

Eẋ(t) =
n+1∑
i=1

αiλiEvie
λi(t−t0) =

n+1∑
i=1

αiAvie
λi(t−t0) = Ax(t).

Since x is not the zero function, it is a nontrivial solution of the homogeneous initial
value problem (2.13).

For the second claim, suppose that there exists a scalar λ ∈ C such that
rank(λE − A) = n. Since (E,A) is assumed to be singular, we have m > n.
With x(t) = eλt x̃(t), we have

ẋ(t) = eλt ˙̃x(t)+ λeλt x̃(t)
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such that (2.1) is transformed to

E ˙̃x = (A− λE)x̃ + e−λtf (t).

Since A − λE has full column rank, there exists a nonsingular matrix P ∈ Cm,m

such that this equation, multiplied from the left by P , gives[
E1
E2

]
˙̃x =

[
I

0

]
x̃ +

[
f1(t)

f2(t)

]
.

Obviously the pair (E1, I ) is regular, implying that

E1 ˙̃x = x̃ + f1(t), x̃(t0) = x̃0

has a unique solution for every sufficiently smooth inhomogeneity f1 and for every
consistent initial value. But then

f2(t) = E2 ˙̃x(t)
is a consistency condition for the inhomogeneity f2 that must hold for a solution
to exist. This immediately shows that there exist arbitrarily smooth functions f for
which this consistency condition is not satisfied. �

Example 2.15. Consider the differential-algebraic equation Eẋ = Ax+f (t) with

E =
⎡
⎣ 0 1

1
0

⎤
⎦ , A =

⎡
⎣ 1 0

0
1

⎤
⎦ , f =

⎡
⎣ f1

f2
f3

⎤
⎦ .

We obtain ẋ2 = x1 + f1, ẋ3 = f2, and x3 = −f3, independent of initial values.
For a solution to exist, we need f2 = −ḟ3. The solution is not unique, since any
continuously differentiable function x1 can be chosen.

2.2 The Drazin inverse

In this and the following section, we discuss the question whether it is possible
to write down an explicit representation of the solutions of (2.1) in terms of the
original data E, A, and f . For convenience, we restrict ourselves to the case m = n

of square matrices E and A. The presentation follows the work of [42], [43].
Considering linear ordinary differential equations

ẋ = Ax + f (t), x(t0) = x0,
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we have the well-known formula

x(t) = eA(t−t0)x0 +
∫ t

t0

eA(t−s)f (s) ds (2.14)

obtained by variation of constants. Let us first consider the special differential-al-
gebraic equation

Eẋ = x, x(t0) = x0. (2.15)

If E is nonsingular, then (2.14) yields

x(t) = eE
−1(t−t0)x0.

For general E, we apply the results of the previous section to obtain a solution.
Since (E, I ) is a regular matrix pair, we can transform it to Weierstraß canonical
form (2.7). The easiest way to get this is to transform E to Jordan canonical form.
Let therefore

E = T −1JT , J =
[
C 0
0 N

]
,

where C is nonsingular and N is nilpotent. The differential-algebraic equation
(2.15) then becomes[

I 0
0 N

] [
ẋ1
ẋ2

]
=
[
C−1 0

0 I

] [
x1
x2

]
,

[
x1(t0)

x2(t0)

]
=
[
x1,0
x2,0

]
,

with [
x1
x2

]
= T x,

[
x1,0
x2,0

]
= T x0.

Applying Theorem 2.12 yields that x2,0 = 0 must hold for the initial condition to
be consistent and that the solution is then given by[

x1(t)

x2(t)

]
=
[
eC
−1(t−t0) 0

0 I

] [
x1,0
x2,0

]
.

Defining

JD =
[
C−1 0

0 0

]
,

we can write this as
T x(t) = eJ

D(t−t0)T x0.

Transforming back, we obtain

x(t) = eE
D(t−t0)x0
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with
ED = T −1JDT . (2.16)

Comparing this formula with that for nonsingularE, we see thatE−1 is just replaced
by the matrixED . AlthoughE may in general be singular, there is a matrix that plays
the role of an inverse when looking for a solution formula of the above kind of differ-
ential-algebraic equations. In such situations, one speaks of so-called generalized
inverses, see, e.g., [56]. We will therefore first have a closer look at such inverses
before we return to solution formulas for differential-algebraic equations. Although
we have already defined the desired object, we shall start here with a different, more
algebraic definition of the same object.

Definition 2.16. Let E ∈ Cn,n. The quantity ν = ind(E, I ) as in Definition 2.9 is
called index (of nilpotency) of E and is denoted by ν = indE.

Definition 2.17. Let E ∈ Cn,n have the index ν. A matrix X ∈ Cn,n satisfying

EX = XE, (2.17a)

XEX = X, (2.17b)

XEν+1 = Eν (2.17c)

is called a Drazin inverse of E.

Remark 2.18. As we have already discussed in Remark 2.11, the usual index of
nilpotency is not rigorously defined in the case that E is a matrix representation
of the isomorphism φ : {0} → {0}. Analogously, we have difficulties to define the
Drazin inverse of this matrix E. As an isomorphism between vector spaces, E is
invertible, actually the identity matrix, so the Drazin inverse ofE should beE itself,
and clearly the three conditions (2.17a), (2.17b) and (2.17c) hold. But the definition
based on (2.16) is ambiguous, since we must distinguish between zero and identity
blocks. Observe that in (2.17c) we again must use the convention that E0 is the
identity matrix and that the identity matrix is different from the zero matrix.

Theorem 2.19. Every E ∈ Cn,n has one and only one Drazin inverse ED .

Proof. The matrix ED given in (2.16) satisfies the axioms (2.17), since

ν = ind(E, I ) = ind(J, I ) = ind

([
I 0
0 N

]
,

[
C−1 0

0 I

])
= ind(N, I),

implying that Nν = 0 and Nν−1 �= 0 according to Definition 2.9 and Defini-
tion 2.17. To show uniqueness, we suppose that X1 and X2 are two Drazin inverses
of E. Applying the axioms (2.17), we get

X1 = X1EX1 = · · · = Xν+1
1 Eν = Xν+1

1 X2E
ν+1 = Xν+1

1 Eν+1X2 = X1EX2

= X1E
ν+1Xν+1

2 = X1X
ν+1
2 Eν+1 = Xν+1

2 Eν = · · · = X2EX2 = X2. �
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Lemma 2.20. For nonsingular E ∈ Cn,n, we have

ED = E−1, (2.18)

and for arbitrary E ∈ Cn,n and nonsingular T ∈ Cn,n, we have

(T −1ET )D = T −1EDT . (2.19)

Proof. Both assertions follow by direct verification of the axioms (2.17). �

Lemma 2.21. Consider matrices E,A ∈ Cn,n with EA = AE. Then we have

EAD = ADE, (2.20a)

EDA = AED, (2.20b)

EDAD = ADED. (2.20c)

Proof. Since EA = AE, for arbitrary λ ∈ C we have that

(λI − E)A = λA− EA = λA− AE = A(λI − E).

If λ is not an eigenvalue of E, then the matrix λI − E is nonsingular and we get

A = (λI − E)−1A(λI − E).

With (2.19), it follows that

AD = (λI − E)−1AD(λI − E)

or
(λI − E)AD = AD(λI − E),

hence (2.20a). By interchanging the roles of E and A, (2.20b) follows. Finally,
(2.20c) follows by replacing E by ED in the proof of (2.20a). �

Theorem 2.22. Let E ∈ Cn,n with ν = indE. There is one and only one decom-
position

E = C̃ + Ñ (2.21)

with the properties

C̃Ñ = ÑC̃ = 0, Ñν = 0, Ñν−1 �= 0, ind C̃ ≤ 1. (2.22)

In particular, the following statements hold:

C̃DÑ = 0, ÑC̃D = 0, (2.23a)

ED = C̃D, (2.23b)

C̃C̃DC̃ = C̃, (2.23c)

C̃DC̃ = EDE, (2.23d)

C̃ = EEDE, Ñ = E(I − EDE). (2.23e)
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Proof. We first show that the desired properties of the decomposition imply (2.23a)–
(2.23e) in the given order which finally gives an explicit representation of the desired
decomposition. Claim (2.23a) follows from

C̃D = C̃DC̃C̃D = C̃DC̃DC̃ = C̃C̃DC̃D

and C̃Ñ = ÑC̃ = 0 by application of Lemma 2.21. For (2.23b), we verify the
axioms (2.17) by

EC̃D = C̃C̃D + ÑC̃D = C̃C̃D = C̃DC̃ = C̃DC̃ + C̃DÑ = C̃DE,

C̃DEC̃D = C̃DC̃C̃D + C̃DÑC̃D = C̃D,

C̃DEν+1 = C̃D(C̃ + Ñ)ν+1 = C̃DC̃ν+1 = C̃ν = (C̃ + Ñ)ν = Eν.

Since ind C̃ ≤ 1, we have C̃C̃DC̃ = C̃ and therefore (2.23c). With

EDE = C̃D(C̃ + Ñ) = C̃DC̃,

we get (2.23d). Finally, we obtain (2.23e) by

C̃ = C̃C̃DC̃ = (E − Ñ)C̃DC̃ = EC̃DC̃ = EEDE,

Ñ = E − C̃ = E − EEDE = E(I − EDE),

which also shows the uniqueness of the desired decomposition of E.
To show the existence of such a decomposition, it suffices to verify that the

matrices C̃ and Ñ from (2.23e) satisfy the properties (2.21), which is trivial, and
(2.22). For (2.22), we transform E again to Jordan canonical form. From

E = T −1JT , J =
[
C 0
0 N

]
,

with C nonsingular and indN = ν, we obtain

C̃ = EEDE = T −1
[
C 0
0 N

] [
C−1 0

0 0

] [
C 0
0 N

]
T = T −1

[
C 0
0 0

]
T ,

Ñ = E − C̃ = T −1
[

0 0
0 N

]
T ,

and the required properties are obvious. �

Remark 2.23. One can show that a matrix E ∈ Cn,n is an element of a group
G ⊆ Cn,n with matrix multiplication as the inner operation if and only if indE ≤ 1.
The inverse of E in such a group G is exactly the Drazin inverse ED . In this case,
one also speaks of the group inverse of E and denotes it by E#, cp. Exercise 12.
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2.3 Explicit representation of solutions

In order to develop explicit representations for the solutions of (2.1) in terms of the
coefficient matrices E and A and the inhomogeneity f , we first treat the special
case that E and A commute, i.e., that

EA = AE. (2.24)

According to Theorem 2.22, we take E = C̃ + Ñ with the properties of C̃ and Ñ

as given there. Note that due to Lemma 2.21 we always have that EDE = EED .

Lemma 2.24. System (2.1) with the property (2.24) is equivalent (in the sense that
the solutions are in one-to-one correspondence) to the system

C̃ẋ1 = Ax1 + f1(t), (2.25a)

Ñ ẋ2 = Ax2 + f2(t), (2.25b)

where
x1 = EDEx, x2 = (I − EDE)x (2.26)

and
f1 = EDEf, f2 = (I − EDE)f. (2.27)

Equation (2.25a) together with (2.26) is equivalent to the ordinary differential
equation

ẋ1 = EDAx1 + EDf1(t). (2.28)

Proof. Multiplying (2.1) in the form

(C̃ + Ñ)(ẋ1 + ẋ2) = A(x1 + x2)+ f (t),

with C̃DC̃ and utilizing (2.20) and (2.23), we obtain (2.25a) since

C̃DC̃A = EDEA = AEDE = AC̃DC̃. (2.29)

Subtracting (2.25a) from (2.1) immediately gives (2.25b). Conversely, adding both
parts of (2.25) gives (2.1), since

C̃EDEẋ + Ñ(I − EDE)ẋ = EEDEẋ + E(I − EDE)ẋ = Eẋ.

Multiplying (2.25a) by C̃D = ED and adding (I − C̃DC̃)ẋ1 = 0 yields (2.28),
while multiplying (2.28) by C̃ and using (2.29) yields (2.25a). �

Note that the ordinary differential equation (2.28) has solutions x1 with values
in range(EDE) as soon as the initial value x1(t0) lies in this space.

Since two solutions of a linear (inhomogeneous) problem differ by a solution
of the corresponding homogeneous problem, we start with analyzing the solution
set of homogeneous differential-algebraic equations.
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Lemma 2.25. Consider the differential-algebraic equation (2.1) with m = n and
suppose that (2.24) holds. For every v ∈ Cn, the function x ∈ C1(I,Cn) defined
by

x(t) = eE
DAtEDEv (2.30)

is a solution of
Eẋ = Ax. (2.31)

Proof. Direct computation yields

Eẋ(t)− Ax(t) = EEDAeE
DAtEDEv − AeE

DAtEDEv

= AeE
DAtEDEEDEv − AeE

DAtEDEv = 0. �

The preceding lemma implies that there is a linear space of solutions of (2.31)
with dimension rank(EDE). In view of Theorem 2.14, we must require regularity
of the matrix pair (E,A) in order to show that there are no solutions different from
those of the form (2.30). In the case of commuting E and A, we do this as follows.

Lemma 2.26. Let E,A ∈ Cn,n satisfy (2.24) and

kernelE ∩ kernelA = {0}. (2.32)

Then, we have
(I − EDE)ADA = (I − EDE). (2.33)

Proof. We again begin with a transformation ofE to Jordan canonical form accord-
ing to

T −1ET =
[
C 0
0 N

]
, T −1AT =

[
A11 A12
A21 A22

]
,

with C nonsingular and Nν = 0, Nν−1 �= 0, where ν = indE. Since EA = AE,
we have [

CA11 CA12
NA21 NA22

]
=
[
A11C A12N

A21C A22N

]
.

In particular, we see that A21 = NA21C
−1 and A12 = C−1A12N . Successive

insertion until the nilpotency of N can be utilized then shows that A21 = 0 and
A12 = 0. With this, we obtain

kernelE = {T [ v1
v2

] | v1 = 0, Nv2 = 0
}
,

kernelA = {T [ v1
v2

] | A11v1 = 0, A22v2 = 0
}
,

or

kernelE ∩ kernelA = {T [ v1
v2

] | v1 = 0, Nv2 = 0, A22v2 = 0
}
.
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The aim now is to show that (2.32) implies that A22 is nonsingular. Suppose that
A22 is singular, i.e., suppose that there is a vector v �= 0 with A22v = 0. Since
NA22 = A22N , we have

A22N

v = N
A22v = 0

and therefore
N
v ∈ kernelA22

for all 
 ∈ N0. Since N is nilpotent, there exists an 
 ∈ N0 such that

N
v �= 0, N
+1v = 0

and therefore
0 �= N
v ∈ kernelN ∩ kernelA22

in contradiction to (2.32). Hence, A22 is nonsingular and we have

T −1(I − EDE)T =
[

0 0
0 I

]
, T −1ADAT =

[
AD

11A11 0
0 I

]
,

which implies (2.33). �

Note that for commuting matrices E and A, condition (2.32) is equivalent to the
regularity of (E,A) in the sense of Definition 2.5, see Exercise 8.

Theorem 2.27. Let E,A ∈ Cn,n satisfy (2.24) and (2.32). Then every solution
x ∈ C1(I,Cn) of (2.31) has the form (2.30) for some v ∈ Cn.

Proof. We write E as E = C̃+ Ñ according to Theorem 2.22. Using Lemma 2.21,
we obtain

AÑ = AE(I − EDE) = E(I − EDE)A = ÑA.

Because of Lemma 2.26, we then get the implications

AÑx = 0 �⇒ ADAÑx = 0

�⇒ (I − EDE)ADAÑx = 0

�⇒ (I − EDE)Ñx = 0

�⇒ Ñx = 0.

Let now x ∈ C1(I,Cn) be a solution of (2.31) with the splitting x = x1 + x2
according to Lemma 2.24. With ν = indE and f2 = 0, we obtain from (2.25b)
that

0 = Ñν ẋ2 = Ñν−1Ax2 = AÑν−1x2
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and therefore
Ñν−1x2 = 0.

Differentiation yields

0 = Ñν−1ẋ2 = Ñν−2Ax2 = AÑν−2x2,

hence Ñν−2x2 = 0. Successively applying this procedure finally yields Ñx2 = 0.
A further differentiation then gives Ax2 = 0. Since x2 = (I − EDE)x, it follows
that

x2 = (I − EDE)x2 = (I − EDE)ADAx2 = 0

and therefore x = x1. But since x1 solves the ordinary differential equation (2.28),
there exists a v ∈ Cn such that

x1(t) = eE
DAtv,

and hence
x(t) = x1(t) = EDEx1(t) = eE

DAtEDEv. �

Lemma 2.25 and Theorem 2.27 describe the solutions of a homogeneous dif-
ferential-algebraic equation for the case that the coefficient matrices commute and
satisfy the regularity condition (2.32). As in the case of linear algebraic equations or
ordinary differential equations, we only need a single (so-called particular) solution
of the corresponding inhomogeneous problem to be able to describe all solutions.

Theorem 2.28. Let E,A ∈ Cn,n satisfy (2.24) and (2.32). Furthermore, let f ∈
Cν(I,Cn) with ν = indE and let t0 ∈ I. Then, x ∈ C1(I,Cn) defined by

x(t) =
∫ t

t0

eE
DA(t−s)EDf (s) ds − (I − EDE)

ν−1∑
i=0

(EAD)iADf (i)(t) (2.34)

is a particular solution of (2.1).

Proof. The representation (2.34) obviously corresponds to the splitting (2.25) with

x1(t) =
∫ t

t0

eE
DA(t−s)EDf (s) ds,

x2(t) = −(I − EDE)

ν−1∑
i=0

(EAD)iADf (i)(t).

Thus, we get

Eẋ1(t) = EEDAx1(t)+ EEDf (t) = Ax1(t)+ EEDf (t)
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and

Eẋ2(t) = −E(I − EDE)

ν−1∑
i=0

(EAD)iADf (i+1)(t)

= −(I − EDE)

ν−1∑
i=0

(EAD)i+1f (i+1)(t)

= −(I − EDE)

ν−2∑
i=0

(EAD)i+1f (i+1)(t)

= −(I − EDE)ADA

ν−1∑
i=1

(EAD)if (i)(t)

= −A(I − EDE)

ν−1∑
i=0

(EAD)iADf (i)(t)+ (I − EDE)f (t)

= Ax2(t)+ (I − EDE)f (t),

where we have used (2.33) and (I − EDE)Eν = 0. �

As usual in the theory of linear problems, we can merge the preceding two
theorems into the following statement.

Theorem 2.29. Let E,A ∈ Cn,n satisfy (2.24) and (2.32). Furthermore, let f ∈
Cν(I,Cn) with ν = indE and let t0 ∈ I. Then every solution x ∈ C1(I,Cn) of
(2.1) has the form

x(t) = eE
DA(t−t0)EDEv +

∫ t

t0

eE
DA(t−s)EDf (s) ds

− (I − EDE)

ν−1∑
i=0

(EAD)iADf (i)(t)

(2.35)

for some v ∈ Cn.

Corollary 2.30. Let the assumptions of Theorem 2.29 hold. The initial value prob-
lem consisting of (2.1) and (2.2) possesses a solution if and only if there exists a
v ∈ Cn with

x0 = EDEv − (I − EDE)

ν−1∑
i=0

(EAD)iADf (i)(t0). (2.36)

If this is the case, then the solution is unique.
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So far, we have required the coefficient matrices of the differential-algebraic
equation to commute. Using a nice trick due to Campbell (see [42]), the general
regular case (i.e., without (2.24)) can be easily reduced to the special case.

Lemma 2.31. LetE,A ∈ Cn,n with (E,A) regular. Let λ̃ ∈ C be chosen such that
λ̃E − A is nonsingular. Then the matrices

Ẽ = (λ̃E − A)−1E, Ã = (λ̃E − A)−1A (2.37)

commute.

Proof. By construction, we have λ̃Ẽ − Ã = I which directly yields that Ẽ and Ã

commute. �

Since the factor (λ̃E−A)−1 represents a simple scaling of (2.1), results similar
to Theorem 2.29 and Corollary 2.30 hold for the general case provided that the
coefficient matrices form a regular matrix pair, cp. Exercise 9. We only need to
perform the replacements

E← (λ̃E − A)−1E, A← (λ̃E − A)−1A, f ← (λ̃E − A)−1f. (2.38)

in (2.35) and (2.36).

Remark 2.32. In Theorems 2.28 and 2.29, we have required that f ∈ Cν(I,Cn)

in order to guarantee that x ∈ C1(I,Cn). Looking closely at the proof of The-
orem 2.28, one recognizes that the ν-th derivative of f actually does not appear
in ẋ. One may therefore relax the smoothness requirements for f when one in
turn relaxes the smoothness requirements for a solution x of a differential-algebra-
ic equation as given in Definition 1.1. We will come back to this problem in the
case of generalized solutions and also in the case of linear equations with variable
coefficients.

Example 2.33. Consider the differential-algebraic equation 0 = x − |t |. The
function x given by x(t) = |t | satisfies this equation, but it is not a solution according
to Definition 1.1, since x is not differentiable at t = 0.

2.4 Generalized solutions

In Remark 2.32, we have noted that the smoothness requirements for the forcing
function f can be mildly relaxed if the solution is allowed to be less smooth. The
consistency conditions for the initial values, however, cannot be relaxed when con-
sidering classical solutions (i.e., solutions in the sense of Remark 2.32). Another
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route that one can take to remove consistency conditions and to relax smoothness
requirements is to allow generalized functions (or distributions), see [199], as solu-
tions of (2.1). For the analysis of differential-algebraic equations, this approach is
relatively recent. Several different directions can be followed that allow to include
nondifferentiable forcing functions f or non-consistent initial values. A very ele-
gant and completely algebraic approach was introduced in [96] to treat the problem
by using a particular class of distributions introduced first in [112] in the study of
control problems. We essentially follow this approach.

The physical relevance of treating non-differentiable forcing functions can be
seen best in the context of switches in electrical circuits.

Example 2.34. The discharging of a capacitor via a resistor, see Figure 2.1, can be
modeled by the system

x1 − x3 = u(t), C(ẋ3 − ẋ2)+ x1 − x2

R
= 0, x3 = 0,

where x1, x2, x3 denote the potentials in the different parts of the circuit. This
system can be reduced to the ordinary differential equation

ẋ2 = − 1

RC
x2 + 1

RC
u(t).

Let the input voltage u be defined by u(t) = u0 > 0 for t < 0 and u(t) = 0 for
t ≥ 0. Thus, we want to study the behavior of the circuit when we close a switch

x1

x2

x3

�

�

R

C

u(t)

Figure 2.1. Discharging a capacitor

between x1 and x3. As initial condition, we take x2(0) = u0. The differential
equation can then be solved separately for t < 0 and t > 0. Since both parts can
be joined together to a continuous function, we may view x2 defined by

x2(t) =
{
u0 for t < 0,

u0e
−t/RC for t ≥ 0.
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as solution everywhere in R. This procedure can be formalized for linear differen-
tial equations working with piecewise continuous inhomogeneities and continuous,
piecewise continuously differentiable solutions. Note, however, that such a solution
is not differentiable at points where the inhomogeneity jumps.

Example 2.35. A mathematical model for a differentiator, see Figure 2.2, is given
by the system

x1 − x4 = u(t), C(ẋ1 − ẋ2)+ x3 − x2

R
= 0, x3 = A(x4 − x2), x4 = 0.

Typical values for the constants are R = 105, C = 10−6, and A = 105. Again, we
want to study the behavior when the input voltage jumps. Assume that the ideal

�
�

��

x1

x2

x3

x4

u(t)
C

R

A

�

�
�

�
�

�
��
�

�
�

��

Figure 2.2. An electronic differentiator

input profile is u(t) = 0 for t < 0 and u(t) = 1 for t ≥ 0. Approximating this u by

u(t) = 1

2
(tanh γ t + 1),

with successively larger γ > 0 and taking consistent initial values at t = −1 with
x2(−1) = x3(−1) = x4(−1) = 0, we get solution profiles as shown in Figures 2.3
and 2.4. In particular, the component x3 exhibits an impulsive behavior. In the limit
A→∞ (representing an ideal operational amplifier), the third model equation must
be replaced by x2 = 0. In this case, the above system can be reduced to

x3 = −RCu̇(t).
Of course, for this equation there cannot exist a function as limit for increasing γ .
Thus, in order to treat such problems we need solution spaces that are more general
than spaces of functions.

Let us recall a few important facts about generalized functions, see, e.g., [199].
Let D = C∞0 (R,C) be the set of infinitely differentiable functions with values in
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x

t

Figure 2.3. Behavior of a non-ideal differentiator — input profiles

C and compact support in R. We say that a sequence (φi(t))i∈N converges to zero
in D and write φi → 0, if all functions vanish outside the same bounded interval
and the sequences (φ(q)i )i∈N of the q-th derivatives converge uniformly to zero for
all q ∈ N0. The elements of D are called test functions.

Definition 2.36. A linear functional f on D , i.e., a mapping f : D → C with

f (α1φ1 + α2φ2) = α1f (φ1)+ α2f (φ2) (2.39)

for all α1, α2 ∈ C and φ1, φ2 ∈ D , is called a generalized function or distribution
if it is continuous in the sense that f (φi)→ 0 in C for all sequences (φi)i∈N with
φi → 0 in D . We denote the space of all distributions acting on D by C.

For convenience, we also write 〈f, φ〉 instead of f (φ) in order to express the
bilinearity of the expression f (φ) according to (2.39) and

(α1f1 + α2f2)(φ) = α1f1(φ)+ α2f2(φ) (2.40)
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x

t

Figure 2.4. Behavior of a non-ideal differentiator — output profiles

for all α1, α2 ∈ C, f1, f2 ∈ C, and φ ∈ D .
Every locally Lebesgue integrable function f : R → C defines a distribution

by

〈f, φ〉 =
∫

R

f (t)φ(t) dt. (2.41)

Distributions that are obtained in this way are called regular distributions. As
usual, we identify f with the associated distribution. Note that by definition two
distributions f1, f2 ∈ C are equal if 〈f1, φ〉 = 〈f2, φ〉 for all φ ∈ D . Even if
f1, f2 are regular distributions (i.e., if they come from functions f1, f2 : R→ C),
this does not imply that f1(t) = f2(t) for all t ∈ R. This is due to the integral
involved in (2.41) that allows to alter the values of f1, f2 on a set of measure zero.
In general, it therefore makes no sense to speak of values of distributions at some
point in R.

While (2.40) includes as special case the definition of the sum of two distri-
butions (in the usual way for mappings), there is no meaningful way to define
the product of two distributions unless one factor is infinitely often differentiable.
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Taking a ∈ C∞(R,C) and f ∈ C, the definition

〈af, φ〉 = 〈f a, φ〉 = 〈f, aφ〉 for all φ ∈ D (2.42)

is straightforward.
In order to use distributions in the framework of differential-algebraic equati-

ons, we need derivatives and primitives of distributions. The q-th order derivative
f (q), q ∈ N0, of a distribution f ∈ C is defined by

〈f (q), φ〉 = (−1)q〈f, φ(q)〉 for all φ ∈ D . (2.43)

The so obtained functional f (q) is obviously linear. It can also be shown, see, e.g.
[199], that it is continuous without imposing any restriction on f . Hence, every
distribution has derivatives of arbitrary order in C. If f ∈ Cq(R,C) with classical
derivative f (q), then the associated distributions f and f (q) satisfy (2.43) which is
nothing else than partial integration. Note that there are no boundary terms because
of the compact support of the test functions.

The Dirac delta distribution δ is defined via

〈δ, φ〉 = φ(0) for all φ ∈ D . (2.44)

Since for given φ ∈ D and sufficiently large t̂ ∈ R

φ(0) = −(φ(t̂)− φ(0)) = −φ(t)
∣∣∣t̂
0
= −

∫ t̂

0
φ̇(t) dt

= −
∫ ∞

0
φ̇(t) dt = −

∫
R

H(t)φ̇(t) dt = −〈H, φ̇〉 = 〈Ḣ, φ〉,

where

H(t) =
{

0 for t < 0,

1 for t ≥ 0,
(2.45)

is the Heaviside function, we find that δ = Ḣ . We will also use the shifted versions
Ht0 defined by Ht0(t) = H(t − t0) and δt0 = Ḣt0 .

In order to define a primitive x ∈ C for a distribution f ∈ C, let us consider the
equation

ẋ = f. (2.46)

We can rewrite this equation as

〈ẋ, φ〉 = 〈x,−φ̇〉 = 〈f, φ〉 for all φ ∈ D . (2.47)

Thus, x is already defined for every ϕ ∈ D which is the derivative of a test function,
i.e., for which there is a φ ∈ D with ϕ = φ̇. Note that for such a ϕ

〈1, ϕ〉 = 〈1, φ̇〉 = −〈0, φ〉 = 0 (2.48)
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holds. In order to extend x to D , we introduce a test function φ1 for which∫
R

φ1(t) dt = 1. (2.49)

Then, any test function ψ can be written in the form

ψ = λφ1 + ϕ, (2.50)

where λ ∈ C and ϕ is a test function which is the derivative of another test function.
Observing that (2.50) implies

〈1, ψ〉 = λ〈1, φ1〉 + 〈1, ϕ〉,
and using (2.48) and (2.49), we see that λ and ϕ must be given by

λ = 〈1, ψ〉, ϕ = ψ − 〈1, ψ〉φ1. (2.51)

Indeed, we have 〈1, ϕ〉 = 0 and the function φ defined by

φ(t) =
∫ t

−∞
ϕ(s) ds (2.52)

is a test function satisfying ϕ = φ̇. Thus, we define a primitive x of f by

〈x,ψ〉 = 〈x, λφ1+ϕ〉 = 〈1, ψ〉〈x, φ1〉+〈x, ϕ〉 = 〈1, ψ〉〈x, φ1〉−〈f, φ〉. (2.53)

Since we have only extended the relation (2.47), it is clear that this x satisfies (2.46)
in the distributional sense. Of course, one must show that x is linear and continuous.
For details, see, e.g., [199], [219]. Again, if x is a primitive of f ∈ C(R,C) in the
classical sense, then the same holds for the associated distributions.

If f = 0 in (2.46), then a corresponding primitive x must satisfy

〈x,ψ〉 = 〈1, ψ〉〈x, φ1〉 = 〈c, ψ〉
with c = 〈x, φ1〉. Hence, all primitives of f = 0 correspond to constant functions.
This also shows that (like in the classical case) two primitives of the same distribution
differ by a distribution which corresponds to a constant function. For arbitrary f

in (2.46), we get a special primitive x by

〈x,ψ〉 = −〈f, φ〉 (2.54)

requiring 〈x, φ1〉 = 0 in (2.53) as kind of initial condition.
Note finally that all results carry over to vector valued problems with test spaces

of the form Dn and corresponding distribution spaces Cn, by using

〈f, φ〉 =
n∑

i=1

〈fi, φi〉 (2.55)



2.4 Generalized solutions 39

for f = [ f1 · · · fn ]T ∈ Cn and φ = [ φ1 · · · φn ]T ∈ Dn. In addition, we can
use multiplication by matrix functions in the form

〈Ax, φ〉 = 〈x,AT φ〉 for all φ ∈ Dm, (2.56)

where A ∈ C∞(R,Cm,n) and x ∈ Cn.
Our motivation to use generalized solutions was the desire to treat initial condi-

tions that are inconsistent in the classical framework, but we are still faced with the
problem that we cannot assign a value at a point t0 ∈ R to a distribution. In Cn, it
makes therefore no sense to require a condition like (2.2). The idea now is to restrict
the considerations to a subset of Cn in such a way that we can speak of values at
some point. If we require (2.2), then a possible nonsmooth behavior of the solution
should be restricted to the point t0. Away from t0, the solution should be as smooth
as the solution in the classical sense. Thus, nonsmooth behavior of the solution may
occur due to inconsistent initial data or nonsmooth behavior of the inhomogeneity.
We will discuss both problems in what follows, assuming that nonsmooth behavior
only occurs at a single point. For simplicity, we assume without loss of generality
that this point is the origin. In the next chapter, we will discuss extensions to the
case when nonsmooth behavior appears at more than one point.

Let us begin with the definition of an appropriate subspace of C. For ease of
notation, we treat every function x : I → C, I ⊆ R, as being defined on R by
trivially extending it by zero, i.e., by setting x(t) = 0 for t �∈ I.

Definition 2.37. A generalized function x ∈ C is called impulsive smooth if it can
be written in the form

x = x− + x+ + ximp, (2.57)

where x− ∈ C∞((−∞, 0],C), x+ ∈ C∞([0,∞),C) and the impulsive part ximp
has the form

ximp =
q∑
i=0

ciδ
(i), ci ∈ C, i = 0, . . . , q, (2.58)

with some q ∈ N0. The set of impulsive smooth distributions is denoted by Cimp.

We state here without proof (for details see [219]) that the distributions of the
form (2.58) are exactly those distributions ximp for which

〈ximp, φ〉 = 0 for all φ ∈ D with suppφ ⊂ R \ {0}
holds.

Lemma 2.38. Impulsive smooth distributions have the following properties:

1. A distribution x ∈ Cimp uniquely determines the decomposition (2.57).
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2. With a distribution x ∈ Cimp, we can assign a function value x(t) for every t �= 0
by

x(t) =
{
x−(t) for t < 0,

x+(t) for t > 0,

and limits
x(0−) = lim

t→0−
x(t), x(0+) = lim

t→0+
x(t).

3. All derivatives and primitives of x ∈ Cimp are again in Cimp.

4. The set Cimp is a (complex) vector space and closed under multiplication with
functions a ∈ C∞(R,C). In particular, we have

ax = ax− + ax+ +
q∑
i=0

q−i∑
j=0

(−1)j
(
j+i
j

)
a(j)(0)ci+j δ(i) (2.59)

for x as in (2.57) with (2.58).

Proof. The proof is left as an exercise, cp. Exercise 14. �

With the obvious generalization of Cimp to vector valued problems, we can
again define the multiplication of an element x ∈ Cn

imp with a matrix function
A ∈ C∞(R,Cm,n). Decomposing x according to (2.57) and (2.58), where we
replace C by Cn, the distribution Ax ∈ Cm

imp is given by

Ax = Ax− + Ax+ +
q∑
i=0

q−i∑
j=0

(−1)j
(
j+i
j

)
A(j)(0)ci+j δ(i). (2.60)

Finally, we introduce a measure for the smoothness of impulsive smooth distri-
butions. Note that we use the typical rules for calculations that involve ±∞.

Definition 2.39. Let the impulsive part of x ∈ Cn
imp have the form

ximp =
q∑
i=0

ciδ
(i), ci ∈ C

n, i = 0, . . . , q. (2.61)

The impulse order of x is defined as iord x = −q − 2 if x can be associated with
a continuous function, where q with 0 ≤ q ≤ ∞ is the largest integer such that
x ∈ Cq(R,C). It is defined as iord x = −1 if x can be associated with a function
that is continuous everywhere except at t = 0 and it is defined as

iord x = max{i ∈ N0 | 0 ≤ i ≤ q, ci �= 0}
otherwise.
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Lemma 2.40. Let x ∈ Cn
imp and A ∈ C∞(R,Cm,n). Then

iordAx ≤ iord x

with equality for m = n and A(0) invertible.

Proof. The claim is a direct consequence of (2.60). �

With these preliminaries, we have the following characterization of generalized
solutions of ordinary differential equations

ẋ = A(t)x + f, (2.62)

with f ∈ Cn
imp and A ∈ C∞(R,Cn,n). For details and extended results, see, e.g.,

[180].

Theorem 2.41. Let A ∈ C∞(R,Cn,n) and let f ∈ Cn
imp have impulse order

iord f = q ∈ Z ∪ {−∞}. Furthermore, let t0 ∈ R \ {0} and x0 ∈ Cn. Then, we
have the following:

1. All generalized solutions of (2.62) are in Cn
imp and have impulse order q − 1.

2. There exists a unique solution of (2.62) in Cn
imp satisfying one of the initial

conditions
x(t0) = x0, x(0−) = x0, x(0+) = x0. (2.63)

Proof. Let M ∈ C∞(R,Cn,n) be the (unique) solution of the fundamental system

Ṁ = A(t)M, M(t0) = I.

Then M(t) is invertible for all t ∈ R. With M−1 defined pointwise by M−1(t) =
M(t)−1, it follows that x ∈ Cn solves (2.62) if and only if z = M−1x ∈ Cn solves
ż = g = M−1f , i.e., z is a primitive of g. Since f ∈ Cn

imp, then also g ∈ Cn
imp

with the same impulse order according to Lemma 2.40.
Consider the decomposition g = g+ + g− + gimp, where gimp = ∑q

i=0 ciδ
(i)

with ci ∈ Cn, i = 0, . . . , q, and cq �= 0, using the convention that gimp = 0 for
q < 0. A primitive of g then has the form

z = c +
∫ t

t0

(g−(s)+ g+(s)) ds + c0H +
q−1∑
i=0

ci+1δ
(i),

with some c ∈ Cn. Hence, every primitive z of g has impulse order q − 1 and so
every solution x = Mz of (2.62). This finishes the proof of the first part.

To prove the second part, we must show that the transformed initial conditions
z(t0) = z0, z(0−) = z0, and z(0+) = z0 fix the constant in the representation of z.
But this is obvious due to z(t0) = c+ c0H(t0) in the first case and (setting formally
t0 = 0) due to z(0−) = c and z(0+) = c + c0 otherwise. �
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This result gives a useful generalization of the classical solution theory for linear
ordinary differential equations, since it allows discontinuous or even generalized
forcing functions f , while still the uniqueness of solutions for the initial value
problems is retained.

Now we return to differential-algebraic equations

Eẋ = Ax + f, (2.64)

with a given f ∈ Cm
imp and we assume that an initial condition of one of the forms

(2.63) is given. Since we can decompose f = f− + f+ + fimp, we also consider
the differential-algebraic systems

Eẋ = Ax + f−, t ∈ (−∞, 0] (2.65)

and

Eẋ = Ax + f+, t ∈ [0,∞). (2.66)

Note that f− ∈ C∞((−∞, 0],Cm) and f+ ∈ C∞([0,∞),Cm), hence it makes
sense to consider initial values for (2.65) and (2.66) at t0 = 0.

We have the immediate extension of Theorem 2.41.

Theorem 2.42. Consider system (2.64) and assume that m = n and that the pair
(E,A) is regular with index ν = ind(E,A). Assume further that iord f = q ∈
Z ∪ {−∞}. Then, we have the following:

1. All generalized solutions of (2.64) are in Cn
imp and have impulse order at most

q + ν − 1.

2. If t0 �= 0 and x0 is consistent for (2.65) or (2.66) respectively, then the initial
value problem (2.64) together with x(t0) = x0 has a unique solution in Cn

imp.

3. If t0 = 0 and x0 is consistent for (2.65) or (2.66) respectively, then the initial
value problem (2.64) together with x(0−) = x0 or x(0+) = x0 respectively, has
a unique solution in Cn

imp.

Proof. The proof follows immediately by transforming (E,A) to Weierstraß canon-
ical form (2.7) and then considering the different parts in the distributional sense.
We obtain the two distributional systems

ẋ1 = Jx1 + f1 (2.67)
and

Nẋ2 = x2 + f2. (2.68)

The initial condition transforms analogously as

x1(t0) = x1,0, x2(t0) = x2,0.
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For (2.67), we can apply Theorem 2.41 and obtain directly all assertions.
For the analysis of (2.68), we use the decomposition f2 = f2,−+f2,++f2,imp.

Applying the construction in Lemma 2.8, we obtain that this part has the unique
solution

x2 = −
ν−1∑
i=0

Ni(f
(i)
2,− + f

(i)
2,+ + f

(i)
2,imp). (2.69)

Hence, x2 is impulsive smooth and the impulse order is at most q + ν − 1. Thus,
the first part of the assertion follows.

To prove the second part, observe that consistency of x0 implies that x2,0 =
x2(t0), i.e., the initial condition does not contradict the only possible solution x2.

The third part follows analogously. �

We see from this theorem that for a regular matrix pair and consistent initial
values, we have in principle the same existence and uniqueness result for distribu-
tional forcing terms as in the classical case. The only difference is that we have no
smoothness restriction for the inhomogeneity. But up to now, we have not addressed
the problem of inconsistent initial conditions. Suppose that (2.64) is given together
with x0− ∈ C∞((−∞, 0],Cn) to indicate how the system has behaved until t = 0.
The initial condition x(0−) = x0 with x0 = x0−(0), however, may not be consistent
for (2.65). Setting

f− = Eẋ0− − Ax0− (2.70)

forces x0− to be a solution for the part (2.65), thus making the initial condition
consistent. The problem under consideration therefore should be

Eẋ = Ax + f, x− = x0−, (2.71)

where f = f− + f+ + fimp and f− satisfies (2.70).

Theorem 2.43. Let (E,A) be regular with index ν = ind(E,A). Let x0− ∈
C∞((−∞, 0],Cn) be given and let f = f− + f+ + fimp ∈ Cn

imp, where f−
satisfies (2.70). Then the following statements hold:

1. The problem (2.71) has a unique solution x ∈ Cn
imp with iord x ≤ iord f +ν−1.

2. Let x = x−+x++ximp be the unique solution of (2.71) and f = f−+f++fimp.
Then x̃ = x+ + ximp is the unique solution of

E ˙̃x = Ax̃ + f̃ + Ex0δ, x̃− = 0, (2.72)

where x0 = x0−(0) and f̃ = f+ + fimp.
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Proof. The first part immediately follows from Theorem 2.42. For the second part,
we observe that x = x̃ + x−. Since

ẋ = ẋ− + ẋ+ + ẋimp + (x+(0)− x−(0))δ, ˙̃x = ẋ+ + ẋimp + x+(0)δ,

(2.71) is equivalent to

E( ˙̃x + ẋ− − x−(0)δ) = A(x̃ + x−)+ f, x̃− = 0,

hence to (2.72) due to (2.70). �

Remark 2.44. Within the framework of distributions, inconsistent initial conditions
can be treated by changing the inhomogeneity to make the system satisfy a given
history. The second claim of Theorem 2.43 shows that the impulsive behavior and
the future smooth development of the system do not depend on the whole history but
only on the (possibly inconsistent) initial condition. In this sense, problem (2.72)
is the adequate form to treat inconsistent initial conditions. Observe that the initial
condition does not appear as it is stated in the classical formulation (we cannot
specify values of distributions) but as part of the inhomogeneity. The physical
relevance of the solution x (or equivalently x̃) follows from the following property.
The inhomogeneity f ∈ Cn

imp can be represented as

f = lim

→∞ f
,

where f
 ∈ C∞(R,Cn) and f (t) = f
(t) for all t ∈ R with |t | ≥ 1/
. Here the
limit is meant to be taken in Cn, i.e.,

〈f, φ〉 = lim

→∞〈f
, φ〉 for all φ ∈ Dn.

Let x
 be the (classical) solution of

Eẋ = Ax + f
(t), x(−1/
) = x0−(−1/
).

Then
x = lim


→∞ x
 ∈ Cn
imp

is the unique solution of (2.71). Hence, the generalized solution can be seen as limit
of (classical) solutions by “smearing out” nonsmooth behavior of the inhomogene-
ity. For more details, see [180].

Example 2.45. If we setu = u0(1−H) in the mathematical model of Example 2.34,
we get the differential-algebraic equation

x1 − x3 = u0(1−H), C(ẋ3 − ẋ2)+ x1 − x2

R
= 0, x3 = 0,
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which has index ν = 1. Since iord f = −1, Theorem 2.42 yields that all solutions x
satisfy iord x ≤ −1. Hence, they can be associated with functions. The initial
condition x(0−) = [u0 u0 0 ]T is consistent such that there exists a unique solution
of the corresponding initial value problem. Indeed, this is given by the distributions
corresponding to

x1(t) = u0(1−H(t)), x2(t) =
{
u0 for t < 0,

u0e
−t/RC for t ≥ 0,

x3(t) = 0.

In this way, we have shown that there is a mathematically rigorous argument that
x2 solves the differential equation given in Example 2.34, although it is not differ-
entiable for t = 0.

Example 2.46. For u = H and A → ∞, the model equations of Example 2.35
take the form

x1 − x4 = H, C(ẋ1 − ẋ2)+ x3 − x2

R
= 0, x2 = 0, x4 = 0.

This is a differential-algebraic equation with index ν = 2 and iord f = −1. Since
the initial value x(−1) = 0 is consistent, Theorem 2.42 guarantees that there exists
a unique solution x with iord x ≤ 0. Indeed, we find

x = [H 0 −RCδ 0 ]T

and Figures 2.3 and 2.4 nicely demonstrate the possible limiting behavior when we
use smooth approximations to the inhomogeneity, cp. Remark 2.44.

In the case of singular matrix pairs, the analysis can be carried out as in the
classical case. Indeed, we obtain the same results as in Theorem 2.14.

Theorem 2.47. Let (E,A) with E,A ∈ Cm,n be a singular pair of matrices.

1. If rank(λE − A) < n for all λ ∈ C, then the distributional version of the
homogeneous initial value problem

Eẋ = Ax, x0− = 0 (2.73)

has a nontrivial solution in Cn
imp.

2. If rank(λE − A) = n for some λ ∈ C and hence m > n, then there exist
arbitrarily smooth forcing functions f in Cm

imp such that (2.64) does not have a
generalized solution in Cn

imp.

Proof. The proof of Theorem 2.14 works verbatim in the case of distributions. �
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The formulation (2.72) of an initial value problem suggests that for sufficiently
smooth f̃ the smoothness of x̃ will depend on the initial condition. We therefore
assume now that in the (possibly nonsquare) problem

Eẋ = Ax + f + Ex0δ, x− = 0 (2.74)

the distribution f ∈ Cm
imp has iord f ≤ −1 and satisfies f− = 0.

Definition 2.48. Let f ∈ Cm
imp be given with f− = 0 and iord f ≤ −1. We say

that x0 ∈ Cn is weakly consistent with f if there exists a solution x ∈ Cn
imp of (2.74)

with iord x ≤ −1. We say that x0 is consistent with f if x0 is weakly consistent
with f and there exists a solution x ∈ Cn

imp of (2.74) satisfying x(0+) = x0.

We have the following theorem which is a reformulation of a result in [96].

Theorem 2.49. Let the concatenated matrix [E A] in (2.74) have full row rank and
let f ∈ Cm

imp be given with f− = 0 and iord f ≤ −1. Then we have the following
characterizations:

1. All vectors x0 ∈ Cn are consistent with f if and only if

rangeE = C
m. (2.75)

2. All vectors x0 ∈ Cn are weakly consistent with f if and only if

rangeE + A kernelE = C
m. (2.76)

Proof. For the first part, suppose that all vectors in Cn are consistent and that there
exists a nonzero z ∈ Cm such that zHE = 0. Then (2.74) implies that

0 = zHAx0 + zHf (0+)

for a corresponding solution x. Since this must hold for all x0 ∈ Cn, we get
zHA = 0 and [E A ] cannot have full row rank. For the reverse direction, assume
that rangeE = Cm. Without loss of generality, we may assume that E = [ Im 0 ]
and that

A = [A1 A2
]
, x =

[
x1
x2

]
, x0 =

[
x1,0
x2,0

]
are partitioned accordingly. We then obtain the system

ẋ1 = A1x1 + A2x2 + f + x1,0δ.

If we choose x2 = Hx2,0, then the inhomogeneity of this differential equation
satisfies

iord(A2x2 + f + x1,0δ) ≤ 0.
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Theorem 2.43 yields iord x1 ≤ −1 for the corresponding solution x1. Since
x1(0+) = x1,0 (cp. Exercise 15) and x2(0+) = x2,0, we have that x0 is consis-
tent.

For the second part, we may assume without loss of generality that the system
has the form[

I 0
0 0

] [
ẋ1
ẋ2

]
=
[
A11 A12
A21 A22

] [
x1
x2

]
+
[
f1
f2

]
+
[
I 0
0 0

] [
x1,0
x2,0

]
δ.

The statement to prove is then that all vectors x0 ∈ Cn are weakly consistent
with f if and only if A22 has full row rank. Suppose that A22 does not have full
row rank. Then there exists a nonzero vector z such that zHA22 = 0 and thus
0 = zHA21x1,0 + zHf2 for all x1,0. But then zHA21 = 0 and [ E A ] cannot
have full row rank. For the other direction, let x1,0, x2,0 be given. Let A+22 be
the Moore–Penrose pseudoinverse of A22, see, e.g., [56] or Section 3.4. Then, the
distribution

x2 = −A+22(A21x1 + f1)

solves the second block equation for any given distribution x1, since A22A
+
22 = I

due to the full row rank of A22. Moreover, iord x2 ≤ max{iord x1,−1}. For x1, it
remains to solve

ẋ1 = (A11 − A12A
+
22A21)x1 + (f1 − A12A

+
22f2)+ x1,0δ.

By Theorem 2.43, it follows that iord x1 ≤ −1. Thus, the corresponding x0 is
weakly consistent. Note here that x1(0+) = x1,0 but

x2(0
+) = −A+22(A21x1,0 + f1(0

+))

may be different from x2,0. �

Remark 2.50. If (E,A) forms a regular matrix pair, then condition (2.76) in The-
orem 2.49 means that the pair has ν = ind(E,A) ≤ 1. For a singular pair under the
assumption that [E A ] has full row rank, this condition means that all the nilpotent
blocks in the Kronecker canonical form have dimension less than or equal to one,
i.e., the index of the regular part is less than or equal to one.

We see from Theorem 2.49 that the consistency of initial values still represents
a restriction if we want a regular distribution as solution, i.e., a solution that can
be associated with a function. Thus, as noted in Remark 2.32, we can relax the
smoothness requirements for f , but not the consistency requirements for the initial
values. On the other hand, the second part of Theorem 2.49 shows that for the
case of systems with a regular part of index less than or equal to one, generalized
solutions exist that can be associated with functions, regardless of the choice of
initial conditions.
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Example 2.51. Consider the system in distributional form[
1 0
0 0

] [
ẋ1
ẋ2

]
=
[

1 0
0 1

] [
x1
x2

]
+
[
f1
f2

]
+
[

1 0
0 0

] [
x1,0
x2,0

]
δ.

with f− = 0. Note that this differential-algebraic equation has index ν = 1.
Requiring that x− = 0, we obtain x2 = −f2 and x1 solves ẋ1 = x1 + f1 + x1,0δ.
If iord f ≤ −1, then both components can be associated with functions, regardless
of the choice of the initial condition. Thus, Remark 2.50 says that all vectors x0 are
weakly consistent in this case.

If we take the differential-algebraic equation from Example 2.46, then the cor-
responding system (2.74) reads

x1 − x4 = H, C(ẋ1 − ẋ2)+ x3 − x2

R
= C(x1,0 − x2,0)δ, x2 = 0, x4 = 0.

The unique solution satisfying x− = 0 is given by

x = [H 0 RC(x1,0 − x2,0 − 1)δ 0 ]T .
Thus, we have ximp = 0 if and only if x1,0 − x2,0 = 1. In particular, for this
differential-algebraic equation with ν = 2 the set of weakly consistent values x0 is
restricted.

2.5 Control problems

Linear control problems with constant coefficients (sometimes also called descriptor
systems) have the form

Eẋ = Ax + Bu+ f (t), (2.77a)

y = Cx + g(t), (2.77b)

with E,A ∈ Cm,n, B ∈ Cm,l , C ∈ Cp,n, f ∈ C(I,Cm) and g ∈ C(I,Cp). Here, x
represents the state, u the input or control, and y the output of the system. Typically,
one also has an initial condition of the form (2.2). The distinction between x and y
naturally occurs in applications, since we cannot expect that all quantities necessary
to model a physical system can be measured.

Example 2.52. Consider a simple RLC electrical circuit shown in Figure 2.5,
cp. [67]. The voltage source vS is the control input, R, L, and C are the resistance,
inductance and capacitance, respectively. The corresponding voltage drops are
denoted by vR , vL, and vC , respectively, and I denotes the current.
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Figure 2.5. A simple RLC circuit

Applying Kirchhoff’s laws, we obtain the following circuit equation.⎡
⎢⎢⎣
L 0 0 0
0 0 C 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦
⎡
⎢⎢⎣
İ

v̇L
v̇C
v̇R

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 1 0 0
1 0 0 0
−R 0 0 1

0 1 1 1

⎤
⎥⎥⎦
⎡
⎢⎢⎣
I

vL
vC
vR

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

0
0
0
−1

⎤
⎥⎥⎦ vS.

If we measure the voltage at the capacitor as output, we also have the output equation

y = [ 0 0 1 0 ]

⎡
⎢⎢⎣
I

vL
vC
vR

⎤
⎥⎥⎦ .

The general theory of control problems for differential-algebraic systems is still
a very active research area. For this reason, we discuss only topics that are related
directly to the theory of existence, uniqueness and regularization by feedback. For
a general behavior approach and its analytical treatment, see [167].

We begin with two major properties of the system, namely consistency and
regularity.

Definition 2.53. A control problem of the form (2.77) is called consistent, if there
exists an input function u, for which the resulting differential-algebraic equation is
solvable.

It is called regular, if for every sufficiently smooth input function u and inho-
mogeneity f the corresponding differential-algebraic equation is solvable and the
solution is unique for every consistent initial value.

An immediate consequence of Theorem 2.12 is the following sufficient condition
for consistency and regularity of control problems.
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Corollary 2.54. If the pair (E,A) of square matrices is regular, then the control
problem (2.77) is consistent and regular.

Proof. Taking the control u = 0, we obtain from Theorem 2.12 that the system
is solvable and hence we have consistency. The regularity follows trivially by
Theorem 2.12. �

Applying Theorem 2.14, we can show that regularity of (2.77) is equivalent to
regularity of the matrix pair (E,A) as in the case of differential-algebraic equations.

Corollary 2.55. If (E,A) with E,A ∈ Cm,n is a singular matrix pair, then (2.77)
is not regular.

Proof. If rank(λE − A) < n for all λ ∈ C, then we choose u = 0 and f = 0.
Following the first part of Theorem 2.14, the resulting homogeneous differential-
algebraic equation Eẋ = Ax together with x(t0) has more than one solution.

If rank(λE − A) = n for some λ ∈ C and hence m > n, then we again choose
u = 0. The second part of Theorem 2.14 then yields that there exist arbitrarily
smooth inhomogeneities f for which the resulting differential-algebraic equation
is not solvable.

Hence, in both cases, system (2.77) is not regular. �

We have thus shown that the characterization of regularity can be obtained anal-
ogously to the analysis of the differential-algebraic equation. In the control context,
however, it is possible to modify system properties using feedbacks. Possible feed-
backs are proportional state feedback

u = Fx + w (2.78)

and proportional output feedback

u = Fy + w. (2.79)

If we apply these feedbacks, then we obtain the so-called closed loop systems

Eẋ = (A+ BF)x + Bw + f (t) (2.80)

or
Eẋ = (A+ BFC)x + Bw + f (t)+ BFg(t), (2.81)

respectively. Thus, these feedbacks can be used to modify the system properties,
in particular to make non-regular systems regular or to change the index of the
system. This is important in realistic control applications, where the input functionu
typically is discontinuous like in bang-bang control, see [16]. In such a situation
it is essential to choose a feedback so that the closed loop system is regular and of
index at most one. There exists a completely algebraic characterization when this
is possible.
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Theorem 2.56. Given a matrix quadruple (E,A,B,C) as in (2.77).

1. There exists an F ∈ Cl,n such that the matrix pair (E,A+ BF) is regular and
of index ν = ind(E,A+ BF) at most one if and only if E,A are square and

rank [ E AT B ] = n, (2.82)

where T is a matrix whose columns span kernelE.

2. There exists an F ∈ Cl,p such that the matrix pair (E,A + BFC) is regular
and of index ν = ind(E,A+ BFC) at most one if and only if E,A are square
and (2.82) as well as

rank

⎡
⎣ E

ZHA

C

⎤
⎦ = n (2.83)

hold, where Z is a matrix whose columns span kernelEH .

Proof. It is clear that the system has to be square, since otherwise the closed loop
pair cannot be regular. Let P,Q ∈ Cn,n be nonsingular matrices such that

PEQ =
[
Ir 0
0 0

]
, PAQ =

[
A11 A12
A21 A22

]
, PB =

[
B1
B2

]
, CQ = [C1 C2 ].

Then condition (2.82) is equivalent to

rank [ A22 B2 ] = n− r (2.84)

and condition (2.83) is equivalent to

rank

[
A22
C2

]
= n− r. (2.85)

It is sufficient to prove only the second part, since the first part follows from the
second part for C = I . Following Exercise 3, the matrix pair (E,A + BFC)

is regular and of index at most one if and only if the matrices are square and
A22 + B2FC2 is either not present or nonsingular. Let U , V be nonsingular with

U−1A22V =
[
I 0
0 0

]
.

Setting

A−22 = V

[
I 0
0 0

]
U−1,

we have A22A
−
22A22 = A22, such that

A22 + B2FC2 = [ A22 B2 ]
[
A−22 0

0 F

] [
A22
C2

]
. (2.86)
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Suppose that there exists F ∈ Cl,p such that A22 + B2FC2 is nonsingular. Then
the factorization (2.86) of A22 + B2FC2 immediately implies (2.84) and (2.85).
Conversely, let (2.84) and (2.85) hold. With the transformation of A22 by U , V we
obtain

rank(A22 + B2FC2) = rank

⎛
⎝[I 0 B̃1

0 0 B̃2

]⎡⎣I 0 0
0 0 0
0 0 F

⎤
⎦
⎡
⎣ I 0

0 0
C̃1 C̃2

⎤
⎦
⎞
⎠ .

By similar transformations for B̃2 and C̃2, which have maximal rank due to (2.84)
and (2.85), we have that

rank(A22+B2FC2) = rank

⎛
⎜⎜⎝
[
I 0 B11 B12
0 0 I 0

]⎡⎢⎢⎣
I 0 0 0
0 0 0 0
0 0 F11 F12
0 0 F21 F22

⎤
⎥⎥⎦
⎡
⎢⎢⎣

I 0
0 0
C11 I

C21 0

⎤
⎥⎥⎦
⎞
⎟⎟⎠ .

The choice F11 = I , F12 = 0, F21 = 0, and F22 = 0, corresponding to a specific
choice of F , finally gives

rank(A22 + B2FC2) = rank

[
I + B11C11 B11

C11 I

]
= n− r.

�

For further reading on control problems for differential-algebraic equations with
constant coefficients, we refer the reader to [67], [155], [167].

Bibliographical remarks

Linear constant coefficient systems are discussed in the textbooks [29], [42], [43],
[100], [105], [108]. Corresponding control problems are studied in [2], [67], [155].

The complete theoretical analysis follows already from the work of Weierstraß
[223], [224] and Kronecker [121] on canonical forms of matrix pairs under strong
equivalence transformations. The application to differential-algebraic systems can
be explicitly found already in the book of Gantmacher [88].

Later work on matrix pairs has taken many different directions. The main
interest came from pairs with structure [98], [212] and numerical methods [69],
[70], [77], [78], [216], [226]. The explicit solution formulas of Section 2.3 were
derived in [57]. Generalizations to the nonsquare case can be found in [41]. See
also [42], [43].

Although matrix pairs and also the theory of distributions were well established
in the mathematical literature, major developments in the context of distributional
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solutions are rather new. They started with the work of Cobb [64] and Verghese,
Levy, and Kailath [217] in linear control theory. The analysis was essentially
completed in the work of Geerts [96], [97], and Rabier and Rheinboldt [179], [180],
[182]. The presentation that we have given here is mostly based on this work.

The regularization via feedback for control problems associated with linear
differential-algebraic equations with constant coefficients has been studied in [33],
[34], [39], [132].

Exercises

1. Discuss the inhomogeneous differential-algebraic equations belonging to a block
diag(Lε,Mη), ε, η ∈ N0, of the Kronecker canonical form with respect to solvabil-
ity and consistency of initial conditions and inhomogeneities.

2. Check whether the matrix pairs⎛
⎝
⎡
⎣1 1 0

0 −1 1
0 0 0

⎤
⎦ ,

⎡
⎣1 0 0

0 1 −1
0 −1 1

⎤
⎦
⎞
⎠ ,

⎛
⎝
⎡
⎣2 −1 1

3 −2 2
0 0 0

⎤
⎦ ,

⎡
⎣1 0 0

0 1 −1
1 −1 1

⎤
⎦
⎞
⎠

are regular or singular and determine their Kronecker canonical forms by elementary
row and column transformations.

3. Show that the matrix pair

(E,A) =
([

Ir 0
0 0

]
,

[
A11 A12

A21 A22

])
,

with E,A ∈ Cm,n and r < min{m, n}, is regular and of index one if and only if A22 is
square and nonsingular.

4. For A ∈ Cn,n, the matrix exponential is defined by

eA =
∞∑
i=0

1

i !A
i.

(a) Show that the series is absolutely convergent.

(b) Show that T −1eAT = eT
−1AT for nonsingular T ∈ Cn,n.

(c) For A,B ∈ Cn,n with AB = BA, prove that eA+B = eAeB and eAB = BeA.

(d) Show by counterexamples that the claims from (c) do not hold in general, when the
matrices do not commute.

5. Show that the solution of the initial value problem ẋ = Ax, x(t0) = x0 is given by
x(t) = eA(t−t0)x0. Use this result for variation of the constant to obtain an explicit
representation of the solution of the initial value problem ẋ = Ax + f (t), x(t0) = x0.
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6. Determine the Drazin inverse ED and the corresponding decomposition E = C̃ + Ñ as
in (2.21) for

E =
⎡
⎣2 1 −1

0 1 1
1 2 1

⎤
⎦

and for

E =
⎡
⎣1 0 1

6 −6 6
8 −9 8

⎤
⎦ .

7. Prove that ((ED)D)D = ED for all E ∈ Cn,n.

8. Let E,A ∈ Cn,n satisfy EA = AE. Show that kernelE ∩ kernelA = {0} if and only if
(E,A) is a regular matrix pair. Also show that in this case ind(E,A) = indE.

9. Let E,A ∈ Cn,n with (E,A) regular and ν = ind(E,A). Furthermore, let λ̃ ∈ C be
chosen such that λ̃E − A is nonsingular. Show that

ind((λ̃E − A)−1E) = ν.

10. Let E, A and λ̃ be given as in Exercise 9 and let EA = AE. Show that

((λ̃E − A)−1E)D = ED(λ̃E − A).

11. LetE, A and λ̃ be given as in Exercise 9 and let Ẽ = (λ̃E−A)−1E, Ã = (λ̃E−A)−1A.
Show that ẼD(λ̃E − A)−1, ÃD(λ̃E − A)−1, ẼDẼ, ẼÃD , and ind Ẽ are independent
of λ̃.

12. If indE ≤ 1, then the Drazin inverse ED of E is also called group inverse of E and
denoted by E#. Show that E ∈ Cn,n is an element of a group G ⊆ Cn,n with respect to
matrix multiplication if and only if indE ≤ 1, and that the inverse of E in such a group
is just E#.

13. Let f ∈ C(R,C) be given and suppose that there exists a closed interval I ⊆ R such
that f restricted to I is continuous and vanishes on the complement. Identify f with its
induced distribution. Show that

〈f, φ〉 = 0 for all φ ∈ D

implies that f (t) = 0 for all t ∈ R.

14. Prove Lemma 2.38 using Exercise 13.

15. LetA ∈ C∞(R,Cn,n), f ∈ Cn
imp with f− = 0 and iord f ≤ −1, and let x0 ∈ Cn. Show

that
ẋ = A(t)x + f + x0δ, x− = 0

has a unique solution x that satisfies iord x ≤ −1 and x(0+) = x0.

16. Analyze the system Eẋ = Ax + f + Ex0δ, x− = 0 with

E =

⎡
⎢⎢⎣

2 2 −1 −1
1 1 −1 −1
0 0 −1 −1
0 0 0 0

⎤
⎥⎥⎦ , A =

⎡
⎢⎢⎣

0 −1 1 0
0 −1 1 0
0 −1 2 1
0 0 1 1

⎤
⎥⎥⎦ , f =

⎡
⎢⎢⎣

3δ
2δ

δ +H

H

⎤
⎥⎥⎦ .
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(a) Characterize all the solutions for x0 = [ 1 −1 1 0]T .

(b) Does there exist a generalized solution x with iord x ≤ −1 for some x0?

17. Show that condition (2.76) is invariant under (strong) equivalence transformations.

18. Analyze condition (2.76) for the different types of blocks in the Kronecker canonical
form.

19. Let a control problem (2.77) be given with a regular pair (E,A) and f = 0, g = 0.
Suppose that we have a periodic input u(t) = eiωtu0, where i is the imaginary unit and
ω is the frequency. Show that if iωE − A is regular, then there exists a periodic output
of the system given by y(t) = W(iω)u(t). Determine the function W .

20. Consider the control problem⎡
⎢⎢⎣

1 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦
⎡
⎢⎢⎣
ẋ1

ẋ2

ẋ3

ẋ4

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 1 0 0
1 0 0 0
−1 0 0 1
0 1 1 1

⎤
⎥⎥⎦
⎡
⎢⎢⎣
x1

x2

x3

x4

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

0
0
0
−1

⎤
⎥⎥⎦ u

with output

y = [ 0 0 1 0 ]

⎡
⎢⎢⎣
x1

x2

x3

x4

⎤
⎥⎥⎦ .

Check consistency and regularity for this system.

21. Consider the control problem of Exercise 20. Does there exist a proportional state or
output feedback that makes the closed loop system regular and of index at most one?



Chapter 3

Linear differential-algebraic equations with
variable coefficients

In this chapter, we discuss general linear differential-algebraic equations with vari-
able coefficients of the form

E(t)ẋ = A(t)x + f (t), (3.1)

whereE,A ∈ C(I,Cm,n) and f ∈ C(I,Cm), again possibly together with an initial
condition

x(t0) = x0. (3.2)

3.1 Canonical forms

Comparing with the case of constant coefficients in Chapter 2, in view of Theo-
rem 2.12, an obvious idea in dealing with (3.1) for m = n would be to require
regularity of the matrix pair (E(t), A(t)) for all t ∈ I. But, unfortunately, this does
not guarantee unique solvability of the initial value problem. Moreover, it turns out
that these two properties are completely independent of each other.

Example 3.1. Let E, A and f be given by

E(t) =
[−t t2

−1 t

]
, A(t) =

[−1 0
0 −1

]
, f (t) =

[
0
0

]
, I = R.

Since
det(λE(t)− A(t)) = (1− λt)(1+ λt)+ λ2t2 = 1,

the matrix pair (E(t), A(t)) is regular for all t ∈ I. A short computation shows
that x given by

x(t) = c(t)

[
t

1

]
is a solution of the corresponding homogeneous initial value problem for every
c ∈ C1(I,C) with c(t0) = 0. In particular, there exists more than one solution.

Example 3.2. Let E, A, and f be given by

E(t) =
[

0 0
1 −t

]
, A(t) =

[−1 t

0 0

]
, f (t) =

[
f1(t)

f2(t)

]
, I = R
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with f ∈ C2(I,C2). Since

det(λE(t)− A(t)) = −λt + λt = 0,

the matrix pair (E(t), A(t)) is singular for all t ∈ I. With x = [ x1
x2
], we can write

the corresponding differential-algebraic equation as

0 = −x1(t)+ tx2(t)+ f1(t), ẋ1(t)− t ẋ2(t) = f2(t).

The first equation gives x1(t) = tx2(t) + f1(t). Differentiating this equation and
inserting it into the second equation then gives the unique solution

x1(t) = tf2(t)− t ḟ1(t)+ f1(t), x2(t) = f2(t)− ḟ1(t).

In this case therefore every initial value problem with consistent initial condition is
uniquely solvable.

The reason for this, at first sight, strange behavior is that the equivalence relation
(2.4) is not adequate for differential-algebraic equations with variable coefficients.
We must admit invertible, time-dependent transformations, which pass a differen-
tial-algebraic equation with variable coefficients into an equation of similar form.
Given matrix functions P and Q of appropriate size which are pointwise non-
singular, we can scale the equation by multiplying with P from the left and the
function x according to x = Qx̃ as in the case of constant coefficients. But to
determine the transformed equation, we must now differentiate x = Qx̃ according
to ẋ = Q ˙̃x + Q̇x̃. Thus, due to the product rule we get an additional term Q̇x̃. In
particular, this means that we must consider a different kind of equivalence.

Definition 3.3. Two pairs (Ei, Ai), Ei,Ai ∈ C(I,Cm,n), i = 1, 2, of matrix
functions are called (globally) equivalent if there exist pointwise nonsingular matrix
functions P ∈ C(I,Cm,m) and Q ∈ C1(I,Cn,n) such that

E2 = PE1Q, A2 = PA1Q− PE1Q̇ (3.3)

as equality of functions. We again write (E1, A1) ∼ (E2, A2).

Lemma 3.4. The relation introduced in Definition 3.3 is an equivalence relation.

Proof. We show the three required properties.
Reflexivity : We have (E,A) ∼ (E,A) by P = Im and Q = In.
Symmetry : From (E1, A1) ∼ (E2, A2), it follows that E2 = PE1Q and A2 =

PA1Q−PE1Q̇ with pointwise nonsingular matrix functions P and Q. Hence, we
have

E1 = P−1E2Q
−1, A1 = P−1A2Q

−1 + P−1E2Q
−1Q̇Q−1
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by pointwise definition of the inverse, and it follows that (E2, A2) ∼ (E1, A1),
since d

dt
Q−1 = −Q−1Q̇Q−1.

Transitivity : From (E1, A1) ∼ (E2, A2) and (E2, A2) ∼ (E3, A3) it follows
that

E2 = P1E1Q1, A2 = P1A1Q1 − P1E1Q̇1,

E3 = P2E2Q2, A3 = P2A2Q2 − P2E2Q̇2,

with pointwise nonsingular matrix functions Pi and Qi , i = 1, 2. Substituting E2
and A2 gives

E3 = P2P1E1Q1Q2, A3 = P2P1A1Q1Q2 − P2P1E1(Q̇1Q2 +Q1Q̇2),

such that (E1, A1) ∼ (E3, A3). �

We see from Example 3.1 that regularity of the matrix pair (E(t), A(t)) for fixed t
is not an invariant under global equivalence, since the pair of matrix functions is
equivalent to the singular pair of matrices

(E,A) =
([

1 0
0 0

]
,

[
0 0
1 0

])
This raises the question what the relevant invariants under global equivalence are

and how a possible canonical form looks like. It turns out that it is very hard to treat
this question in full generality, since the matrix functions E and A may depend in
a nonlinear way on t . Possible effects, even if the dependence is linear, can be seen
from the example 0 = tx + f (t) of a scalar differential-algebraic equation. Here,
existence of a solution requires the necessary condition f (0) = 0. To exclude this
and similar effects, we impose additional conditions on the functions E and A. To
get a feeling how they must look like, we first consider the action of the equivalence
relation (3.3) at a fixed point t ∈ I. If we take into account that for given matrices
P̃ , Q̃, and R̃ of appropriate size, using Hermite interpolation, we can always find
(even polynomial) matrix functions P and Q, such that at a given value t = t̃ we
have P(t̃) = P̃ , Q(t̃) = Q̃ and Q̇(t̃) = R̃, we arrive at the following local version
of the equivalence relation (3.3).

Definition 3.5. Two pairs of matrices (Ei, Ai), Ei,Ai ∈ Cm,n, i = 1, 2, are called
(locally) equivalent if there exist matrices P ∈ Cm,m and Q,R ∈ Cn,n, P,Q
nonsingular, such that

E2 = PE1Q, A2 = PA1Q− PE1R. (3.4)

Again, we write (E1, A1) ∼ (E2, A2) and distinguish from the equivalence relation
in Definition 3.3 by the type of pairs (matrix or matrix function).
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Lemma 3.6. The relation introduced in Definition (3.5) is an equivalence relation.

Proof. The proof can be carried out along the lines of the proof of Lemma 3.4. The
details are left as an exercise, cp. Exercise 2. �

Note that we obtain the transformation (2.4) belonging to strong equivalence by
setting R = 0. Hence, there are more transformations available for local equiva-
lence to simplify a given matrix pair. We can therefore expect a simpler canonical
form compared with the Kronecker canonical form. For convenience, we say in the
following that a matrix is a basis of a vector space if this is valid for its columns.
We additionally use the convention that the only basis of the vector space {0} ⊆ Cn

is given by the empty matrix ∅n,0 ∈ Cn,0 with the properties rank ∅n,0 = 0 and
det ∅0,0 = 1. We usually omit the subscript. For a given matrix T , we use the no-
tation T ′ to denote a matrix that completes T to a nonsingular matrix, i.e., [ T T ′ ]
constitutes a nonsingular matrix. This also applies to matrix functions. The prime
should not be confused with the notation of a derivative. The latter meaning will
only be used in Section 4.5 and in Section 5.1, where a special notation adapted to
the topic discussed there is introduced.

Theorem 3.7. Let E,A ∈ Cm,n and introduce the following spaces and matrices:

T basis of kernelE, (3.5a)

Z basis of corangeE = kernelEH, (3.5b)

T ′ basis of cokernelE = rangeEH, (3.5c)

V basis of corange(ZHAT ). (3.5d)

Then, the quantities

r = rank E, (rank) (3.6a)

a = rank(ZHAT ), (algebraic part) (3.6b)

s = rank(V HZHAT ′), (strangeness) (3.6c)

d = r − s, (differential part) (3.6d)

u = n− r − a, (undetermined variables) (3.6e)

v = m− r − a − s, (vanishing equations) (3.6f)

are invariant under (3.4), and (E,A) is (locally) equivalent to the canonical form⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣
Is 0 0 0
0 Id 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠
s

d

a

s

v

, (3.7)
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where all diagonal blocks with the exception of the last one are square and the last
block column in both matrices has size u.

Proof. Let (Ei, Ai), i = 1, 2, be equivalent. Since

rank E2 = rank(PE1Q) = rank E1,

it follows that r is invariant. For a and s, we must first show that they do not depend
on a particular choice of the bases. Every change of the bases can be represented by

T̃ = TMT , Z̃ = ZMZ, T̃ ′ = T ′MT ′, Ṽ = M−1
Z VMV

with nonsingular matrices MT ,MZ,MT ′,MV . From

rank(Z̃HAT̃ ) = rank(MH
Z ZHATMT ) = rank(ZHAT )

and

rank(Ṽ H Z̃HAT̃ ′) = rank(MH
V V HM−HZ MH

Z ZHAT ′MT ′) = rank(V HZHAT ′),

it then follows that a and s are indeed well defined. Let now T2, Z2, T
′
2, V2 be bases

associated with (E2, A2), i.e., let

rank(E2T2) = 0, T H
2 T2 nonsingular, rank(T H

2 T2) = n− r,

rank(ZH
2 E2) = 0, ZH

2 Z2 nonsingular, rank(ZH
2 Z2) = m− r,

rank(E2T
′
2) = r, T ′2

H
T ′2 nonsingular, rank(T ′2

H
T ′2) = r,

rank(V H
2 ZH

2 A2T2) = 0, V H
2 V2 nonsingular, rank(V H

2 V2) = k,

with k = dim corange(ZH
2 A2T2). Inserting the equivalence relation (3.4) and

defining
T1 = QT2, ZH

1 = ZH
2 P, T ′1 = QT ′2, V H

1 = VH
2 ,

we obtain the same relations for (E1, A1) with the matrices T1, Z1, and T ′1. Hence,
T1, Z1, T ′1 are bases according to (3.5). Because of

k = dim corange(ZH
2 A2T2)

= dim corange(ZH
2 PA1QT2 − ZH

2 PE1RT2)

= dim corange(ZH
1 A1T1),

where we have used ZH
1 E1 = 0, this also applies to V1. With

rank(ZH
2 A2T2) = rank(ZH

2 PA1QT2 − ZH
2 PE1RT2) = rank(ZH

1 A1T1)
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and

rank(V H
2 ZH

2 A2T
′
2) = rank(V H

2 ZH
2 PA1QT ′2 − VH

2 ZH
2 PE1RT

′
2)

= rank(V H
1 ZH

1 A1T
′
1),

we finally get the invariance of a and s and therefore also of d , u, and v.
For the construction of the canonical form (3.7), let firstZ′ be a basis of rangeE

and V ′ a basis of range(ZHAT ). The matrices [ T ′ T ], [ Z′ Z ], [ V ′ V ] are
then nonsingular. Moreover, Z′HET ′ and similarly constructed matrices are also
nonsingular. With this, we obtain

(E,A) ∼
([

Z′HET ′ 0
0 0

]
,

[
Z′HAT ′ Z′HAT
ZHAT ′ ZHAT

])

∼
([

Ir 0
0 0

]
,

[
0 0

ZHAT ′ ZHAT

])

∼
⎛
⎝
⎡
⎣ Ir 0 0

0 0 0
0 0 0

⎤
⎦ ,

⎡
⎣ 0 0 0

V ′HZHAT ′ Ia 0
VHZHAT ′ 0 0

⎤
⎦
⎞
⎠

∼
⎛
⎝
⎡
⎣ Ir 0 0

0 0 0
0 0 0

⎤
⎦ ,

⎡
⎣ 0 0 0

0 Ia 0
VHZHAT ′ 0 0

⎤
⎦
⎞
⎠

and finally (3.7) by a corresponding transformation of VHZHAT ′. �

Since the quantities defined in (3.6) are invariant under the local equivalence
relation (3.4), we call them local characteristic values in the following.

Remark 3.8. Theorem 3.7 remains valid if we only require T ′ to complete T to a
nonsingular matrix. This may not be important from the theoretical point of view
but may simplify computations done by hand, see, e.g., the proof of Theorem 3.30.

Proof. If [ T ′ T ] is nonsingular and T̃ = TMT , then [ T̃ ′ T̃ ] is nonsingular if and
only if T̃ ′ has the form

T̃ ′ = T ′MT ′ + T RT

with nonsingular MT ′ and arbitrary RT . The critical relation

rank(Ṽ H Z̃HAT̃ ′) = rank(V HZHAT ′)

still holds, since VHZHAT = 0. �
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For a pair (E(t), A(t)) of matrix functions we can compute the characteristic
values (3.6) for every selected t ∈ I. In this way, we obtain functions r, a, s : I→
N0 of characteristic values. A possible simplifying assumption then would be to
require these functions to be constant on I, i.e., to require that the sizes of the blocks
in the canonical form (3.7) do not depend on t ∈ I. This restriction then allows for
the application of the following property of a matrix function of constant rank, see
also [157], [179]. We will discuss at a later stage (see Corollary 3.26) how far this
actually is a loss of generality.

Theorem 3.9. Let E ∈ C
(I,Cm,n), 
 ∈ N0 ∪ {∞}, with rank E(t) = r for all
t ∈ I. Then there exist pointwise unitary (and therefore nonsingular) functions
U ∈ C
(I,Cm,m) and V ∈ C
(I,Cn,n), such that

UHEV =
[
� 0
0 0

]
(3.8)

with pointwise nonsingular � ∈ C
(I,Cr,r ).

Proof. We begin the proof with the case 
 = 0. For this, let E ∈ C0(I,Cm,n) with
rank E(t) = r for all t ∈ I.

For t̂ ∈ I, using the singular value decomposition, see, e.g., [99], there exist
Û ∈ Cm,m, V̂ ∈ Cn,n unitary with

ÛHE(t̂)V̂ =
[
�̂ 0
0 0

]

and �̂ ∈ Cr,r nonsingular. If we define the matrix functions E11, E12, E21, E22 by

ÛHEV̂ =
[
E11 E12
E21 E22

]
,

we have that E11(t̂) = �̂. Hence, E11(t̂) is nonsingular and there exists a (rela-
tively) open interval Î ⊆ I with t̂ ∈ Î and E11(t) nonsingular for all t ∈ Î. On Î, we
therefore get[

E11 E12
E21 E22

]
→
[
Ir E−1

11 E12
E21 E22

]
→
[
Ir E−1

11 E12

0 E22 − E21E
−1
11 E12

]

by elementary row operations. Since rank E(t) = r , we have

E22 − E21E
−1
11 E12 = 0

such that

ÛHEV̂ =
[
E11 E12

E21 E21E
−1
11 E12

]
.
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We can then define

T̃ =
[−E−1

11 E12
In−r

]
, T̃ ′ =

[
Ir
0

]
, Ṽ = [ T̃ T̃ ′ ]

and
Z̃H = [ −E21E

−1
11 Im−r ], Z̃′H = [ Ir 0 ], Ũ = [ Z̃ Z̃′ ].

Obviously, Ũ and Ṽ are continuous on Î and

ŨH

[
E11 E12

E21 E21E
−1
11 E12

]
Ṽ =

[
0 0
0 E11

]
.

In the following considerations, we concentrate on Ṽ . The treatment of Ũ will be
analogous.

Applying the Gram–Schmidt orthonormalization process to Ṽ , we get a point-
wise upper triangular R ∈ C0(Î,Cn,n) such that

Ṽ R = [ T̃ T̃ ′ ]
[
R11 R12

0 R22

]
is unitary. Setting

[ T T ′ ] = V̂ [ T̃ ′ T̃ ]
[
R22 0
R12 R11

]
,

the matrix function [ T T ′ ] is continuous, pointwise unitary, and satisfies

E[ T T ′ ] = EV̂ [ T̃ ′ T̃ ]
[
R22 0
R12 R11

]

= Û

[
E11 E12

E21 E21E
−1
11 E12

] [
Ir −E−1

11 E12
0 In−r

] [
R22 0
R12 R11

]

= Û

[
E11 0
E21 0

] [
R22 0
R12 R11

]
= Û

[
E11R22 0
E21R22 0

]

on Î.
Performing this construction for every t̂ ∈ I, we obtain a covering of I by

(relatively) open intervals. This covering contains a finite covering by open intervals
according to

I =
N⋃
j=1

Îj .

Without loss of generality, the covering is minimal, i.e.,

Îj ⊆ Îk, j, k ∈ {1, . . . , N} �⇒ j = k.
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Hence, we may assume that the intervals are ordered according to

Îj = ( tj , tj ), j = 1, . . . , N �⇒ tj < tk , tj < tk for j < k.

Since we have a covering,

tj > tj+1, j = 1, . . . , N − 1

must hold. Thus, there exist points

tj ∈ (tj+1, tj ) = Îj ∩ Îj+1, j = 1, . . . , N − 1.

Together with I = [t0, tN ], we then have intervals

Ij = [tj−1, tj ], j = 1, . . . , N

with
Ij ⊂ Îj , j = 1, . . . , N.

Recall that on every Îj , j = 1, . . . , N the above construction yields a pointwise
unitary matrix function Vj ∈ C0(Ij ,C

n,n) with

EVj = [�j 0 ],
where �j has pointwise full column rank r . In a neighborhood of t1, we therefore
have pointwise unitary matrix functions

V1 = [ T ′1 T1 ], V2 = [ T ′2 T2 ]
with

E(t1)T1(t1) = 0, E(t1)T2(t1) = 0.

Observing that

V1(t1) = V2(t1)V2(t1)
HV1(t1) = V2(t1)Q,

where Q is obviously unitary, and using the block structure of V1 and V2, we have

[ T ′1(t1) T1(t1) ] = [ T ′2(t1) T2(t1) ]
[
Q11 Q12
Q21 Q22

]
.

Since the columns of T1(t1) and T2(t1) form orthonormal bases of kernelE(t1)
and the columns of T ′1(t1) and T ′2(t1) are orthogonal to kernelE(t1), it follows that
Q12 = 0 and Q21 = 0. Defining now a matrix function V on [t0, t2] via

V (t) =
{
V1(t) for t ∈ I1,

V2(t)Q for t ∈ I2,
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we have

EV = EV1 = [�1 0 ] on I1,

EV = EV2Q = [�2Q11 0 ] on I2.

Moreover, the matrix function V is pointwise unitary and continuous on [t0, t2].
Repeating this construction for t2, . . . , tN−1 finally gives a pointwise unitary V ∈
C0(I,Cn,n) with

EV = [�V 0 ]
on I such that �V has pointwise full column rank r .

In the same way, we get a pointwise unitary U ∈ C0(I,Cm,m) with

UHE =
[
�U

0

]

on I such that �U has pointwise full row rank r . Together this yields[
�UV

0

]
= UHEV = [ UH�V 0 ].

Hence, we have that

UHEV =
[
� 0
0 0

]
,

where � ∈ C0(I,Cr,r ) is pointwise nonsingular.
For 
 ∈ N ∪ {∞} we proceed as follows. Given t0 ∈ I, there exist U0 ∈ Cm,m

and V0 ∈ Cn,n unitary with

UH
0 E(t0)V0 =

[
�0 0
0 0

]

such that �0 ∈ Cr,r is nonsingular. Let U0 = [ Z′0 Z0 ] and V0 = [ T ′0 T0 ].
Obviously,

S(t) = E(t)T ′0
has full column rank for all t in a sufficiently small neighborhood of t0. Hence,
if � denotes the (pointwise defined) orthogonal projection onto rangeE, we have

� = S(SHS)−1SH

in this neighborhood. This local representation shows that � is as smooth as S,
which in turn is as smooth as E, i.e., � ∈ C
(I,Cm,m). Recall that �, as an
orthogonal projection, satisfies �� = � and �H = �.
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The initial value problem for the ordinary differential equation

Ẇ = (�̇(t)�(t)−�(t)�̇(t))W, (3.9)

with initial valueW(t0) = Im, is known to have a unique solutionW ∈ C
(I,Cm,m),
see, e.g., [65], [220]. Moreover, since

d
dt
(WHW) = ẆHW +WHẆ

= WH(�̇�−��̇)HW +WH(�̇�−��̇)W

= WH(��̇− �̇�)W +WH(�̇�−��̇)W = 0,

we have WHW = Im and W is pointwise unitary. Since �̇ = �̇� + ��̇ and
therefore ��̇� = 0, we get

d
dt
(�W)− (�̇�−��̇)�W = �̇W +�Ẇ − �̇�W +��̇�W

= �̇W +�(�̇�−��̇)W − �̇�W

= (�̇− �̇�−��̇)W = 0.

Thus, �W also solves (3.9) but with respect to the initial value �(t0). Since W is
a fundamental solution, we immediately have

�W = W�(t0).

Defining now

Z′ = WZ′0, Z = WZ0

yields that U = [ Z′ Z ] = W [ Z′0 Z0 ] is pointwise unitary with

Z′ = WZ′0 = W�(t0)Z
′
0 = �WZ′0 = �Z′,

Z = WZ0 = W(Im −�(t0))Z0 = (W −�W)Z0 = (Im −�)Z.

In particular, the columns of Z′ and Z form orthonormal bases of rangeE and
corangeE, respectively, and are as smooth as E. By symmetry, the corresponding
claim holds for V = [ T ′ T ] with similarly constructed T ′ and T . �

Corollary 3.10. If E ∈ C1(I,Cm,n), then suitable functions U = [ Z′ Z ] and
V = [ T ′ T ] in (3.8) can be obtained as solution of the ordinary differential
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equation [
Z′(t)HE(t)
T (t)H

]
Ṫ (t) = −

[
Z′(t)H Ė(t)T (t)

0

]
,

[
T ′(t)HE(t)H

Z(t)H

]
Ż(t) = −

[
T ′(t)H Ė(t)HZ(t)

0

]
,

[
T (t)H

T ′(t)H
]
Ṫ ′(t) = −

[
Ṫ (t)HT ′(t)

0

]
,

[
Z(t)H

Z′(t)H
]
Ż′(t) = −

[
Ż(t)HZ′(t)

0

]
,

(3.10)

with initial values

T (t0) = T0, T ′(t0) = T ′0, Z(t0) = Z0, Z′(t0) = Z′0, (3.11)

so that

[ Z′0 Z0 ]HE(t0)[ T ′0 T0 ] =
[
�0 0
0 0

]
, �0 nonsingular.

In particular, suitable functions U and V can be determined numerically, provided
that E and Ė are available in form of implementable subroutines.

Proof. LetU = [Z′ Z ] and V = [T ′ T ] be given according to Theorem 3.9. Then,
all matrix functions multiplying the derivatives on the left hand sides of (3.10) are
pointwise nonsingular. Moreover, we have

E(t)T (t) = 0, E(t)HZ(t) = 0, T (t)HT ′(t) = 0, Z(t)HZ′(t) = 0

for all t ∈ I. Hence, differentiation with respect to t gives the first block of each
equation in (3.10). The other blocks of (3.10) consist of equations of the form

W(t)H Ẇ(t) = 0.

Note that a given matrix function W with pointwise orthonormal columns does not
necessarily satisfy this relation. Defining Q as solution of the (linear) initial value
problem

Q̇ = −W(t)H Ẇ(t)Q, Q(t0) = I,

we find that

d
dt
(QHQ) = Q̇HQ+QHQ̇ = −QHẆHWQ−QHWHẆQ

= −QH(ẆHW +WHẆ)Q = −QH d
dt
(WHW)Q = 0
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and Q is pointwise unitary. Hence, the columns of Q and WQ both pointwise form
an orthonormal basis of the same space. Instead of WHẆ = 0, the relation

(WQ)H d
dt
(WQ) = QHWH(ẆQ+WQ̇) = QHWH(ẆQ−WWHẆQ) = 0.

holds. In particular, the other blocks of (3.10) only select a special renormalization
of the given U and V which does not change the property (3.8). �

Using Theorem 3.9, we can construct the following global canonical form for
the equivalence relation (3.3). Since we must satisfy R = Q̇ in (3.4), we expect the
canonical form to be more complicated than the local canonical form (3.7). Note
that we use here the term canonical form in a way that differs from the terminology
of abstract algebra.

Theorem 3.11. Let E,A ∈ C(I,Cm,n) be sufficiently smooth and suppose that

r(t) ≡ r, a(t) ≡ a, s(t) ≡ s (3.12)

for the local characteristic values of (E(t), A(t)). Then, (E,A) is globally equiv-
alent to the canonical form⎛

⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣
Is 0 0 0
0 Id 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A12 0 A14
0 0 0 A24
0 0 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

s

d

a

s

v

. (3.13)

All entries Aij are again matrix functions on I and the last block column in both
matrix functions of (3.13) has size u = n− s − d − a.

Proof. In the following, the word “new” on top of the equivalence operator denotes
that the indexing is adapted to the new block structure of the matrices such that
the same symbol can denote a different entry. Using Theorem 3.9, we obtain the
following sequence of equivalent pairs of matrix functions.

(E,A) ∼
([

� 0
0 0

]
,

[
A11 A12
A21 A22

])
new∼
([

Ir 0
0 0

]
,

[
A11 A12
A21 A22

])

∼
([

Ir 0
0 0

]
,

[
A11 A12V1

UH
1 A21 UH

1 A22V1

]
−
[
Ir 0
0 0

] [
0 0
0 V̇1

])

new∼
⎛
⎝
⎡
⎣ Ir 0 0

0 0 0
0 0 0

⎤
⎦ ,

⎡
⎣ A11 A12 A13

A21 Ia 0
A31 0 0

⎤
⎦
⎞
⎠
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∼
⎛
⎝
⎡
⎣ V2 0 0

0 0 0
0 0 0

⎤
⎦ ,

⎡
⎣ A11V2 A12 A13

A21V2 Ia 0
UH

2 A31V2 0 0

⎤
⎦−

⎡
⎣ Ir 0 0

0 0 0
0 0 0

⎤
⎦
⎡
⎣ V̇2 0 0

0 0 0
0 0 0

⎤
⎦
⎞
⎠

new∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣
V11 V12 0 0
V21 V22 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣
A11 A12 A13 A14
A21 A22 A23 A24

A31 A32 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

new∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣
Is 0 0 0
0 Id 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A12 A13 A14
0 A22 A23 A24

0 A32 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣
Is 0 0 0
0 Id 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A12 A13 A14
0 A22 A23 A24

0 A32 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎣
Is 0 0 0
0 Id 0 0
0 −A32 Ia 0
0 0 0 Iu

⎤
⎥⎥⎦
⎞
⎟⎟⎟⎟⎠

new∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣
Is 0 0 0
0 Id 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A12 A13 A14
0 A22 A23 A24

0 0 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣
Is 0 0 0
0 Id 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A12 0 A14
0 A22 0 A24

0 0 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣
Is 0 0 0
0 Q2 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A12Q2 0 A14

0 A22Q2 − Q̇2 0 A24

0 0 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

new∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣
Is 0 0 0
0 Id 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A12 0 A14
0 0 0 A24

0 0 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠ .
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In the last step, Q2 is chosen as the solution of the initial value problem

Q̇2 = A22(t)Q2, Q2(t0) = Id

on I. The unique solvability of such problems (see, e.g., [65]) ensures that Q2 is
pointwise nonsingular. �

We now apply this result to the two examples from the beginning of this chapter.

Example 3.12. For Example 3.1, we immediately see that r = rank E = 1 on I.
With the choice of bases

T =
[
t

1

]
, T ′ =

[
1
−t
]
, Z =

[
1
−t
]
,

we find that a = rank(ZHAT ) = 0 holds with V = [ 1 ] and therefore s =
rank(V HZHAT ′) = 1.

Example 3.13. For Example 3.2, we also have r = rank E = 1 on I. With the
choice of bases

T =
[
t

1

]
, T ′ =

[
1
−t
]
, Z =

[
1
0

]
,

we find that a = rank(ZHAT ) = 0 holds with V = [ 1 ] and therefore s =
rank(V HZHAT ′) = 1.

For the pairs of matrix functions of both examples, we obtain the same charac-
teristic values (r, a, s). This shows, that essential information must be hidden in
the matrix functions A12, A14, and A24 of (3.13). Writing down the differential-al-
gebraic equation associated with (3.13), we obtain

ẋ1 = A12(t)x2 + A14(t)x4 + f1(t), (3.14a)

ẋ2 = A24(t)x4 + f2(t), (3.14b)

0 = x3 + f3(t), (3.14c)

0 = x1 + f4(t), (3.14d)

0 = f5(t). (3.14e)

We recognize an algebraic equation (3.14c) for x3 (algebraic part) and a consis-
tency condition (3.14e) for the inhomogeneity (vanishing equations). Furthermore,
(3.14b) looks like a differential equation (differential part) with a possible free
choice in x4 (undetermined variables). The intrinsic problem, however, is the cou-
pling between the algebraic equation (3.14d) and the differential equation (3.14a)
for x1. The idea now is to differentiate (3.14d) in order to eliminate ẋ1 from (3.14a)



3.1 Canonical forms 71

which then becomes purely algebraic. This step of differentiating and eliminating
corresponds to passing from the pair (3.13) of matrix functions to the pair⎛

⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣

0 0 0 0
0 Id 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A12 0 A14
0 0 0 A24
0 0 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

s

d

a

s

v

. (3.15)

Since the algebraic equation (3.14d) is preserved, we can reverse this procedure
by differentiating (3.14d) and adding it then to the new first equation. This also
shows that the solution set of the corresponding differential-algebraic equation is
not altered.

For the so obtained new pair (3.15) of matrix functions, we can again deter-
mine the corresponding characteristic values (r, a, s) and, if they are constant on
the whole interval I, transform it to global canonical form. But before we can
proceed in this way, we must show that the new values are characteristic for the
original problems. After all, it might happen that two different but equivalent global
canonical forms can lead to new pairs with different characteristic values.

Theorem 3.14. Assume that the pairs (E,A) and (Ẽ, Ã) of matrix functions are
(globally) equivalent and in global canonical form (3.13). Then the modified pairs
(Emod, Amod) and (Ẽmod, Ãmod) obtained by passing from (3.13) to (3.15) are also
(globally) equivalent.

Proof. By assumption, there exist sufficiently smooth pointwise nonsingular matrix
functions P and Q, such that

P Ẽ = EQ, (3.16a)

P Ã = AQ− EQ̇. (3.16b)

From (3.16a), we deduce⎡
⎢⎢⎢⎢⎣
P11 P12 0 0
P21 P22 0 0
P31 P32 0 0
P41 P42 0 0
P51 P52 0 0

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣
Q11 Q12 Q13 Q14
Q21 Q22 Q23 Q24

0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

if we partition P,Q according to (3.13). With this, we obtain for the last three
block rows of (3.16b) that⎡

⎣P34 0 P33 0
P44 0 P43 0
P54 0 P53 0

⎤
⎦ =

⎡
⎣Q31 Q32 Q33 Q34
Q11 Q12 0 0

0 0 0 0

⎤
⎦ .
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The matrix functions P and Q are therefore of the form

P =

⎡
⎢⎢⎢⎢⎢⎣

Q11 0 P13 P14 P15

Q21 Q22 P23 P24 P25

0 0 Q33 Q31 P35

0 0 0 Q11 P45

0 0 0 0 P55

⎤
⎥⎥⎥⎥⎥⎦ , Q =

⎡
⎢⎢⎢⎣
Q11 0 0 0
Q21 Q22 0 0
Q31 0 Q33 0
Q41 Q42 Q43 Q44

⎤
⎥⎥⎥⎦ .

In particular, the functions Q11, Q22, Q33, Q44, and P55 must be pointwise non-
singular. From the first two block rows of (3.16b), we then get

[
Q11 0
Q21 Q22

][
Ã12 Ã14

0 Ã24

]
=
[
A12 A14

0 A24

] [
Q22 0
Q42 Q44

]
−
[

0 0

Q̇22 0

]
.

Thus, it follows that (Ẽmod, Ãmod) is equivalent to

⎛
⎜⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎢⎣

Q11 0 0 0 0

Q21 Q22 0 0 0

0 0 Ia 0 0

0 0 0 Is 0

0 0 0 0 Iv

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0

0 Id 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎢⎣

Q11 0 0 0 0

Q21 Q22 0 0 0

0 0 Ia 0 0

0 0 0 Is 0

0 0 0 0 Iv

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

0 Ã12 0 Ã14

0 0 0 Ã24

0 0 Ia 0

Is 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎠

∼

⎛
⎜⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0

0 Q22 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎢⎣

0 A12 0 A14

0 0 0 A24

0 0 Ia 0

Is 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣
Is 0 0 0

0 Q22 0 0

0 0 Ia 0

0 Q42 0 Q44

⎤
⎥⎥⎥⎦

−

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0

0 Q̇22 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎠
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∼

⎛
⎜⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎢⎣

0 0 0 0

0 Q22 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎤
⎥⎥⎥⎥⎥⎦
⎡
⎢⎢⎣
Is 0 0 0
0 Q−1

22 0 0
0 0 Ia 0
0 −Q−1

44 Q42Q
−1
22 0 Q−1

44

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A12 0 A14

0 0 0 A24

0 0 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦−

⎡
⎢⎢⎢⎢⎣

0 0 0 0
0 Q̇22 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎣
Is 0 0 0
0 Q−1

22 0 0
0 0 Ia 0
0 −Q−1

44 Q42Q
−1
22 0 Q−1

44

⎤
⎥⎥⎦

−

⎡
⎢⎢⎢⎢⎣

0 0 0 0
0 Q22 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎣

0 0 0 0
0 d

dt
Q−1

22 0 0
0 0 0 0
0 − d

dt
(Q−1

44 Q42Q
−1
22 ) 0 d

dt
Q−1

44

⎤
⎥⎥⎦
⎞
⎟⎟⎟⎟⎠

∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣

0 0 0 0
0 Id 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A12 0 A14

0 X 0 A24

0 0 Ia 0
Is 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

with

X = −(Q̇22Q
−1
22 +Q22

d
dt
Q−1

22 ) = − d
dt
(Q22Q

−1
22 ) = −İd = 0. �

The statement of Theorem 3.14 allows for the following inductive procedure.
Starting from (E0, A0) = (E,A), we define a sequence (Ei, Ai), i ∈ N0, of pairs of
matrix functions by transforming (Ei, Ai) to global canonical form (3.13) and then
passing to (3.15) to obtain (Ei+1, Ai+1). Observe that we must assume a constant
rank condition of the form (3.12) in every step of this procedure. Although (E,A)
does not uniquely determine the resulting pairs (Ei, Ai), Theorem 3.14 implies that
it uniquely determines a sequence of invariants (ri, ai, si), which are characteristic
for (E,A), where (ri, ai, si) denote the characteristic values of (Ei, Ai). The
relation ri+1 = ri−si , which can directly be deduced by comparing the left matrices
in (3.13) and (3.15), guarantees that after a finite number of steps the strangeness si
must vanish. If this is the case, the sequence (ri, ai, si) becomes stationary because
the pairs (3.13) and (3.15) are then the same. The index when this happens is also
characteristic for the given pair (E,A).

Definition 3.15. Let (E,A) be a pair of sufficiently smooth matrix functions. Let
the sequence (ri, ai, si), i ∈ N0, be well defined. In particular, let (3.12) hold for
every entry (Ei, Ai) of the above sequence. Then, we call

μ = min{i ∈ N0 | si = 0} (3.17)
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the strangeness index of (E,A) and of (3.1). In the case that μ = 0 we call (E,A)
and (3.1) strangeness-free.

Remark 3.16. In Section 3.2, we will show that the requirement that the sequence
(ri, ai, si), i ∈ N0, is well defined in the whole interval I can be significantly
relaxed. This then immediately yields a new definition of the strangeness index
under some weaker assumptions.

We summarize the above discussion in the following theorem.

Theorem 3.17. Let the strangeness index μ of (E,A) as in (3.17) be well defined
(i.e., let (3.12) hold for every entry (Ei, Ai) of the above sequence) and let f ∈
Cμ(I,Cm). Then the differential-algebraic equation (3.1) is equivalent (in the
sense that there is a one-to-one correspondence between the solution spaces via a
pointwise nonsingular matrix function) to a differential-algebraic equation of the
form

ẋ1 = A13(t)x3 + f1(t), dμ (3.18a)

0 = x2 + f2(t), aμ (3.18b)

0 = f3(t), vμ (3.18c)

where A13 ∈ C(I,Cdμ,uμ) and the inhomogeneities f1, f2, f3 are determined by
f (0), . . . , f (μ).

Proof. By the above discussion, it follows that the pair (Eμ,Aμ) is strangeness-free.
Thus, (3.13) reduces to three block rows and columns leading directly to (3.18).
Additionally, all transformations are reversible and do not change the structure of
the solution set in the described sense. �

Theorem 3.17 allows to read off the existence and uniqueness of solutions
of (3.1).

Corollary 3.18. Let the strangeness index μ of (E,A) as in (3.17) be well defined
and let f ∈ Cμ+1(I,Cm). Then we have:

1. The problem (3.1) is solvable if and only if the vμ functional consistency condi-
tions

f3 = 0

are fulfilled.

2. An initial condition (3.2) is consistent if and only if in addition the aμ conditions

x2(t0) = −f2(t0)

are implied by (3.2).
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3. The corresponding initial value problem is uniquely solvable if and only if in
addition

uμ = 0

holds.

Observe that the stronger assumption on the smoothness of the inhomogeneity,
i.e., that f ∈ Cμ+1(I,Cm) rather than f ∈ Cμ(I,Cm), is only used to guarantee
that x2 is continuously differentiable. The structure of (3.18), however, suggests that
it is sufficient to require only continuity for the parts x2 and x3 of the solution. We
will examine this problem in more detail in the context of an operator formulation
of differential-algebraic equations, see Section 3.4.

Remark 3.19. Comparing Theorem 3.17 with Theorem 2.12 (the strangeness index
is trivially well defined for pairs of constant matrix functions), we can obviously
replace the condition of regularity for pair (E,A) by the condition

uμ = 0, vμ = 0, (3.19)

which automatically implies that m = n. Furthermore, μ plays the role of ν − 1.
Again, we must treat the case ν = 0 separately.

Instead of actually performing the transition from (3.13) to (3.15), we can apply
all equivalence transformations to (E,A). The aim then would be to construct a
pair of matrix functions which is (globally) equivalent to (E,A) and from which
we can read off the whole sequence of characteristic values (ri, ai, si) of (E,A).

Lemma 3.20. Let the strangeness index μ of (E,A) as in (3.17) be well defined.
Let the process leading to Theorem 3.17 yield a sequence (Ei, Ai), i ∈ N0, with
characteristic values (ri, ai, si, di, ui, vi) according to (3.6) and

(Ei, Ai) ∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣
Isi 0 0 0
0 Idi 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 A
(i)
12 0 A

(i)
14

0 0 0 A
(i)
24

0 0 Iai 0
Isi 0 0 0
0 0 0 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠

si
di
ai
si
vi

, (3.20)

where the last block column in both matrix functions has size ui . Defining

b0 = a0, bi+1 = rank A(i)
14 , (3.21a)

c0 = a0 + s0, ci+1 = rank[ A(i)
12 A

(i)
14 ], (3.21b)

w0 = v0, wi+1 = vi+1 − vi, (3.21c)
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we have

ri+1 = ri − si, (3.22a)

ai+1 = ai + si + bi+1 = c0 + · · · + ci+1 − si+1, (3.22b)

si+1 = ci+1 − bi+1, (3.22c)

di+1 = ri+1 − si+1 = di − si+1, (3.22d)

wi+1 = si − ci+1, (3.22e)

ui+1 = u0 − b1 − · · · − bi+1, (3.22f)

vi+1 = v0 + w1 + · · · + wi+1. (3.22g)

Proof. The proof is left as an exercise, cp. Exercise 12. �

In the following, for convenience, we denote unspecified blocks in a matrix
by ∗.
Theorem 3.21. Let the strangeness index μ of (E,A) as in (3.17) be well defined.
Then, (E,A) is (globally) equivalent to a pair of the form⎛

⎝
⎡
⎣Idμ 0 W

0 0 F

0 0 G

⎤
⎦ ,

⎡
⎣0 ∗ 0

0 0 0
0 0 Iaμ

⎤
⎦
⎞
⎠ , (3.23)

with

F =

⎡
⎢⎢⎢⎢⎣

0 Fμ ∗
. . .

. . .

. . . F1
0

⎤
⎥⎥⎥⎥⎦ , G =

⎡
⎢⎢⎢⎢⎣

0 Gμ ∗
. . .

. . .

. . . G1
0

⎤
⎥⎥⎥⎥⎦ , (3.24)

where Fi and Gi have sizes wi × ci−1 and ci × ci−1, respectively, with wi, ci as in
(3.21), and W = [ 0 ∗ · · · ∗ ] is partitioned accordingly. In particular, Fi and Gi

together have full row rank, i.e.,

rank

[
Fi
Gi

]
= ci + wi = si−1 ≤ ci−1. (3.25)

Proof. To start an induction argument, we first permute (3.13), such that the iden-
tities of the right matrix come into the bottom right corner. Additionally changing
the order of blocks and adapting the notation, we get

(E,A) ∼

⎛
⎜⎜⎝
⎡
⎢⎢⎣
Id0 0 0
0 0 Ũ0
0 0 0
0 0 0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

0 A12 0
A21 A22 0

0 0 0
0 0 Ic0

⎤
⎥⎥⎦
⎞
⎟⎟⎠
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with Ũ0 = [ Is0 0 ] and c0 = a0 + s0. We therefore take as inductive assumption
that

(E,A) ∼ (Ẽi, Ãi) =

⎛
⎜⎜⎝
⎡
⎢⎢⎣
Idi 0 ∗
0 0 Ũi

0 0 F̃i

0 0 G̃i

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

0 A12 0
A21 A22 0

0 0 0
0 0 Iai+si

⎤
⎥⎥⎦
⎞
⎟⎟⎠

with

F̃i =

⎡
⎢⎢⎢⎢⎣

0 0 Fi ∗
0 0 0

. . .

...
...

. . . F1
0 0 0

⎤
⎥⎥⎥⎥⎦ , G̃i =

⎡
⎢⎢⎢⎢⎣

0 0 Gi ∗
0 0 0

. . .

...
...

. . . G1
0 0 0

⎤
⎥⎥⎥⎥⎦

and Ũi = [ Isi 0 ∗ · · · ∗ ], partitioned accordingly.

In addition, the inductive assumption includes that the last block column of Ẽi

would become zero if we performed the step from (3.13) to (3.15). Comparing with
(3.21), this gives bi+1 = rank A22. We must then carry out the equivalence trans-
formation that separates the corresponding null-spaces. It is sufficient to consider
the first two block rows only, because there will be no transformations acting on
the other block rows. Thus, we obtain([

Idi 0 ∗
0 0 Ũi

]
,

[
0 A12 0
A21 A22 0

])

new∼
⎛
⎝
⎡
⎣ Idi 0 0 ∗

0 0 0 U1
0 0 0 U2

⎤
⎦ ,

⎡
⎣ 0 A12 A13 0

A21 0 0 0
A31 0 Ibi+1 0

⎤
⎦
⎞
⎠ .

Comparing again with (3.21) shows that si+1 = rank A21. This yields([
Idi 0 ∗
0 0 Ũi

]
,

[
0 A12 0
A21 A22 0

])

new∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣

Idi+1 0 0 0 ∗
0 Isi+1 0 0 ∗
0 0 0 0 U1
0 0 0 0 U2

0 0 0 0 U3

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

0 0 A13 A14 0
0 0 A23 A24 0
0 0 0 0 0
0 Isi+1 0 0 0
A51 A52 0 Ibi+1 0

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠ .
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The entries A14, A24, A51, and A52 can be eliminated by appropriate row and
column operations. Adding the unchanged third and fourth block rows of the initial
pair and performing appropriate row and column permutations, we get

(E,A)
new∼ (Ẽi+1, Ãi+1) =

⎛
⎜⎜⎝
⎡
⎢⎢⎣
Idi+1 0 ∗

0 0 Ũi+1

0 0 F̃i+1

0 0 G̃i+1

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

0 A12 0
A21 A22 0

0 0 0
0 0 Iai+1+si+1

⎤
⎥⎥⎦
⎞
⎟⎟⎠

with

F̃i+1 =
[

0 0 U1

0 0 F̃i

]
, G̃i+1 =

⎡
⎣0 0 U2

0 0 U3

0 0 G̃i

⎤
⎦ ,

and Ũi+1 = [Isi+1 0 ∗], partitioned accordingly. SinceU1, U2, andU3 are obtained
from Ũi by row transformations only, their leading si columns have full rank thus
proving (3.25). If we had performed the step from (3.13) to (3.15), then the entry
Isi+1 in Ũi+1 would be replaced by zero. Together with the vanishing third block
column of Ẽi this yields that the third block column of Ẽi+1 would vanish as well.
This completes the induction argument and we obtain (3.23) for i = μ in (Ẽi, Ãi),
since sμ = 0. �

The canonical form (3.23) can be seen as a generalization of the Kronecker
canonical form to the case of matrix functions, at least if we are interested in
properties of the corresponding differential-algebraic equation. One can therefore
expect that it plays a central role in the analysis of pairs of matrix functions and
linear differential-algebraic equations with variable coefficients.

Remark 3.22. In the construction of the canonical form (3.23), we make use of two
types of transformations. These are the global equivalence transformations of the
form (3.3), which generate a one-to-one correspondence between the two solution
sets, and the process of adding derivatives of some block rows to other block rows,
which is the step from (3.13) to (3.15), that does not alter the solution set.

We now illustrate the results on the Examples 3.1 and 3.2. We use here the
abbreviation “dif” on top of the equivalence operator to mark the step of passing
from (3.13) to (3.15).
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Example 3.23. For the problem of Example 3.1 we have

(E,A) =
([−t t2

−1 t

]
,

[−1 0
0 −1

])

∼
([

0 1
1 −t

] [−t t2

−1 t

]
,

[
0 1
1 −t

] [−1 0
0 −1

])

∼
([−1 t

0 0

] [
1 t

0 1

]
,

[
0 −1
−1 t

] [
1 t

0 1

]
−
[−1 t

0 0

] [
0 1
0 0

])

∼
([

1 0
0 0

]
,

[
0 0
1 0

])
dif∼
([

0 0
0 0

]
,

[
1 0
0 0

])
.

Hence, the characteristic values are given by

r0 = 1, a0 = 0, s0 = 1, d0 = 0, u0 = 1, v0 = 0,

r1 = 0, a1 = 1, s1 = 0, d1 = 0, u1 = 1, v1 = 1,

together with μ = 1. The corresponding differential-algebraic equation therefore
consists of one algebraic equation in combination with one consistency condition
for the right hand side and one undetermined solution component. In particular, the
solution of the homogeneous initial value problem is not unique, in agreement with
the results of Example 3.1.

Example 3.24. For the problem of Example 3.2 we have

(E,A) =
([

0 0
1 −t

] [−1 t

0 0

])

∼
([

0 0
1 −t

] [
1 t

0 1

]
,

[−1 t

0 0

] [
1 t

0 1

]
−
[

0 0
1 −t

] [
0 1
0 0

])

∼
([

0 0
1 0

]
,

[−1 0
0 −1

])
∼
([

1 0
0 0

]
,

[
0 −1
1 0

])
dif∼
([

0 0
0 0

]
,

[
1 0
0 1

])
.

Hence, the characteristic values are given by

r0 = 1, a0 = 0, s0 = 1, d0 = 0, u0 = 1, v0 = 0,

r1 = 0, a1 = 2, s1 = 0, d1 = 0, u1 = 0, v1 = 0,

together with μ = 1. The corresponding differential-algebraic equation therefore
consists of two algebraic equations. In particular, the solution is unique without
supplying an initial condition, in agreement with the results of Example 3.2.



80 3 Linear differential-algebraic equations with variable coefficients

It remains to discuss the question how restrictive the constant rank assumptions
(3.12) are that we had to apply in each step of the described inductive transformation
procedure. The answer lies in the following observation on the rank of continuous
matrix functions.

Theorem 3.25. Let I ⊆ R be a closed interval and M ∈ C(I,Cm,n). Then there
exist open intervals Ij ⊆ I, j ∈ N, with

⋃
j∈N

Ij = I, Ii ∩ Ij = ∅ for i �= j, (3.26)

and integers rj ∈ N0, j ∈ N, such that

rank M(t) = rj for all t ∈ Ij . (3.27)

Proof. See, e.g., [56, Ch. 10]. �

Applying this property of a continuous matrix function to the construction lead-
ing to Theorem 3.17, one immediately obtains the following result.

Corollary 3.26. Let I ⊆ R be a closed interval and E,A ∈ C(I,Cm,n) be suffi-
ciently smooth. Then there exist open intervals Ij , j ∈ N, as in Theorem 3.25, such
that the strangeness index of (E,A) restricted to Ij is well defined for every j ∈ N.

As a consequence, the strangeness index is defined on a dense subset of the
given closed interval, and we can transform to the global canonical form (3.23) on
each component Ij separately.

3.2 Local and global invariants

In Section 3.1, we have introduced characteristic values (invariants) of matrix pairs
together with a canonical form which we called local, because we obtained the
matrix pairs as evaluation of a pair of matrix functions at a fixed point. We then
required these (local) invariants to be global, cp. (3.12), and developed a whole
sequence of invariants and a corresponding global canonical form. We call these
global invariants, since they are only defined by a process involving transformations
by matrix functions. We have shown that the involved constant rank assumptions are
satisfied on a dense subset of the given interval. At an exceptional point, where any
of the ranks changes, the only available information is given by the local invariants
of the pair evaluated there. In particular, we cannot associate a strangeness index
with these points. In this section, we will develop purely local invariants which will
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allow to determine the global invariants including the strangeness index, wherever
they are defined.

Since the process in Section 3.1 included differentiation, the idea (which is due
to Campbell, see [47]) is to differentiate the original differential-algebraic equation
(3.1). In this way, we get so-called derivative arrays or inflated differential-alge-
braic equations

M
(t)ż
 = N
(t)z
 + g
(t), (3.28)

where

(M
)i,j =
(
i
j

)
E(i−j) − ( i

j+1

)
A(i−j−1), i, j = 0, . . . , 
,

(N
)i,j =
{
A(i) for i = 0, . . . , 
, j = 0,

0 otherwise,

(z
)j = x(j), j = 0, . . . , 
,

(g
)i = f (i), i = 0, . . . , 
,

(3.29)

using the convention that
(
i
j

) = 0 for i < 0, j < 0 or j > i. In more detail, we
have

M
 =

⎡
⎢⎢⎢⎢⎢⎣

E

Ė − A E

Ë − 2Ȧ 2Ė − A E
...

. . .
. . .

E(
) − 
A(
−1) · · · · · · 
Ė − A E

⎤
⎥⎥⎥⎥⎥⎦ ,

N
 =

⎡
⎢⎢⎢⎢⎢⎣

A 0 · · · 0
Ȧ 0 · · · 0
Ä 0 · · · 0
...

...
...

A(
) 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎦ .

(3.30)

For every 
 ∈ N0 and every t ∈ I, we can determine the local characteristic values
of the pair (M
(t), N
(t)) if it is defined. To do this, we first show that these local
quantities are invariant under global equivalence transformations of the pair (E,A)
of matrix functions. For this, we need some elementary lemmas.

Lemma 3.27. For all integers i, j, k, l with i ≥ 0, i ≥ j ≥ 0, i − j ≥ k ≥ 0, we
have the identities(

i
j

)(
i−j
k

)(
i−j−k

l

)+ ( i
j+1

)(
i−j−1

k

)(
i−j−k−1

l

) = (i
k

)(
i−k
l

)(
i−k−l+1

j+1

)
, (3.31a)
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(
i

j+1

)(
i−j−1

k

)(
i−j−k−1

l

) = (i
k

)(
i−k
l

)(
i−k−l
j+1

)
, (3.31b)(

i
k−1

)(
i−k+1

l

)+ (i
k

)(
i−k
l−1

)+ (i
k

)(
i−k
l

) = (i+1
k

)(
i+1−k

l

)
. (3.31c)

Proof. The proof follows by straightforward calculation. �

Lemma 3.28. Let D = ABC be the product of three sufficiently smooth matrix
valued functions of appropriate dimensions. Then

D(i) =
i∑

j=0

i−j∑
k=0

(
i
j

)(
i−j
k

)
A(j)B(k)C(i−j−k). (3.32)

Proof. The proof follows immediately by induction using (3.31c). �

Theorem 3.29. Consider two pairs (E,A) and (Ẽ, Ã) of sufficiently smooth matrix
functions that are equivalent via the transformation

Ẽ = PEQ, Ã = PAQ− PEQ̇ (3.33)

according to Definition 3.3, with sufficiently smooth P and Q. Let (M
,N
) and
(M̃
, Ñ
), 
 ∈ N0, be the corresponding inflated pairs constructed as in (3.29) and
introduce the block matrix functions

(�
)i,j =
(
i
j

)
P (i−j), (�
)i,j =

(
i+1
j+1

)
Q(i−j),

(�
)i,j =
{
Q(i+1) for i = 0, . . . , 
, j = 0,

0 otherwise.

(3.34)

Then

[ M̃
(t) Ñ
(t) ] = �
(t)[M
(t) N
(t) ]
[
�
(t) −�
(t)

0 �
(t)

]
(3.35)

for every t ∈ I. In particular, the corresponding matrix pairs are locally equivalent.

Proof. All matrix functions M
, N
, M̃
, Ñ
, �
, �
, and �
 are block lower
triangular with the same block structure. Observe, furthermore, that N
, Ñ
, and
�
 have nonzero blocks only in the first block column. From Lemma 3.28 we
obtain (leaving out the argument t)

Ẽ
(i) =

i∑
k1=0

i−k1∑
k2=0

(
i
k1

)(
i−k1
k2

)
P (k1)E(k2)Q(i−k1−k2)

Ã
(i) =

i∑
k1=0

i−k1∑
k2=0

[(
i
k1

)(
i−k1
k2

)
P (k1)A(k2)Q(i−k1−k2)

− ( i
k1

)(
i−k1
k2

)
P (k1)E(k2)Q(i+1−k1−k2)

]
,
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and

(�
M
�
)i,j =
i∑

l1=j

l1∑
l2=j

(�
)i,l1(M
)l1,l2(�
)l2,j

=
i∑

l1=j

l1∑
l2=j

(
i
l1

)
P (i−l1)[(l1

l2

)
E(l1−l2) − ( l1

l2+1

)
A(l1−l2−1)

](
l2+1
j+1

)
Q(l2−j)

by inserting the definitions. Shifting and inverting the summations and applying
(3.31a) and (3.31b) then leads to

(�
M
�
)i,j

=
i−j∑
k1=0

k1+j∑
l2=j

(
i

k1+j
)
P (i−j−k1)

[(
k1+j
l2

)
E(k1+j−l2)

− (k1+j
l2+1

)
A(k1+j−l2−1)

](
l2+1
j+1

)
Q(l2−j)

= (i
j

) i−j∑
k1=0

i−j−k1∑
k2=0

(
i−j
k1

)
P (k1)

(
i−j−k1

k2

)
E(k2)Q(i−j−k1−k2)

− ( i
j+1

) i−j−1∑
k1=0

i−j−1−k1∑
k2=0

[(
i−j−1
k1

)
P (k1)

(
i−j−k1−1

k2

)
A(k2)Q(i−j−1−k1−k2)

− (i−j−1
k1

)
P (k1)

(
i−j−1−k1

k2

)
E(k2)Q(i−j−k1−k2)

]
= (i

j

)
Ẽ
(i−j) − ( i

j+1

)
Ã
(i−j−1) = (M̃
)i,j .

In a similar way it follows that

(�
N
�
)i,0 − (�
M
�
)i,0

=
i∑

l1=0

(�
)i,l1(N
)l1,0(�
)0,0 −
i∑

l1=0

l1∑
l2=0

(�
)i,l1(M
)l1,l2(�
)l2,0

=
i∑

k1=0

(
i
k1

)
P (k1)A(i−k1)Q(0) +

i∑
k1=0

i−1−k1∑
k2=0

(
i
k1

)
P (k1)

(
i−k1
k2

)
A(k2)Q(i−k1−k2)

−
i∑

k1=0

i−k1∑
k2=0

(
i
k1

)
P (k1)

(
i−k1
k2

)
E(k2)Q(i−k1−k2+1)

= Ã
(i) = (Ñ
)i,0. �
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Thus, we have shown that the local characteristic values of the inflated pair
(M
(t), N
(t)), in the following denoted by (r̃
, ã
, s̃
, d̃
, ũ
, ṽ
), are well defined
for equivalent pairs of matrix functions. This observation immediately raises the
question, whether these quantities are related to the global characteristic values
(ri, ai, si, di, ui, vi) derived in the Section 3.1.

Theorem 3.30. Let the strangeness index μ of (E,A) as in (3.17) be well defined
with (global) characteristic values (ri, ai, si), i ∈ N0. Moreover, let (M
(t), N
(t)),

 ∈ N0, be the corresponding inflated matrix pair at a fixed t ∈ I with (local) char-
acteristic values (r̃
, ã
, s̃
). Then,

r̃
 = (
+ 1)m−

∑

i=0

ci −

∑

i=0

vi, (3.36a)

ã
 = c
 − s
, (3.36b)

s̃
 = s
 +

−1∑
i=0

ci, (3.36c)

with ci defined in (3.21b).

Proof. By Theorem 3.29, we may assume without loss of generality that the pair
(E,A) is already in the global canonical form (3.23). For fixed t ∈ I, we must
determine the local characteristic quantities of (M
(t), N
(t)). For convenience,
we omit the argument t . We first observe that, with the help of the entries Idμ coming
from (3.23), we can eliminate all other entries in the corresponding block rows and
columns of (M
,N
). Recall that this is an allowed equivalence transformation
of the form (3.4). It is then clear that the entries Idμ always contribute to the rank
ofM
 and the (transformed) kernel and corange vectors must have zero entries at the
corresponding places. In addition, we can omit the zero columns of the normal form
(3.23), since these do not affect the characteristic values ã
 and s̃
. It is therefore
sufficient to consider

(Ẽ, Ã) =
([

F

G

]
,

[
0
Iaμ

])
.

Denoting the corresponding inflated pairs by (M̃
, Ñ
), we perform a suitable block
row and column permutation. In particular, we write the block rows and columns
in opposite order and then exchange block rows and columns in such a way that the
entries coming from F and those from G are separated. Thus, with respect to local
equivalence, we have

(M̃
, Ñ
) ∼
⎛
⎝
⎡
⎣f
 Y


g
 X
 − I

0 h


⎤
⎦ ,

⎡
⎣0 0

0 0
0 e


⎤
⎦
⎞
⎠ ,
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where

f
 =

⎡
⎢⎢⎢⎣
F

0
...

0

⎤
⎥⎥⎥⎦ , g
 =

⎡
⎢⎢⎢⎣
G

0
...

0

⎤
⎥⎥⎥⎦ , h
 =

[
0 · · · 0 F

0 · · · 0 G

]
, e
 =

[
0 · · · 0 0
0 · · · 0 Iaμ

]
,

and

X
 =

⎡
⎢⎢⎢⎢⎣

Ġ · · · · · · G(
)

G
. . .

...

. . .
. . .

...

G Ġ

⎤
⎥⎥⎥⎥⎦ , Y
 =

⎡
⎢⎢⎢⎢⎣

Ḟ · · · · · · F (
)

F
. . .

...

. . .
. . .

...

F Ḟ

⎤
⎥⎥⎥⎥⎦ .

SinceG and all its derivatives are nilpotent due to their structure,X
 is nilpotent.
Hence, X
− I is invertible. Since, in addition, X
− I has upper block Hessenberg
form, we can decompose it according to

X
 − I = U
(L
 − I )

with

U
 =

⎡
⎢⎢⎢⎢⎣
I −H
 ∗ · · · ∗

. . .
. . .

...

. . . ∗
I −H1

⎤
⎥⎥⎥⎥⎦ ,

L
 =

⎡
⎢⎢⎢⎣

0
(I −H
−1)

−1G 0
. . .

. . .

(I −H1)
−1G 0

⎤
⎥⎥⎥⎦ .

Typically, the arising entries here and in the following are sums of products, where
the first factor is F or G or a derivative of them and the other factors are G or
derivatives of it. For convenience, we call a term which is a sum of products with
at least k factors a k-term. Note that k-terms with k ≥ 1 are automatically nilpotent
due to the structure of F and G and their derivatives. In this sense, it follows by
induction that Hi , i = 1, . . . , 
, and the entries ∗ of U
 are 1-terms.

Let Ỹ
 denote the upper block triangular part of the upper block Hessenberg
matrix Y
. The relation

R
(L
 − I ) = Ỹ
 + D̃
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uniquely determines an upper block triangular matrix R
 and a matrix D̃
 which
only has nontrivial entries in the lower block diagonal (similar to L
). Induction
shows that the nontrivial entries of R
 are 1-terms and those of D̃
 are 2-terms.

With these preparations, we get

(M̃
, Ñ
) ∼
⎛
⎝
⎡
⎣f
 Y


g
 U
(L
 − I )

0 h


⎤
⎦ ,

⎡
⎣0 0

0 0
0 e


⎤
⎦
⎞
⎠

∼
⎛
⎝
⎡
⎣f
 − R
U

−1

 g
 Y
 − Ỹ
 − D̃


U−1

 g
 L
 − I

0 h


⎤
⎦ ,

⎡
⎣0 0

0 0
0 e


⎤
⎦
⎞
⎠ ,

where all nontrivial entries besides the identities have the formF orG plus 2-terms.
Hence, these blocks differ from F or G only in the entries ∗ in (3.24).

Therefore, we have (by reordering the block rows)

(M̃
, Ñ
) ∼

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F̃0

G̃0 −Iaμ
F̃1

G̃1
. . .

. . . F̃
−1

G̃
−1 −Iaμ
F̃


G̃


⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0 0

0

0
. . .

. . . 0
0 0

0
Iaμ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with

F̃i =

⎡
⎢⎢⎢⎢⎣

0 Fμ ∗
. . .

. . .

. . . F1
0

⎤
⎥⎥⎥⎥⎦ , G̃i =

⎡
⎢⎢⎢⎢⎣

0 Gμ ∗
. . .

. . .

. . . G1
0

⎤
⎥⎥⎥⎥⎦ , i = 0, . . . , 
.

For a further refinement of the structure of the matrix pair, let

Wj =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣
Icj−1

. . .

Ic0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, W ′j =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Icμ
. . .

Icj

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, j = 0, . . . , μ+ 1.
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Then, the columns ofWj form an orthonormal basis of corangeGj and the relations
[W ′j Wj ] = Iaμ and range G̃jW

′
j = rangeW ′j+1 hold. By induction, it follows

that (M̃
, Ñ
) ∼ (M̂
, N̂
) with

(M̂
, N̂
) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

F̃0W
′
0

G̃0W
′
0 W1 W ′1

F̃1W
′
1

G̃1W
′
1 W2 W ′2

. . .
. . .

. . .
. . .

F̃
−1W
′

−1

G̃
−1W
′

−1 W
 W ′


F̃
W
′



G̃
W
′



⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
0 0 0

0
0 0 0

. . .
. . .

. . .
. . .

0
0 0 0

0 0
W
 W ′


⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

We see that the block rows of M̂
 are decoupled such that

rank M̂
 = rank

[
F̃0W

′
0 0

G̃0W
′
0 W1

]
+ · · · + rank

[
F̃
−1W

′

−1 0

G̃
−1W
′

−1 W


]
+ rank

[
F̃
W

′



G̃
W
′



]
.

Recognizing that

rank

[
F̃iW

′
i 0

G̃iW
′
i Wi+1

]
= aμ + (wi+1 + · · · + wμ), i = 0, . . . , 
− 1,

and

rank

[
F̃
W

′



G̃
W
′



]
= (c
+1 + · · · + cμ)+ (w
+1 + · · · + wμ),
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we obtain

r̃
 = rank M
 = (
+ 1)dμ + rank M̂


= (
+ 1)dμ + 
aμ + (c
+1 + · · · + cμ)

+ (w1 + · · · + wμ)+ (w2 + · · · + wμ)+ · · · + (w
+1 + · · · + wμ)

= r̃
−1 + dμ + aμ − c
 − (c1 + · · · + cμ)

− (w1 + · · · + w
)+ (s0 + · · · + sμ−1)

= r̃
−1 +m− c0 − v0 + c0 − c
 − (w1 + · · · + w
)

= r̃
−1 +m− c
 − v


as asserted.
To compute ã
 and s̃
, we first must determine the corange and the kernel of M̂
.

Let

Uj =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣
Iwj−1

. . .

Iw0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
, j = 0, . . . , μ+ 1.

Then, the corange of M̂
 is given by

Ẑ
 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

U1
0

U2

0
. . .

. . . U


0
U
+1

W
+1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The computation of the kernel is more complicated, since M̂
 does not decouple
with respect to the block columns. Let the columns of K̃i , i = 0, . . . , 
, span

kernel

[
F̃iW

′
i

G̃iW
′
i

]

and let K̃ ′i be given, such that [ K̃ ′i K̃i ] is invertible. Then the kernel of M̂
 and a
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possible complement (cp. Remark 3.8) are given by

T̂
 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

K̃0 ∗ · · · ∗ ∗
0 0 · · · 0 0

K̃1
...

0
. . .

...

. . . K̃
−1 ∗
0 0

K̃


⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

T̂ ′
 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

K̃ ′0 0
0 I

K̃ ′1 0

0 I
. . .

. . .
. . .

. . .

. . . K̃ ′
−1 0
0 I

K̃ ′


⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Hence, we have that

ẐH

 N̂
T̂
 =

[
0 0 0
0 WH


+1W
 WH

+1W

′



]⎡⎣0 0
0 0
0 K̃


⎤
⎦ .

We can choose K̃
 together with a possible complement K̃ ′
 as

K̃
 =

⎡
⎢⎢⎢⎣

Icμ 0 · · · 0
Kμ ∗

. . .

K
+1

⎤
⎥⎥⎥⎦ , K̃ ′
 =

⎡
⎢⎢⎢⎣

0 · · · 0
K ′μ

. . .

K ′
+1

⎤
⎥⎥⎥⎦ ,

where the columns of Ki , i = 1, . . . , μ, span the common kernel of Fi and Gi and
[K ′i Ki ] is nonsingular. From (3.25), it follows that

rank Ki = dim kernel

[
Fi
Gi

]
= ci−1 − ci − wi = ci−1 − si−1.
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Since

WH

+1W

′

K̃
 =

⎡
⎣ Ic


⎤
⎦
⎡
⎢⎢⎢⎣
Icμ 0 · · · 0

Kμ ∗
. . .

K
+1

⎤
⎥⎥⎥⎦ =

⎡
⎣ K
+1

⎤
⎦ ,

we obtain that

ã
 = rank(ẐH

 N̂
T̂
) = rank(WH


+1W
′

K̃
) = rank K
+1 = c
 − s
.

The columns of

V̂
 =
[
I

V


]
, V
 =

⎡
⎢⎢⎢⎣
K ′
+1

Ic
−1

. . .

Ic0

⎤
⎥⎥⎥⎦ ,

span corange(ẐH

 N̂
T̂
). Thus, we have that

V̂ H

 ẐH


 N̂
T̂
′

 =

[
0 0 0
0 VH


 WH

+1W
 VH


 WH

+1W

′



]⎡⎣∗ I

K̃ ′


⎤
⎦

=
[

0 0 0
0 VH


 WH

+1W
 VH


 WH

+1W

′

K̃
′



]
,

with

VH

 WH


+1W
 =

⎡
⎢⎢⎢⎣Ic
−1

. . .

Ic0

⎤
⎥⎥⎥⎦ , V H


 WH

+1W

′

K̃
′

 =

⎡
⎣ K ′H
+1K

′

+1

⎤
⎦ .

It finally follows that

s̃
 = rank(V̂ H

 ẐH


 N̂
T̂
′

) = rank[ VH


 WH

+1W
 VH


 WH

+1W

′

K̃
′

+1 ]r

= rank(V H

 WH


+1W
)+ rank K ′
+1 = (c0 + · · · + c
−1)+ s
. �

We also have the converse of this result, i.e., the knowledge of the sequence
(r̃
, ã
, s̃
) allows for the determination of the sequence (ri, ai, si) of the (global)
characteristic values of (E,A).
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Corollary 3.31. Let the strangeness index μ of (E,A) as in (3.17) be well defined
and let (r̃
, ã
, s̃
), 
 = 0, . . . , μ, be the sequence of the (local) characteristic
values of (M
(t), N
(t)) for some t ∈ I. Then the sequence (ri, ai, si) of the
(global) characteristic values of (E,A) can be obtained from

c0 = ã0 + s̃0, ci+1 = (ãi+1 − ãi )+ (s̃i+1 − s̃i ), (3.37a)

v0 = m− c0 − r̃0, vi+1 = m− ci+1 − (r̃i+1 − r̃i ), (3.37b)

si = ci − ãi , (3.37c)

ai = c0 + · · · + ci − si, (3.37d)

ri = m− ai − si − vi. (3.37e)

Proof. The claim follows by trivial rearrangements of (3.36) together with the
relations of Lemma 3.20. �

With these results, we have shown that for well-defined strangeness index μ

the complete structural information on the global characteristic values of (E,A)
can be obtained from the local information of the inflated pairs (M
(t), N
(t)),

 = 0, . . . , μ. In view of Theorem 3.17, an immediate question is whether it is
possible to derive a system of the form (3.18) by using only local information from
(Mμ(t), Nμ(t)).

Let (Ẽ, Ã) be a normal form of (E,A) according to (3.23) with inflated pairs
(M̃μ, Ñμ). For convenience, in the following we omit the subscript μ.

Note first that, if the columns ofZ span the corange ofM , multiplication of (3.28)
for 
 = μ, now readingM(t)ż = N(t)z+g(t), byZ(t)H gives 0 = Z(t)HN(t)z+
Z(t)Hg(t). But recall that the only nontrivial entries in N are in the first block
column belonging to the original unknown x. Hence, we get purely algebraic
equations for x. Comparing with (3.18b), we are looking for aμ such equations.
Indeed, (3.36c) gives ãμ + s̃μ = aμ. Since the rank of M̃ is constant, Theorem 3.9
yields the existence of a continuous matrix function Z̃, whose columns form a basis
of corange M̃ . By definition, Z̃H Ñ has rank ãμ+ s̃μ. Applying again Theorem 3.9,
it follows that there exists a continuous matrix function Z̃2 of size (μ+ 1)m× aμ
with

Z̃H
2 = [Z̃H

2,0 Z̃
H
2,1 · · · Z̃H

2,μ], Z̃H
2,0 = [00Iaμ ], Z̃H

2,
 = [00∗], 
 = 1, . . . , μ,

such that

rank(Z̃H
2 Ñ [ In 0 · · · 0 ]H ) = rank

⎛
⎜⎝
⎡
⎣ 0

0
Iaμ

⎤
⎦H ⎡⎣∗ ∗ 0

0 0 0
0 0 Iaμ

⎤
⎦
⎞
⎟⎠ = aμ.
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As already mentioned, with Z̃2 we obtain the complete set of algebraic equations.
Next, we must get dμ differential equations which complete these algebraic equa-
tions to a strangeness-free differential-algebraic equation. In each step of the itera-
tive procedure of the previous section, the number of equations with derivatives of
the unknown function is reduced. Therefore, the differential equations we look for
must be already present in the original system. If we set

T̃2 =
⎡
⎣Idμ 0

0 Iuμ
0 0

⎤
⎦ ,

then we get
Z̃H

2 Ñ [ In 0 · · · 0 ]H T̃2 = 0

and

rank(ẼT̃2) = rank

⎛
⎝
⎡
⎣Idμ 0 ∗

0 0 F

0 0 G

⎤
⎦
⎡
⎣Idμ 0

0 Iuμ
0 0

⎤
⎦
⎞
⎠ = dμ.

Obviously, the desired differential equations correspond to the first block of ẼT̃2.
The construction obtained in this way must now be carried over to the matrix
functions of the original problem. From

M̃ = �M�, Ñ = �N�−�M�

according to (3.35), it follows that

Z̃H
2 M̃ = Z̃H

2 �M� = 0

and, due to the special structure of N ,

aμ = rank(Z̃H
2 Ñ [ In 0 · · · 0 ]H )

= rank(Z̃H
2 �N�[ In 0 · · · 0 ]H )

= rank(Z̃H
2 �N [QH ∗ · · · ∗ ]H )

= rank(Z̃H
2 �N [QH 0 · · · 0 ]H )

= rank(Z̃H
2 �N [ In 0 · · · 0 ]HQ).

So there exists a smooth matrix valued functionZ2 = �HZ̃2 of size (μ+1)m×aμ
such that

ZH
2 M = 0, rank(ZH

2 N [ In 0 · · · 0 ]H ) = aμ. (3.38)

From

0 = Z̃H
2 Ñ [ In 0 · · · 0 ]H T̃2

= Z̃H
2 �N�[ In 0 · · · 0 ]H T̃2

= Z̃H
2 �N [ In 0 · · · 0 ]HQT̃2
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and

dμ = rank(ẼT̃2) = rank(PEQT̃2) = rank(EQT̃2),

it follows that there exists a smooth matrix function T2 = QT̃2 of size n×(dμ+uμ)
such that

ZH
2 N [ In 0 · · · 0 ]HT2 = 0, rank(ET2) = dμ. (3.39)

Thus, there exists a smooth matrix function Z1 of size m× dμ such that

rank(ZH
1 ET2) = dμ. (3.40)

In summary, we have constructed a pair of matrix functions

(Ê, Â) =
⎛
⎝
⎡
⎣Ê1

0
0

⎤
⎦ ,

⎡
⎣Â1

Â2
0

⎤
⎦
⎞
⎠ , (3.41)

with entries

Ê1 = ZH
1 E, Â1 = ZH

1 A, Â2 = ZH
2 N [ In 0 · · · 0 ]H , (3.42)

which has the same size as the original pair (E,A). Moreover, we can show that
(Ê, Â) is indeed strangeness-free with the same characteristic values as (3.18). This
will turn out to be important in the context of the index reduction methods discussed
in Section 6.

Theorem 3.32. Let the strangeness index μ of (E,A) as in (3.17) be well defined
with global characteristic values (ri, ai, si), i = 1, . . . , μ. Then, every pair (Ê, Â),
constructed as in (3.41), has a well-defined strangeness index μ̂ = 0. The global
characteristic values (r̂, â, ŝ) of (Ê(t), Â(t)) are given by

(r̂, â, ŝ) = (dμ, aμ, 0) (3.43)

uniformly in t ∈ I.

Proof. For convenience, in the following we again omit the argument t . By con-
struction, the columns of T2 form a basis of kernel Â2. Because Ê1 has full row
rank, we can split T2 without loss of generality into T2 = [T ′1 T3 ] in such a way that
Ê1T

′
1 is nonsingular. Choosing T ′2 such that Â2T

′
2 is also nonsingular, we obtain a

nonsingular matrix [T ′1 T ′2 T3 ]. To determine the characteristic quantities of (Ê, Â),
we multiply with this matrix from the right. In particular, we get the following local



94 3 Linear differential-algebraic equations with variable coefficients

equivalences:

(Ê, Â) =
⎛
⎝
⎡
⎣Ê1

0
0

⎤
⎦ ,

⎡
⎣Â1

Â2
0

⎤
⎦
⎞
⎠

∼
⎛
⎝
⎡
⎣Ê1T

′
1 Ê1T

′
2 Ê1T3

0 0 0
0 0 0

⎤
⎦ ,

⎡
⎣Â1T

′
1 Â1T

′
2 Â1T3

0 Â2T
′
2 0

0 0 0

⎤
⎦
⎞
⎠

∼
⎛
⎝
⎡
⎣Ê1T

′
1 0 0

0 0 0
0 0 0

⎤
⎦ ,

⎡
⎣∗ ∗ ∗

0 Â2T
′
2 0

0 0 0

⎤
⎦
⎞
⎠

∼
⎛
⎝
⎡
⎣Idμ 0 0

0 0 0
0 0 0

⎤
⎦ ,

⎡
⎣∗ ∗ ∗

0 Iaμ 0
0 0 0

⎤
⎦
⎞
⎠

∼
⎛
⎝
⎡
⎣Idμ 0 0

0 0 0
0 0 0

⎤
⎦ ,

⎡
⎣0 0 0

0 Iaμ 0
0 0 0

⎤
⎦
⎞
⎠ .

From the last pair, we obtain r̂ = dμ, â = aμ, and ŝ = 0. �

Setting f̂1 = ZH
1 f and f̂2 = ZH

2 g, we can deduce from the inflated differential-
algebraic equation M(t)ż = N(t)z+ g(t) the equations Ê1(t)ẋ = Â1(t)x + f̂1(t)

and 0 = Â2(t)x + f̂2(t). In contrast to the construction that led to (3.18) the un-
known function x is not transformed. Compared with the canonical from (3.18), we
are missing an equation 0 = f̂3(t) associated with the consistency of the inhomo-
geneity. Of course, it would suffice to select some Z3 with vμ linearly independent
columns satisfying ZH

3 M = 0 and ZH
3 N = 0 and set f̂3 = ZH

3 g. Because of
dim corange(M,N) = v0+ · · · + vμ, such a Z3 certainly exists. But, in general, it
is not clear whether there is an invariant way how one can selectZ3. One possibility
would be to enlarge the system by letting Z3 have v0 + · · · + vμ linearly indepen-
dent columns (which then span corange(M,N)). In order to check solvability, this
would be an appropriate way, but it would be an artificial extension of the system
and we would not have a result analogous to Theorem 3.18. If the system is solv-
able, however, then every choice of Z3 will give f̂3 = 0. We may therefore simply
set f̂3 = 0 in this case and obtain a system

Ê(t)ẋ = Â(t)x + f̂ (t) (3.44)

similar to that of Theorem 3.17. To set f̂3 = 0 can be seen as a regularization, since
we replace an unsolvable problem by a solvable one. It should be emphasized that
due to the construction of (3.44), every solution of the original differential-algebraic
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equation (3.1) is also a solution of (3.44). We will come back to this discussion in
Section 4.3 for the case of nonlinear differential-algebraic equations.

Let us study again our two examples from the beginning of the section.

Example 3.33. For the problem of Example 3.1 with μ = 1, we get

M(t) =

⎡
⎢⎢⎣
−t t2 0 0
−1 t 0 0
0 2t −t t2

0 2 −1 t

⎤
⎥⎥⎦ , N(t) =

⎡
⎢⎢⎣
−1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ .

We have rank M(t) = 2 independent of t ∈ I and we can choose

ZH
2 (t) = [ 1 −t | 0 0 ], ZH

3 (t) = [ 0 0 | 1 −t ].
With this choice, we get

Ê(t) =
[

0 0
0 0

]
, Â(t) =

[−1 t

0 0

]
, f̂ (t) =

[
0
0

]
,

and we can directly read off the solution as given in Example 3.1.

Example 3.34. For the problem of Example 3.2 with μ = 1, we get

M(t) =

⎡
⎢⎢⎣

0 0 0 0
1 −t 0 0
1 −t 0 0
0 −1 1 −t

⎤
⎥⎥⎦ , N(t) =

⎡
⎢⎢⎣
−1 t 0 0
0 0 0 0
0 1 0 0
0 0 0 0

⎤
⎥⎥⎦ .

We have rank M(t) = 2 independent of t ∈ I and we can choose

ZH
2 (t) =

[
1 0 0 0
0 1 −1 0

]
.

With this choice, we get

Ê(t) =
[

0 0
0 0

]
, Â(t) =

[−1 t

0 −1

]
, f̂ (t) =

[
f1(t)

f2(t)− ḟ1(t)

]
.

Again, we can directly read off the solution as given in Example 3.2.

3.3 The differentiation index

Another idea for the construction of a global characteristic quantity for systems of
differential-algebraic equations is based on the construction of an ordinary differ-
ential equation for the unknown function x from the inflated system (3.28) for some



96 3 Linear differential-algebraic equations with variable coefficients

sufficiently large 
 ∈ N0. This approach, which is most common in the literature,
has the disadvantage that it is only feasible for square systems with unique solu-
tions, since a differential-algebraic equation with free solution components cannot
lead to an ordinary differential equation because of the infinite dimension of the
solution space of the homogeneous problem.

In order to compare the analysis that we have presented so far with these other
concepts, we must therefore restrict ourselves to the case m = n, i.e., throughout
this section we assume that E,A ∈ C(I,Cn,n). Recall that we still assume that
the functions that we consider are sufficiently smooth, but that we will not specify
the degree of smoothness. Most of the following results are due to Campbell, see,
e.g., [48].

The first basic notion that we need is that of 1-fullness of a block matrix.

Definition 3.35. A block matrix M ∈ Ckn,ln is called 1-full (with respect to the
block structure built from n× n-matrices) if and only if there exists a nonsingular
matrix R ∈ Ckn,kn such that

RM =
[
In 0
0 H

]
. (3.45)

A corresponding matrix function M ∈ C(I,Ckn,ln) is called smoothly 1-full if and
only if there is a pointwise nonsingular matrix function R ∈ C(I,Ckn,kn) such
that (3.45) holds as equality of functions.

Lemma 3.36. Consider a block matrix function M ∈ C(I,Ckn,ln) as in Defini-
tion 3.35 and suppose it has constant rank. Then M is smoothly 1-full if and only
if it is pointwise 1-full.

Proof. One direction of the claim is trivial. For the other direction, let M ∈
C(I,Ckn,ln) be pointwise 1-full with constant rank. Writing

M =
[
M11 M12
M21 M22

]
with M11 ∈ C(I,Cn,n), the first block column must have pointwise full column
rank. Therefore, by Theorem 3.9 there exists a smooth, pointwise nonsingular
matrix function R1 such that

R1M =
[
In M̃12

0 M̃22

]
.

By assumption, M̃22 has constant rank. Hence, again by Theorem 3.9, there exist
smooth, pointwise nonsingular matrix functions P and Q with

PM̃22Q =
[
I 0
0 0

]
.
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Setting

R2 =
[
In 0
0 P

]
,

we obtain

R2R1M

[
In 0
0 Q

]
=
⎡
⎣In M̂12 M̂13

0 I 0
0 0 0

⎤
⎦ .

SinceM is pointwise 1-full, the matrix on the right hand side must also be pointwise
1-full, hence we must have M̂13 = 0. Finally, setting

R3 =
⎡
⎣In −M̂12 0

0 I 0
0 0 I

⎤
⎦ ,

we end up with

R3R2R1M

[
In 0
0 Q

]
=
[
In 0
0 H̃

]
, H̃ =

[
I 0
0 0

]
,

or (3.45) with R = R3R2R1 and H = H̃Q−1. �

Note that the constant rank assumption in Lemma 3.36 cannot be removed,
cp. Exercise 20.

Definition 3.37. Let a pair (E,A) be given with inflated pairs (M
,N
) constructed
as in (3.28). The smallest number ν ∈ N0 (if it exists), for which Mν is pointwise
1-full and has constant rank, is called the differentiation index of (E,A) or (3.1),
respectively.

If the differentiation index ν is well defined for (E,A), then there exists a
smooth, pointwise nonsingular matrix function R ∈ C(I,C(ν+1)n,(ν+1)n) with

RMν =
[
In 0
0 H

]
. (3.46)

From
Mν(t)żν = Nν(t)zν + gν(t)

according to (3.28), we then obtain with

ẋ = [ In 0 ]R(t)Mν(t)żν = [ In 0 ]R(t)Nν(t)[ In 0 ]Hx + [ In 0 ]R(t)gν(t)
indeed an ordinary differential equation which is often called underlying ordinary
differential equation. Observe that it is clear from the construction that solutions of
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the original problem (3.1) are also solutions of this underlying ordinary differential
equation.

In order to compare the concepts of strangeness and differentiation index, we
must first show that the differentiation index is characteristic for a pair of matrix
functions.

Theorem 3.38. The differentiation index is invariant under (global) equivalence
transformations.

Proof. We use the notation of Theorem 3.29. We must show that M̃ν is pointwise
1-full and has constant rank if the same is valid for Mν . Since

M̃ν = �νMν�ν

with pointwise nonsingular �ν and �ν , M̃ν has constant rank if and only if Mν has
constant rank. Let now Mν be pointwise 1-full according to (3.46). Then we have

R�−1
ν M̃ν�

−1
ν =

[
In 0
0 H

]
or

R�−1
ν M̃ν =

[
In 0
0 H

] [
Q 0
�21 �22

]
=
[

Q 0
H�21 H�22

]
with pointwise nonsingular Q. Block row elimination yields[

Q−1 0
−H�21Q

−1 I

]
R�−1

ν M̃ν =
[
In 0
0 H�22

]

and thus M̃ν is pointwise 1-full. �

Up to now, we have shown that the differentiation index is characteristic for a
given pair of matrix functions and the related differential-algebraic equation and
that, if the differentiation index is well defined, then we can derive an ordinary dif-
ferential equation from the corresponding inflated differential-algebraic equation in
such a way that all solutions of the differential-algebraic equation are also solutions
of this ordinary differential equation. We will now show that this statement can be
reversed in the sense that for every differential-algebraic equation that has a solu-
tion behavior similar to that of an ordinary differential equation the differentiation
index is well defined. We begin with the construction of a canonical form similar
to (3.23).

Theorem 3.39. Let (E,A) be a pair of sufficiently smooth matrix functions and
suppose that the interval I is compact. Suppose that (3.1) is solvable for every
sufficiently smooth f and that the solution is unique for every t0 ∈ I and every
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consistent initial condition x0 ∈ Cn given at t0. Suppose furthermore that the
solution depends smoothly on f and the initial condition. Then we have

(E,A) ∼
([

I
d̂

W

0 G

]
,

[
0 0
0 Iâ

])
, (3.47)

where d̂ is the dimension of the solution space of the corresponding homogeneous
differential-algebraic equation, â = n− d̂, and

G(t)ẋ2 = x2 + f2(t) (3.48)

is uniquely solvable for every sufficiently smooth f2 without specifying initial con-
ditions.

Proof. We first show that

(E,A) ∼
([

I
d̂

E12

0 E22

]
,

[
0 A12
0 A22

])
, (3.49)

where
E22(t)ẋ2 = A22(t)x2 + f2(t)

is uniquely solvable for every sufficiently smooth f2.
If the homogeneous equation

E(t)ẋ = A(t)x

has only the trivial solution, then the first block is missing (i.e., d̂ = 0) and the
claim holds trivially by assumption. In any case, the solution space is finite dimen-
sional, since otherwise we could not select a unique solution by prescribing initial
conditions. Let {φ1, . . . , φd̂} be a basis of the solution space and� = [φ1 · · · φd̂ ].
Then we have

rank �(t) = d̂ for all t ∈ I,

since, if we had rank �(t) < d̂ for some t0 ∈ I, then there would exist coefficients
α1, . . . , αd̂ ∈ C, not all being zero, with

α1φ1(t0)+ · · · + α
d̂
φ
d̂
(t0) = 0

and α1φ1 + · · · + α
d̂
φ
d̂

would be a nontrivial solution of the homogeneous initial
value problem.

Hence, by Theorem 3.9 there exists a smooth, pointwise nonsingular matrix
function U with

UH� =
[
I
d̂

0

]
.



100 3 Linear differential-algebraic equations with variable coefficients

Defining

�′ = U

[
0
Iâ

]
yields a pointwise nonsingular matrix function Q = [ � �′ ]. Since E�̇ = A�,
we obtain

(E,A) ∼ ([ E� E�′ ], [ A� A�′ ] − [ E�̇ E�̇′ ]) = ([ E1 E2 ], [ 0 A2 ]).
In this relation, E1 has full column rank d̂. To see this, suppose that rank E1(t̂) < d̂

for some t̂ ∈ I. Then there would exist a vector w �= 0 with

E1(t̂)w = 0.

Defining in this situation

f (t) =
{

1
t−t̂ E1(t)w for t �= t̂ ,

d
dt
(E1(t)w) for t = t̂ ,

we would obtain a smooth inhomogeneity f . The function x given by

x(t) =
[

log(|t − t̂ |)w
0

]
would then solve

[ E1(t) E2(t) ]ẋ = [ 0 A2(t) ]x + f (t)

on I \ {t̂} in contradiction to the assumption of unique solvability, which includes
by definition that solutions are defined on the entire interval I.

Hence, since E1 has full column rank, there exists a smooth, pointwise nonsin-
gular matrix function P , with

PE1 =
[
I
d̂

0

]
,

and thus

(E,A) ∼
([

I
d̂

E12

0 E22

]
,

[
0 A12
0 A22

])
.

The equation
E22(t)ẋ2 = A22(t)x2

only admits the trivial solution. To see this, suppose that x2 �= 0 is a nontrivial
solution and x1 a solution of the ordinary differential equation

ẋ1 + E12(t)ẋ2(t) = A22(t)x2(t).
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Then we obtain

[ E1(t) E2(t) ]
[
ẋ1(t)

ẋ2(t)

]
= [ 0 A2(t) ]

[
x1(t)

x2(t)

]
.

Transforming back gives

E(t)Q(t)

[
ẋ1(t)

ẋ2(t)

]
= (A(t)Q(t)− E(t)Q̇(t))

[
x1(t)

x2(t)

]

or E(t)ẋ(t) = A(t)x(t) with

x = Q

[
x1
x2

]
�= 0, x �∈ span{φ1, . . . , φd̂},

since x2 �= 0. But this contradicts the construction of φ1, . . . , φd̂ . Thus, we have
shown (3.49).

For smooth, pointwise nonsingular S, we can then further transform (3.49)
according to

(E,A) ∼
([

I
d̂

E12

0 E22

]
,

[
0 A12
0 A22

])

∼
([

I
d̂

E12S

0 E22S

]
,

[
0 A12S

0 A22S

]
−
[

0 E12Ṡ

0 E22Ṡ

])
,

and, if also A22S − E22Ṡ were pointwise nonsingular, then

(E,A)
new∼
([

I
d̂

E12

0 E22

]
,

[
0 A12
0 Iâ

])
∼
([

I
d̂

W

0 G

]
,

[
0 0
0 Iâ

])
.

It therefore remains to show that there exists a smooth, pointwise nonsingular S,
for which A22S − E22Ṡ is pointwise nonsingular as well.

Let S̃ be the unique (smooth) solution of

A22(t)S̃ − E22(t)
˙̃
S = Iâ.

By the Weierstraß approximation theorem (see, e.g., [138]), there exists an elemen-
twise polynomial matrix function Ŝ, such that

� = S̃ − Ŝ

and its derivative are elementwise arbitrary small in the L∞-norm and

A22Ŝ − E22
˙̂
S = A22S̃ − A22�− E22

˙̃
S + E22�̇ = Iâ − A22�+ E22�̇ = K
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remains pointwise nonsingular (recall that I is assumed to be compact). Let
λ1(t), . . . , λâ(t) ∈ C be the eigenvalues of Ŝ(t). Since Ŝ is (real) analytic, the
set

� = {λi(t) | t ∈ I, i = 1, . . . , â} ⊆ C

has no interior as a subset of C (see, e.g., [119, Ch. II]). Hence, there exists a c ∈ C,
arbitrarily small in modulus, such that S = Ŝ − cIâ as well as

A22S − E22Ṡ = A22Ŝ − cA22 − E22
˙̂
S = K − cA22

are pointwise nonsingular. �

Remark 3.40. Note that the argument in the final step of the proof of Theorem 3.39
relies on the fact that we are working in the complex field. If the pair of matrix
functions (E,A) is real, then we can nevertheless treat it as a complex problem and
obtain an equivalent complex pair.

Following Corollary 3.26, we can decompose I according to (3.26) in such a
way that we can transform (E,A) on every interval Ij to the (global) canonical
form (3.23). Comparing (3.23) with (3.47), for the characteristic values on Ij we
obviously have the relations dμ = d̂, uμ = 0, vμ = 0, and aμ = â.

Lemma 3.41. Under the assumptions of Theorem 3.39, we have

rank[M
 N
 ] = (
+ 1)n (3.50)

for arbitrary 
 ∈ N0, i.e., M
 and N
 together have pointwise full row rank.

Proof. Suppose that there exists t̂ ∈ I with

rank[M
(t̂) N
(t̂) ] < (
+ 1)n.

Then there exists a vector w �= 0 satisfying

wHM
(t̂) = 0, wHN
(t̂) = 0.

In view of (3.28), for a solution of (3.1) to exist, we then have the consistency
condition

wHg
(t̂) = 0,

which is a contradiction to the assumptions. �

Lemma 3.42. Consider a pair of matrix functions (E,A) that is sufficiently smooth
and has a well-defined strangeness index μ as in (3.17). Furthermore, let

(E,A) ∼
([

Idμ W

0 G

]
,

[
0 0
0 Iaμ

])
(3.51)
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according to (3.23), i.e., let uμ = vμ = 0. Then, the associated inflated pair
(M
,N
) satisfies

corank M
 = aμ for 
 ≥ μ. (3.52)

Proof. We may assume without loss of generality that (E,A) is in the canonical
form (3.51). Because of the special structure of (E,A) with the identity Idμ as sole
entry in the first block column of E, the rank defect in M
 can only be caused by
the second block row. Therefore, we may even assume that (E,A) = (G, I), with
G as in (3.24).

We then consider the infinite matrix function

M =

⎡
⎢⎢⎢⎣

G

Ġ− I G

G̈ 2Ġ− I G
...

. . .
. . .

. . .

⎤
⎥⎥⎥⎦ ,

built according to (3.29). To determine its corange, we look for a matrix function Z
of maximal rank with ZHM = 0, i. e.,

[ ZH
0 ZH

1 ZH
2 · · · ]

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⎡
⎢⎢⎢⎣
G

Ġ G

G̈ 2Ġ G
...

. . .
. . .

. . .

⎤
⎥⎥⎥⎦−

⎡
⎢⎢⎢⎣

0
I 0

I 0
. . .

. . .

⎤
⎥⎥⎥⎦
⎫⎪⎪⎪⎬
⎪⎪⎪⎭ = 0,

where ZH = [ ZH
0 ZH

1 ZH
2 · · · ]. This is equivalent to

[ZH
1 ZH

2 · · ·] = ZH
0 [G 0 · · ·]

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎣
I

I

. . .

. . .

⎤
⎥⎥⎥⎥⎦−

⎡
⎢⎢⎢⎢⎣
Ġ G

G̈ 2Ġ G
...

. . .
. . .

. . .

...
. . .

. . .

⎤
⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

−1

. (3.53)

Since G and all its derivatives are strictly upper triangular, all (μ+1)-fold products
of G and its derivatives vanish. Hence, all terms in the above relations are actually
finite and we in fact work only formally with a matrix function of infinite size. This
also shows that the inverse in (3.53) exists, since it is the inverse of the sum of
the identity and a nilpotent matrix function. Via the same argument, it follows by
induction that Zj is a sum of at least j -fold products, i.e., that

Zj = 0 for j ≥ μ+ 1.

Since Z is parameterized with respect to Z0, the choice Z0 = I yields maximal
rank for Z showing that the corank of M equals the size of its blocks. But this is
just (3.52) for M
. �
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Lemma 3.43. Under the assumptions of Lemma 3.42, we have that

M
 is ( pointwise) 1-full for 
 ≥ μ+ 1. (3.54)

Proof. We must show the existence of a nonsingular matrix R satisfying (3.45) at
a given fixed point t ∈ I (for convenience again we omit the argument t). The
essential property is to fulfill the relation belonging to the first block row of the
right hand side in (3.45). The remaining part then follows by completion of the
first block row of R to a nonsingular matrix followed by a block row elimination to
obtain the zeros in the first block column.

Again we may assume that (E,A) is in the canonical form (3.51). Because of
the entry Idμ , this part is already in the required form. Thus, we may even assume
that (E,A) = (G, I) with G as in (3.24). As in the proof of Lemma 3.42, we use
the infinite matrix function M . The first block row of (3.45) then reads

[R0,0 R0,1 R0,2 · · ·]

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

⎡
⎢⎢⎢⎣
G

Ġ G

G̈ 2Ġ G
...

. . .
. . .

. . .

⎤
⎥⎥⎥⎦−

⎡
⎢⎢⎢⎣

0
I 0

I 0
. . .

. . .

⎤
⎥⎥⎥⎦
⎫⎪⎪⎪⎬
⎪⎪⎪⎭ = [I 0 0 · · ·].

This is equivalent to

[R0,1 R0,2 · · · ] = [R0,0G− I 0 · · · ]

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⎡
⎢⎢⎢⎢⎣
I

I

. . .

. . .

⎤
⎥⎥⎥⎥⎦−

⎡
⎢⎢⎢⎢⎣
Ġ G

G̈ 2Ġ G
...

. . .
. . .

. . .

...
. . .

. . .

⎤
⎥⎥⎥⎥⎦

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

−1

.

Setting for exampleR0,0 = I , we obtain a possible first block row for the desiredR.
The claim follows, since R0,j = 0 for j ≥ μ+ 2. �

Lemma 3.44. Consider a matrix function M ∈ C(I,Ckn,ln) with constant rank r
and smooth kernel T ∈ C(I,Cln,ln−r ) according to Theorem 3.9. Then, M is
( pointwise) 1-full if and only if

[ In 0 ]T = 0. (3.55)

Proof. Let M be pointwise 1-full. Then, by Lemma 3.36, M is smoothly 1-full
with (3.45) and T must have the form

T =
[

0
T̃

]
.

Hence, (3.55) holds.
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For the converse, let (3.55) hold. Writing M = [ M1 M2 ] according to the
block structure in (3.55), it follows that M1 has full column rank, since otherwise
there exists a w �= 0 with M1w = 0 or

M

[
w

0

]
= 0.

Hence, there exists a smooth, pointwise nonsingular matrix function R1 with

R1M =
[
In M12
0 M22

]
.

For every w �= 0 with M22w = 0, we must have M12w = 0, since

M

[−M12w

w

]
= 0.

Thus,

kernelM22 ⊆ kernelM12,

implying that

M12(I −M+22M22) = 0,

where the superscript+ denotes the (pointwise) Moore–Penrose pseudoinverse (see
also Section 3.4), such that I −M+22M22 is the smooth orthogonal projection onto
the kernel of M22. It follows that M12 = R̃M22 with R̃ = M12M

+
22. Forming the

smooth, pointwise nonsingular matrix function

R2 =
[
In −R̃
0 I

]
,

we finally obtain

R2R1M =
[
In −R̃
0 I

] [
In M12
0 M22

]
=
[
In 0
0 M22

]
.

�
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Theorem 3.45. Let the assumptions of Theorem 3.39 hold. Then the differentiation
index ν of (E,A) is well defined.

Proof. We prove that there exists 
 ∈ N0 for which M
 is (pointwise) 1-full and
has constant rank. Let I be decomposed according to Corollary 3.26 and let μj be
the strangeness index on Ij . By Theorem 3.39, the characteristic values on Ij must
satisfy

dμj
= d̂, aμj

= â.

Lemma 3.42 then yields

corank Mμj
= â on Ij .

Using (3.52) on every interval Ij , we obtain

corank Mμ̂+1 = â on
⋃

j∈N Ij

for
μ̂ = max

j∈N μj ≤ n− 1.

Since the rank function is lower semi-continuous (for a given matrix there is a
neighborhood such that every matrix in this neighborhood has the same or a higher
rank), it follows that

corank Mμ̂+1 ≥ â on I.

Assuming without loss of generality that (E,A) is in the canonical form (3.47), we
obviously have

rank Nμ̂+1 = â on I.

Lemma 3.41 then implies that

corank Mμ̂+1 ≤ â on I.

Thus, we have that
corank Mμ̂+1 = â on I.

In particular, Mμ̂+1 has constant rank on I. Therefore, there exists a continuous
matrix function T whose columns pointwise span kernelMμ̂+1. Since Mμ̂+1 is
(pointwise) 1-full, we get

[ In 0 ]T = 0 on
⋃

j∈N Ij

by applying Lemma 3.44. Since T is continuous and [ In 0 ]T vanishes on a dense
subset of I, it follows that

[ In 0 ]T = 0 on I,

and hence
Mμ̂+1 is (pointwise) 1-full on I.

It follows that the differentiation index ν is well defined with ν ≤ μ̂+ 1. �
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Corollary 3.46. Under the assumptions of Theorem 3.39, the relation

ν =
{

0 for â = 0,

μ̂+ 1 for â �= 0
(3.56)

holds, where
μ̂ = max

j∈N μj ≤ n− 1 (3.57)

and μj is the strangeness index on Ij as defined in Corollary 3.26.

Proof. If â = 0, then the corresponding differential-algebraic equation is equivalent
to an ordinary differential equation. In this case, ν = 0 and μ̂ = 0 holds. If â �= 0,
then by the definition of μ̂, there exists a j ∈ N such that μ̂ is the strangeness index
of (E,A) restricted to Ij . For R0,μ̂+1 as introduced in the proof of Lemma 3.43,
induction then shows that

R0,μ̂+1 = −Gμ̂.

But by (3.24) and (3.25), we have that R0,μ̂+1 �= 0 pointwise, see also Exercise 17.
Hence, Mμ̂ cannot be 1-full on Ij . �

Corollary 3.47. Let (E,A) be sufficiently smooth with well-defined strangeness
index μ as in (3.17) and suppose that uμ = vμ = 0. Then the differentiation index
of (E,A) is well defined with

ν =
{

0 for aμ = 0,

μ+ 1 for aμ �= 0.
(3.58)

Proof. Theorem 3.17 shows that (E,A) satisfies the assumptions of Theorem 3.39
and therefore those of Theorem 3.45. Hence, the differentiation index is well
defined. The assertion then follows from (3.56), since μ̂ = μ and â = aμ. �

As in the proof of Theorem 3.45, one can show that already Mμ̂ has constant
corank â. Looking into the reduction procedure of Section 3.2 leading to (3.44),
we have used the constant corank of Mμ to obtain the correct algebraic equa-
tions. In the same way, we can determine here â algebraic equations. Comparing
with (3.13) they are related to the block given by (G, I) with G as in (3.24). The
other block then represents the correct differential equation which, together with the
algebraic equations, then constitute a differential-algebraic equation that should be
strangeness-free. To investigate this connection in more detail, we first formulate a
hypothesis that simply guarantees that the reduction procedure of Section 3.2 can
be performed and no consistency condition for the inhomogeneity or free solution
components are present.
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Hypothesis 3.48. There exist integers μ̂, â, and d̂ such that the inflated pair
(Mμ̂,Nμ̂) associated with the given pair of matrix functions (E,A) has the fol-
lowing properties:

1. For all t ∈ I we have rank Mμ̂(t) = (μ̂+1)n− â such that there exists a smooth
matrix function Z2 of size (μ̂+ 1)n× â and pointwise maximal rank satisfying
ZH

2 Mμ̂ = 0.

2. For all t ∈ I we have rank Â2(t) = â, where Â2 = ZH
2 Nμ̂[In 0 · · · 0]H such

that there exists a smooth matrix function T2 of size n × d̂ , d̂ = n − â, and
pointwise maximal rank satisfying Â2T2 = 0.

3. For all t ∈ I we have rank E(t)T2(t) = d̂ such that there exists a smooth matrix
function Z1 of size n× d̂ and pointwise maximal rank satisfying rank Ê1T2 = d̂

with Ê1 = ZH
1 E.

Remark 3.49. Since Gram–Schmidt orthonormalization is a continuous process,
we may assume without loss of generality that the columns of the matrix func-
tions Z1, Z2, and T2 are pointwise orthonormal. This will turn out to be important
for the numerical methods discussed in Section 6.

Recall that we have already shown by the discussion in Section 3.2 that Hy-
pothesis 3.48 is invariant under global equivalence transformations and that it holds
for systems with well-defined strangeness index μ and uμ = 0, vμ = 0 by setting
μ̂ = μ, â = aμ, and d̂ = dμ.

Our next aim is to prove that (up to some technical assumptions) Hypothe-
sis 3.48 is equivalent to the requirement that the differentiation index is well de-
fined. As (3.56) and (3.58) suggest, the main difference between both concepts
will be that, in general, we will need one differentiation less when dealing with
Hypothesis 3.48. We start with the simpler direction of the claimed equivalence.

Theorem 3.50. Consider a pair (E,A) of sufficiently smooth matrix functions with
a well-defined differentiation index ν. Then, (E,A) satisfies Hypothesis 3.48 with

μ̂ = max{0, ν − 1}, d̂ = n− â, â =
{

0 for ν = 0,

corank Mν−1(t) otherwise.
(3.59)

Proof. The claim is trivial for ν = 0. We therefore assume ν ≥ 1. By definition,
â = corank Mν is constant on I. Lemma 3.42 then yields

corank Mν−1 = â on
⋃

j∈N Ij .

Since corank Mν−1 ≤ corank Mν by construction, we get corank Mν−1 ≤ â and
equality holds on a dense subset of I. Because the rank function is lower semi-
continuous, equality then holds on the whole interval I. Together with (3.50), this
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implies that we can choose Z2 and T2 according to the requirements of Hypothe-
sis 3.48. If (E,A) is in the normal form (3.51), then we obtain T2 = [ I 0 ]H
and rank ET2 = n − â on a dense subset of I and therefore on the whole inter-
val I. The claim follows, since all relevant quantities are invariant under global
equivalence. �

It is more complicated to show that Hypothesis 3.48 implies that the differen-
tiation index is well defined. In principle, we must prove that the assumptions of
Theorem 3.39 are satisfied. For this, we need an existence and uniqueness theorem
on the basis of Hypothesis 3.48. In contrast to the previous sections, where we
knew the structure of the solution space by assuming that the strangeness index is
well defined, we here only know that the reduction to

Ê(t)ẋ = Â(t)x + f̂ (t), (3.60)

where

(Ê, Â) =
([

Ê1
0

]
,

[
Â1

Â2

])
, (3.61)

with entries

Ê1 = ZH
1 E, Â1 = ZH

1 A, Â2 = ZH
2 Nμ̂[ In 0 · · · 0 ]H , (3.62)

preserves solutions. We do not yet know whether all solutions of (3.60) also solve
the original problem (3.1).

Theorem 3.51. Let (E,A) be a pair of sufficiently smooth matrix functions that
satisfies Hypothesis 3.48. Then x solves (3.1) if and only if it solves (3.60).

Proof. As already mentioned, if x solves (3.1) it is immediately clear by construc-
tion that it also solves (3.60). For the other direction, let x be a solution of (3.60).
According to Corollary 3.26, we restrict the problem to an interval Ij and trans-
form (E,A) on this interval to the canonical form (Ẽ, Ã) given in (3.23). Due
to Hypothesis 3.48 and Theorem 3.32, the quantities d̂ and â must coincide with
the corresponding blocksizes of (3.23). In particular, the second block row and
block column in (3.23) is missing. Let the derivative arrays belonging to (E,A)

and (Ẽ, Ã) be denoted by (M
,N
) and (M̃
, Ñ
), respectively. In the notation of
Hypothesis 3.48 and Theorem 3.29, we have

Z̃H
1 Ẽ = ZH

1 P−1PEQ = Z1EQ,

Z̃H
1 Ã = ZH

1 P−1(PAQ− PEQ̇) = Z1AQ− Z1EQ̇,

Z̃H
2 Ñμ[ In 0 · · · 0 ]H = ZH

2 �−1
μ (�μNμ�μ −�μMμ�μ)[ In 0 · · · 0 ]H

= ZH
2 Nμ�μ[ In 0 · · · 0 ]H = ZH

2 Nμ[Q ∗ · · · ∗ ]H
= ZH

2 Nμ[ In 0 · · · 0 ]HQ.
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This shows that the reduced problem transforms covariantly with Q. Thus, it is
sufficient to consider the problem in the canonical form (3.23). Hence, we may
assume that

E =
[
I
d̂

W

0 G

]
, A =

[
0 0
0 Iâ

]
, f =

[
f1
f2

]
,

where G has the nilpotent structure of (3.24). Using again formally infinite matrix
functions, by (3.53) we may choose

ZH
2 = [ 0 Iâ | 0 ZH

2,1 | 0 ZH
2,2 | · · · ]

with
[ ZH

2,1 ZH
2,2 · · · ] = [G 0 · · · ](I −X)−1,

where

X =
⎡
⎢⎣Ġ G

G̈ 2Ġ G
...

. . .
. . .

. . .

⎤
⎥⎦ .

Accordingly, we may choose

ZH
1 = [ Id 0 0 ].

The corresponding reduced problem thus reads[
I
d̂

0
0 0

] [
ẋ1
ẋ2

]
=
[

0 0
0 Iâ

] [
x1
x2

]
+
[
f̂1

f̂2

]
,

with

[
f̂1

f̂2

]
=
[

f1

f2 +GVH(I −X)−1g

]
, V =

⎡
⎢⎣Iâ0
...

⎤
⎥⎦ , g =

⎡
⎢⎣ḟ2

f̈2
...

⎤
⎥⎦ .

The reduced problem immediately yields x2 = −f̂2. With the block up-shift matrix

S =

⎡
⎢⎢⎢⎣

0
I 0

I 0
. . .

. . .

⎤
⎥⎥⎥⎦ ,

we find that ġ = SHg and SHX = Ẋ+XSH . Subtracting SH on both sides of the
latter relation yields

(I −X)−1SH = SH (I −X)−1 − (I −X)−1Ẋ(I −X)−1.
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We then get that

VH (I −X)−1 = VH
∑
i≥0

Xi = VH + VHX
∑
i≥0

Xi

= VH + (ĠV H +GVHSH )(I −X)−1,

and thus

f̂2 −G
˙̂
f2 = f2 +GVH(I −X)−1g −Gḟ2 −GĠV H (I −X)−1g

−G2VH (I −X)−1Ẋ(I −X)−1g −G2VH (I −X)−1ġ

= f2 +GVHg +GĠV H (I −X)−1g +G2VHSH (I −X)−1g

−Gḟ2 −GĠV H (I −X)−1g −G2VHSH (I −X)−1g

+G2VH (I −X)−1SHg −G2VH (I −X)−1SHg

= f2 +GVHg −Gḟ2 = f2.

Hence, we have that

Gẋ2 = −G ˙̂f2 = f2 − f̂2 = x2 + f2.

This shows that the transformed x solves the transformed differential-algebraic
equation (3.1) on Ij . Thus, x solves (3.1) on Ij for every j ∈ N and therefore on
a dense subset of I. Since all functions are continuous, the given x solves (3.1) on
the entire interval I. �

As a consequence of these results, we can characterize consistency of initial
values and existence and uniqueness of solutions.

Theorem 3.52. Let (E,A) satisfy Hypothesis 3.48 with values μ̂, d̂ and â. In
particular, suppose that E,A ∈ Cμ̂+1(I,Cn,n) and f ∈ Cμ̂+1(I,Cn).

1. An initial condition (3.2) is consistent if and only if (3.2) implies the â conditions

Â2(t0)x0 + f̂2(t0) = 0. (3.63)

2. Every initial value problem with consistent initial condition has a unique solu-
tion.

Proof. The claims are an immediate consequence of Theorem 3.52 and Theo-
rem 3.17 applied to the reduced problem (3.60). �

In particular, Theorem 3.52 implies that (3.1) and (3.60) have the same solutions
under Hypothesis 3.48. But (3.60) has strangeness index μ̂ = 0 and characteristic
values

û = n− r̂ − â = 0, v̂ = n− r̂ − â − ŝ = 0, (3.64)
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cp. Theorem 3.32 and Theorem 3.7. Corollary 3.47 then yields that the differenti-
ation index is well defined for (3.60). Thus, (3.60) and therefore also (3.1) satisfy
the assumptions of Theorem 3.39. This argument proves the following corollary.

Corollary 3.53. Let (E,A) be a pair of sufficiently smooth matrix functions that
satisfies Hypothesis 3.48 with characteristic quantities μ̂, d̂ , and â. Then the dif-
ferentiation index ν is well defined for (E,A). If μ̂ is chosen minimally, then (3.56)
holds.

Together with Theorem 3.50, we have shown that the requirements of Hypoth-
esis 3.48 and that of a well-defined differentiation index are equivalent up to some
(technical) smoothness requirements.

Example 3.54. Consider the differential-algebraic equation[
0 t

0 0

]
ẋ =

[
1 0
0 1

]
x +

[
f1(t)

f2(t)

]
, I = [−1, 1],

see, e.g., [179]. Obviously, E has a rank drop at t = 0 such that the strangeness
index μ as in (3.17) is not well defined. Nevertheless, the system has the unique
solution

x1(t) = −(f1(t)+ t ḟ2(t)), x2(t) = −f2(t)

in the entire interval I = [−1, 1] and t = 0 seems to be not an exceptional point.
Rewriting the system by means of the product rule as

d
dt
(tx2)− x2 = x1 + f1(t), 0 = x2 + f2(t)

yields the (unique) solution

x1(t) = f2(t)− (f1(t)+ d
dt
(tf2(t))), x2(t) = −f2(t),

which makes sense if tf2 is continuously differentiable, e.g., for f2(t) = |t |.
This shows that t = 0 still is an exceptional point which is reflected by changes

in the characteristic values according to

r0 = 1, a0 = 0, s0 = 1,

r1 = 0, a1 = 2, s1 = 0

for t �= 0 and

r0 = 0, a0 = 2, s0 = 0

for t = 0. This behavior corresponds to the splitting of the interval I into

[−1, 1] = {−1} ∪ (−1, 0) ∪ {0} ∪ (0, 1) ∪ {1}
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as in Corollary 3.26. Examining the derivative array

(M1(t), N1(t)) =

⎛
⎜⎜⎝
⎡
⎢⎢⎣

0 t 0 0
0 0 0 0
−1 1 0 t

0 −1 0 0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦
⎞
⎟⎟⎠ ,

we first find that M1 has a constant corank â = 2. Choosing

ZH
2 (t) =

[
1 0 0 t

0 1 0 0

]
,

we then get

Â2(t) =
[

1 0
0 1

]
, f̂2(t) =

[
f1(t)+ t ḟ2(t)

f2(t)

]
.

Thus, (E,A) satisfies Hypothesis 3.48 with μ̂ = 1, â = 2, and d̂ = 0. This also
shows that the differentiation index is well defined with ν = 2. Observe also that
the last block column of ZH

2 vanishes for t = 0.

Remark 3.55. In this section, we have shown that both the concept of the dif-
ferentiation index and the concept of Hypothesis 3.48 are equivalent approaches
for the investigation of regular linear differential-algebraic equations, at least up to
some technical differences in smoothness assumptions. The principle difference
is that the differentiation index aims at a reformulation of the given problem as
an ordinary differential equation, whereas Hypothesis 3.48 aims at a reformulation
as a differential-algebraic equation with the same solutions but better analytical
properties. These properties essentially are that we have a separated part which
states all constraints of the problem and a complement part which would yield an
ordinary differential equation for a part of the unknown if we locally solved the
constraints for the other part of the unknown. We refer to these parts as differential
part and algebraic part, respectively. In this respect, Hypothesis 3.48 only con-
tains the requirement that such a reformulation is possible. In particular, Part 1
of Hypothesis 3.48 says that we expect â constraints and that Z2 points to these
constraints in the derivative array. Part 2 then requires that these constraints are
linearly independent. This also excludes otherwise possible consistency conditions
on the inhomogeneity. The quantity T2 then points to the differential part of the
unknown. Finally, Part 3 requires that there is a sufficiently large part in the original
problem that yields the ordinary differential equation for the differential part of the
unknown if we would eliminate the algebraic part of the unknown. These equations
are selected by Z1.
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3.4 Differential-algebraic operators and generalized inverses

If for a pair (E,A) of a given differential-algebraic equation, the characteristic
values u and v do not both vanish, then we are not only faced with the problem of
inconsistent initial values but also with inconsistent inhomogeneities and nonunique
solvability. In the case of linear equations

Ax = b (3.65)

with A ∈ Cm,n and b ∈ Cm, which can be seen as a special case of (3.1), this
problem is overcome by embedding (3.65) into the minimization problem

1

2
‖x‖22 = min! s. t.

1

2
‖Ax − b‖22 = min! (3.66)

which has a unique solution in any case. This unique solution, also called least
squares solution, can be written in the form

x = A+b (3.67)

with the help of the Moore–Penrose pseudoinverse A+ of A.
A more abstract interpretation of (3.67) is that the matrix A induces a homo-

morphism A : Cn → Cm by x �→ Ax. For fixed A, the mapping which maps b
to the unique solution x of (3.66) is found to be linear. A matrix representation
of this homomorphism with respect to canonical bases is then given by A+. It is
well-known that A+ satisfies the four Penrose axioms

AA+A = A, (3.68a)

A+AA+ = A+, (3.68b)

(AA+)H = AA+, (3.68c)

(A+A)H = A+A, (3.68d)

see, e.g., [25], [56], [101]. On the other hand, for given A ∈ Cm,n the four axioms
fix a unique matrix A+ ∈ Cn,m, whose existence follows for example by the unique
solvability of (3.66).

The aim in this section is to introduce a least squares solution for linear differenti-
al-algebraic equations with well-defined strangeness index. As for linear equations,
this least squares solution should be unique, even if there is no unique solution of
the original problem, and even if the initial condition or the inhomogeneity are
inconsistent.

Following the lines of the construction of the Moore–Penrose pseudoinverse
for matrices as sketched above, we must deal with homomorphisms between func-
tion spaces, preferably some linear spaces of continuous functions or appropriate
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subspaces. In view of (3.66), the norm of choice would be given by

‖x‖ = √(x, x), (x, y) =
∫ t

t

x(t)H y(t) dt, (3.69)

where I = [ t, t ] is a compact interval. Since spaces of continuous functions cannot
be closed with respect to this norm, we are neither in the pure setting of Banach
spaces nor of Hilbert spaces. See [25, Ch. 8] for details on generalized inverses
of operators on Hilbert spaces. In this section we therefore build up a scenario for
defining a Moore–Penrose pseudoinverse which is general enough to be applicable
in the setting of linear spaces of continuous functions.

Looking at (3.68), we find two essential ingredients in imposing the four Penrose
axioms. These are the binary operation of matrix multiplication and the conjugate
transposition of square matrices. In the language of mappings, they must be in-
terpreted as composition of homomorphisms (we shall still call it multiplication)
and the adjoint of endomorphisms. While the first item is trivial in any setting, the
notion of the adjoint is restricted to the presence of a Hilbert space structure. The
most general substitute we can find here is the concept of conjugates.

Definition 3.56. Let X be a (complex) vector space equipped with an inner product
(·, ·) : X × X → C and let A : X → X be an endomorphism. An endomorphism
A∗ : X→ X is called a conjugate of A if and only if

(Ax, y) = (x,A∗y) (3.70)

holds for all x, y ∈ X.

For a unique definition of a Moore–Penrose pseudoinverse we of course need
at least uniqueness of a conjugate. In addition we also need the inversion rule for
the conjugate of a product.

Lemma 3.57. Let X be a (complex) vector space equipped with an inner product
(·, ·) : X× X→ C.

1. For every endomorphism A : X → X, there is at most one endomorphism
A∗ : X→ X being conjugate to A.

2. Let the endomorphisms A∗, B∗ : X → X be conjugate to the endomorphisms
A,B : X→ X, respectively. ThenAB has a conjugate (AB)∗ which is given by

(AB)∗ = B∗A∗. (3.71)

Proof. Let A∗ and Ã∗ be two conjugates of A. For all x, y ∈ X, we then have

(x,A∗y) = (Ax, y) = (x, Ã∗y)
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or (x, (Ã∗ − A∗)y) = 0. Choosing x = (Ã∗ − A∗)y and using the definiteness of
the inner product, we get (Ã∗ − A∗)y = 0 for all y ∈ X or Ã∗ = A∗. The second
assertion follows from

(x, B∗A∗y) = (Bx,A∗y) = (ABx, y). �

With these preparations, we can define the Moore–Penrose pseudoinverse of a
homomorphism acting between two inner product spaces.

Definition 3.58. Let X and Y be (complex) inner product spaces and D : X→ Y

be a homomorphism. A homomorphism D+ : Y → X is called Moore–Penrose
pseudoinverse of D if and only if DD+ and D+D possess conjugates (DD+)∗ and
(D+D)∗, respectively, and the relations

DD+D = D, (3.72a)

D+DD+ = D+, (3.72b)

(DD+)∗ = DD+, (3.72c)

(D+D)∗ = D+D (3.72d)

hold.

As for matrices, the four axioms (3.72) guarantee uniqueness of the Moore–
Penrose pseudoinverse, whereas existence in general cannot be shown.

Lemma 3.59. Let X and Y be (complex) inner product spaces and D : X → Y

be a homomorphism. Then D has at most one Moore–Penrose pseudoinverse
D+ : Y→ X.

Proof. Let D+,D− : Y→ X be two Moore–Penrose pseudoinverses of D. Then
we have

D+ = D+DD+ = D+DD−DD+

= (D+D)∗(D−D)∗D+ = (D−DD+D)∗D+

= (D−D)∗D+ = D−DD+ = D−(DD+)∗

= D−(DD−DD+)∗ = D−(DD+)∗(DD−)∗

= D−DD+DD− = D−DD− = D−. �

According to (3.66) and (3.69), we consider the minimization problem

1

2
‖x‖2 = min! s. t.

1

2
‖Dx − f ‖2 = min!, (3.73)

with D defined by
Dx(t) = E(t)ẋ(t)− A(t)x(t) (3.74)
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according to (3.1) or more explicitly

1

2

∫ t

t

‖x(t)‖22 dt = min! s. t.
1

2

∫ t

t

‖E(t)ẋ(t)−A(t)x(t)− f (t)‖22 dt = min!.
(3.75)

In order to assure that D represents a reasonable linear operator related to (3.1)
together with (3.2) in the form x( t ) = x0, we make two assumptions. First, we
assume that x0 = 0 which can easily be achieved by shifting x(t) to x(t)− x0 and
simultaneously changing the inhomogeneity from f (t) to f (t)+A(t)x0. Second,
we restrict ourselves to strangeness-free pairs (E,A). This is also easily achieved
for the class of pairs (E,A) with well-defined strangeness index, since we can
perform the construction of Section 3.2 which led to a strangeness-free pair (Ê, Â)
with the extra requirement that the functionsZ1 andZ2 have pointwise orthonormal
columns. This is possible due to Theorem 3.9, since the functions Z1 and Z2 are
unique up to pointwise unitary transformations on the columns and thus, (Ê, Â)
is unique up to a pointwise unitary transformation from the left. Since unitary
transformations leave (3.73) invariant, the solution of (3.73) will not depend on the
specific choice of (Ê, Â). Recall that we had the problem to define the part f̂3 of
the inhomogeneity in a reasonable way. Again this will not present a difficulty,
since the results that we derive below will not depend on f̂3.

In contrast to the original problem, where we could use arbitrary pointwise
nonsingular transformations P and Q, the minimization problem (3.73) requires
these to be pointwise unitary. This means that we cannot make use of the canonical
form (3.13). We replace this by a corresponding canonical form under unitary
transformations.

Theorem 3.60. Consider a strangeness-free pair of matrix functions (E,A). Then
there exist pointwise unitarymatrix functionsP ∈ C(I,Cm,m) andQ ∈ C1(I,Cn,n)

such that (3.1) transforms to

Ẽ(t) ˙̃x = Ã(t)x̃ + f̃ (t), (3.76)

via Ẽ = PEQ, Ã = PAQ− PEQ̇, x̃ = QHx, f̃ = Pf , with

Ẽ =
⎡
⎣�E 0 0

0 0 0
0 0 0

⎤
⎦ , Ã =

⎡
⎣A11 A12 A13
A21 �A 0

0 0 0

⎤
⎦ , (3.77)

where �E and �A are pointwise nonsingular and all blocksizes are allowed to be
zero.

Proof. We proceed as in the proof of Theorem 3.11 by application of Theorem 3.9,
with the only difference that we are now not allowed to transform invertible sub-
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matrices to identity matrices. We therefore obtain

(E,A) ∼
⎛
⎝
⎡
⎣�E 0 0

0 0 0
0 0 0

⎤
⎦ ,

⎡
⎣A11 A12 A13
A21 �A 0
A31 0 0

⎤
⎦
⎞
⎠

and A31 must vanish because (E,A) is assumed to be strangeness-free. �

Having fixed the class of differential-algebraic equations that we want to con-
sider, we now return to the minimization problem (3.73). To describe the problem
completely, we need to specify the spaces X and Y. Requiring x to be continuously
differentiable, in general, yields a continuous f = Dx. But even in the uniquely
solvable case, f being continuous cannot guarantee the solution x to be contin-
uously differentiable as the case E = 0 shows. We circumvent this problem by
setting

X = {x ∈ C(I,Cn) | E+Ex ∈ C1(I,Cn), E+Ex(t ) = 0},
Y = C(I,Cm)

(3.78)

and defining D : X→ Y indirectly via the canonical form (3.77) by

D = PHD̃QH , (3.79)

where D̃ : X̃→ Ỹ with

D̃x̃(t) = Ẽ(t) ˙̃x(t)− Ã(t)x̃(t) (3.80)

and

X̃ = {x̃ ∈ C(I,Cn) | Ẽ+Ẽx̃ ∈ C1(I,Cn), Ẽ+Ẽx̃( t ) = 0},
Ỹ = C(I,Cm).

(3.81)

As usual, all actions for functions are to be understood pointwise. In this way, the
matrix functions P and Q can be seen as operators P : Y → Ỹ and Q : X̃ → X.
The latter property holds, because for x̃ ∈ X̃ and x = Qx̃ we get

E+Ex = (PH ẼQH)+(PH ẼQH)x

= QẼ+PPH Ẽx̃ = QẼ+Ẽx̃ ∈ C1(I,Cn),

since Q ∈ C1(I,Cn,n) and P , Q are pointwise unitary, and hence x ∈ X.
Partitioning

x̃ =
⎡
⎣x̃1
x̃2
x̃3

⎤
⎦ , f̃ =

⎡
⎣f̃1

f̃2

f̃3

⎤
⎦ (3.82)
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according to the block structure of (3.77) and observing the special form of Ẽ, the
condition x̃ ∈ X̃ implies x̃1 to be continuously differentiable. But only this part
of ˙̃x actually appears on the right hand side of (3.80). Thus, (3.79) indeed defines
an operator D : X→ Y allowing the use of less smooth functions x compared with
Definition 1.1. In addition, it is obvious that D is a homomorphism. In accordance
with the theory of differential equations we callD a differential-algebraic operator.
Compare this construction with that of a so-called modified pair of matrix functions
which can be found in [100]. Since

‖x‖= ‖QHx‖ = ‖x̃‖, ‖Dx−f ‖= ‖P(PH D̃QHx−f )‖= ‖D̃x̃−f̃ ‖, (3.83)

the minimization problem (3.73) transforms covariantly with the application of the
operators P and Q. Hence, we can first solve the minimization problem for differ-
ential-algebraic equations in the form (3.77) and then transform the solution back to
get a solution of the original problem. Moreover, having found the Moore–Penrose
pseudoinverse D̃+ of D̃ the relation

D+ = QD̃+P (3.84)

immediately gives the Moore–Penrose pseudoinverse of D.
Inserting the explicit form of Ẽ and Ã into (3.75) for the transformed problem

yields the least squares problem

1

2

∫ t

t

(x̃1(t)
H x̃1(t)+ x̃2(t)

H x̃2(t)+ x̃3(t)
H x̃3(t)) dt = min! s. t.

1

2

∫ t

t

(w̃1(t)
H w̃1(t)+ w̃2(t)

H w̃2(t)+ w̃3(t)
H w̃3(t)) dt = min!

(3.85)

with

w̃1(t) = �E(t) ˙̃x1(t)− A11(t)x̃1(t)− A12(t)x̃2(t)− A13(t)x̃3(t)− f̃1(t),

w̃2(t) = −A21(t)x̃1(t)−�A(t)x̃2(t)− f̃2(t),

w̃3(t) = −f̃3(t).

For given f̃ ∈ Ỹ, the minimization is to be taken over the whole of X̃ as in (3.81),
which can be written as

X̃ = {x̃ ∈ C(I,Cn) | x̃1 ∈ C1(I,Cd), x̃1(t ) = 0}, (3.86)

where d denotes the size of x̃1. The constraint equation in (3.85) is easily satisfied
by choosing an arbitrary continuous function x̃3, taking x̃1 to be the solution of the
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linear initial value problem

˙̃x1(t) = �E(t)
−1(A11(t)− A12(t)�A(t)

−1A21(t))x̃1(t)

+�E(t)
−1(A13(t)x̃3(t)+ f̃1(t)

− A12(t)�A(t)
−1f̃2(t)), x̃1( t ) = 0,

(3.87)

and finally setting

x̃2(t) = −�A(t)
−1(A21(t)x̃1(t)+ f̃2(t)). (3.88)

Thus, we remain with the problem of minimizing 1
2‖x‖2 under the constraints (3.87)

and (3.88). This can be interpreted as a linear quadratic optimal control problem,
where x̃3 takes the role of the control. But, compared with the standard linear
quadratic optimal control problem treated in the literature (see, e.g., [16], [113],
[168]), the constraints are more general due to the occurrence of inhomogeneities.
The following theorem gives the essential properties of this problem in a new sim-
plified and adapted notation which should not be mixed up with the one used so
far.

Theorem 3.61. Let

A ∈ C(I,Cd,d), B ∈ C(I,Cd,l), C ∈ C(I,Cp,d),

f ∈ C(I,Cd), g ∈ C(I,Cp).
(3.89)

Then the linear quadratic control problem

1

2

∫ t

t

(x(t)H x(t)+ y(t)H y(t)+ u(t)Hu(t)) dt = min! s. t.

ẋ(t) = A(t)x(t)+ B(t)u(t)+ f (t), x(t ) = 0

y(t) = C(t)x(t)+ g(t)

(3.90)

has a unique solution

x ∈ C1(I,Cd), y ∈ C(I,Cp), u ∈ C(I,Cl).

This solution coincides with the corresponding part of the unique solution of the
boundary value problem

λ̇(t) = (I + C(t)HC(t))x(t)− A(t)Hλ(t)+ C(t)Hg(t), λ( t ) = 0,

ẋ(t) = A(t)x(t)+ B(t)u(t)+ f (t), x(t ) = 0,

y(t) = C(t)x(t)+ g(t),

u(t) = B(t)Hλ(t)

(3.91)
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which can be obtained by the successive solution of the initial value problems

Ṗ (t) = I + C(t)HC(t)− P(t)A(t)

− A(t)HP (t)− P(t)B(t)B(t)HP (t), P (t ) = 0,

v̇(t) = C(t)Hg(t)− P(t)f (t)

− A(t)Hv(t)− P(t)B(t)B(t)H v(t), v(t ) = 0,

ẋ(t) = A(t)x(t)+ B(t)B(t)H (P (t)x(t)+ v(t))+ f (t), x(t ) = 0,

λ(t) = P(t)x(t)+ v(t),

y(t) = C(t)x(t)+ g(t),

u(t) = B(t)Hλ(t).

(3.92)

Proof. Eliminating y with the help of the algebraic constraint and using a Lagrange
multiplier λ, see, e.g., [113], cp. also Exercise 21, problem (3.92) is equivalent to

J [x, ẋ, u, λ] = min!,

where (omitting arguments)

J [x, ẋ, u, λ] =
∫ t

t

[1

2
(xHx + (Cx + g)H (Cx + g)+ uHu)

+Re(λH (ẋ − Ax − Bu− f ))
]
dt

and x, λ ∈ C1(I,Cd), u ∈ C(I,Cl). Variational calculus then yields

J [x + εδx, ẋ + εδẋ, u+ εδu, λ+ εδλ]

=
∫ t

t

[1

2

(
(x + εδx)H (x + εδx)+ (u+ εδu)H (u+ εδu)

)
+ (C(x + εδx)+ g)H (C(x + εδx)+ g)

+Re
(
(λ+ εδλ)H

(
(ẋ + εδẋ)− A(x + εδx)− B(u+ εδu)− f

))]
dt

= J [x, ẋ, u, λ]

+ εRe
[
λHδx

∣∣∣t
t
+
∫ t

t

(xH + (Cx + g)HC − λHA− λ̇H )δx dt

+
∫ t

t

(uH − λHB)δu dt +
∫ t

t

δλH (ẋ − Ax − Bu− f ) dt
]
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+ ε2
[1

2

∫ t

t

(δxH (I + CHC)δx + δuH δu) dt

+Re

∫ t

t

δλH (δẋ − Aδx − Bδu) dt
]

after sorting and integration by parts. A necessary condition for a minimum at
(x, u, λ) is that for all variations the coefficient of ε ∈ R vanishes. This at once
yields (3.91).

Suppose that (x + εδx, u+ εδu, λ+ εδλ) is a second minimum. Without loss
of generality, we may take ε > 0. It follows that (δx, δu, δλ) must solve the
corresponding homogeneous problem. In particular, we must have

δẋ = Aδx + Bδu, δx( t ) = 0

and
δλ̇ = (I + CHC)δx − AHδλ, δλ( t ) = 0.

This yields

J [x + εδx, ẋ + εδẋ, λ+ εδλ, u+ εδu]

= J [x, ẋ, λ, u] + ε2
∫ t

t

1

2
(δxH (I + CHC)δx + δuH δu) dt,

and it follows that δx = 0, δu = 0 and therefore δλ = 0. Hence, there exists at
most one solution of the linear quadratic control problem (3.90) and thus also of
the boundary value problem (3.91). It remains to show that (3.91) indeed has a
solution. To do this, we set

λ = Px + v, λ̇ = P ẋ + Ṗ x + v̇

with some P ∈ C1(I,Cd,d), v ∈ C1(I,Cd). Inserting into (3.91), we obtain

P ẋ + Ṗ x + v̇ = (I + CHC)x − AH(Px + v)+ CHg

and
P ẋ = PAx + PBBH(Px + v)+ Pf.

Combining these equations, we find

(PA+ AHP + PBBHP − (I + CHC)+ Ṗ )x

+ (PBBHv + Pf + AHv − CHg + v̇) = 0.

Now we choose P and v to be the solutions of the initial value problems

Ṗ = I + CHC − PA− AHP − PBBHP, P (t ) = 0,

v̇ = CHg − Pf − AHv − PBBHv, v(t ) = 0.



3.4 Differential-algebraic operators and generalized inverses 123

This choice is possible, since the second equation is linear (and hence always has a
unique solution) and the first equation is a Riccati differential equation of a kind for
which one can show that a Hermitian solution exists for any interval of the form I,
see, e.g., [120, Ch. 10].

It remains to show that (3.92) indeed solves (3.91). This is trivial for the third
and fourth equation of (3.91). For the second equation, we of course have x( t ) = 0
but also

ẋ − Ax − Bu− f

= Ax + BBHPx + BBHv + f − Ax − BBHPx − BBHv − f = 0.

For the first equation, we have λ( t ) = P(t )x(t )+ v(t ) = 0 and also

λ̇− (I + CHC)x + AHλ− CHg

= P ẋ + Ṗ x + v̇ − (I + CHC)x + AHPx + AHv − CHg

= PAx + PBBHPx + PBBHv + Pf

+ (I + CHC)x − PAx − AHPx − PBBHPx

+ CHg − Pf − AHv − PBBHv

− (I + CHC)x + AHPx + AHv − CHg = 0. �

We can immediately apply this result to the constrained minimization prob-
lem (3.85).

Corollary 3.62. Problem (3.85) with constraints (3.87) and (3.88) has a unique
solution x̃ ∈ X̃.

Proof. The assertion follows from Theorem 3.61 by the following substitutions
(again without arguments)

A = �−1
E (A11 − A12�

−1
A A21), B = �−1

E A13, C = −�−1
A A21,

f = �−1
E (f̃1 − A12�

−1
A f̃2), g = −�−1

A f̃2.
(3.93)

The unique solution has the form (3.82), where x̃1 as part x of (3.92) is continuously
differentiable with x̃1(t ) = 0. �

With these preparations, we can define an appropriate operator

D̃+ : Ỹ→ X̃ (3.94)

as follows. For

f̃ =
⎡
⎣f̃1

f̃2

f̃3

⎤
⎦ ∈ Ỹ
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the image

x̃ =
⎡
⎣x̃1
x̃2
x̃3

⎤
⎦ = D̃+f̃

is given by the unique solution of (3.85) with (3.87) and (3.88). Note that D̃+f̃ ∈
X̃, because x̃1 as part x of (3.92) is continuously differentiable and x̃1( t ) = 0.
Moreover, because the Riccati differential equation in (3.92) does not depend on
the inhomogeneities, the operator D̃+ is linear, hence a homomorphism.

Theorem 3.63. The operator D̃+, defined in (3.94), is the Moore–Penrose pseu-
doinverse of D̃, i.e., the endomorphisms D̃D̃+ and D̃+D̃ have conjugates such that
(3.72) holds for D̃ and D̃+.

Proof. Let

f̃ =
⎡
⎣f̃1

f̃2

f̃3

⎤
⎦ ∈ Ỹ, D̃D̃+f̃ =

⎡
⎣f̂1

f̂2

f̂3

⎤
⎦ .

With (3.80), using for simplicity the notation of Theorem 3.61 and Corollary 3.62,
we get

f̂1 = �E
˙̃x1 − A11x̃1 − A12x̃2 − A13x̃3

= �Eẋ − A11x − A12y − A13u

= �E(Ax + BBH(Px + v)+ f )− A11x

− A12(Cx + g)− A13B
H(Px + v)

= A11x − A12�
−1
A A21x +�EBB

H(Px + v)+ f̃1 − A12�
−1
A f̃2

− A11x + A12�
−1
A A21x + A12�

−1
A f̃2 −�EBB

H(Px + v) = f̃1,

f̂2 = −A21x̃1 −�Ax̃2 = −A21x −�Ay

= �A(Cx − y) = �A(Cx − Cx − g) = f̃2,

f̂3 = 0,

and D̃D̃+ is obviously conjugate to itself. Since D̃D̃+ projects onto the first two
components and since f̃3 has no influence on the solution of (3.85), we also have
D̃+D̃D̃+ = D̃+. Since D̃x̃ has a vanishing third component for all x̃ ∈ X̃, the
projector D̃D̃+ acts as identity on D̃, i.e., D̃D̃+D̃ = D̃. The remainder of the
proof deals with the fourth Penrose axiom.

Let

x̃ =
⎡
⎣xy
u

⎤
⎦ ∈ X̃, D̃+D̃x̃ =

⎡
⎣x̂ŷ
û

⎤
⎦ .
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We must now apply D̃+ to the inhomogeneity

D̃x̃ =
⎡
⎣�Eẋ − A11x − A12y − A13u

−A21x −�Ay

0

⎤
⎦ .

Therefore, we must set

f = �−1
E (�Eẋ − A11x − A12y − A13u+ A12�

−1
A (A21x +�Ay))

= ẋ − Ax − Bu,

g = �−1
A (A21x +�Ay)

= −Cx + y.

Recalling that the solution P of the Riccati differential equation in (3.92) does not
depend on the inhomogeneity, we must solve

v̇ = CH(−Cx + y)− AHv − PBBHv − P(ẋ − Ax − Bu), v(t ) = 0,

˙̂x = Ax̂ + BBH(P x̂ + v)+ (ẋ − Ax − Bu), x̂( t ) = 0,

ŷ = Cx̂ − Cx + y,

û = BH(P x̂ + v),

where A, B, C, D are as in (3.93). Setting v = w − Px, v̇ = ẇ − P ẋ − Ṗ x, we
obtain

ẇ = P ẋ + (I + CHC)x − PAx − AHPx − PBBHPx

− CHCx + CHy − AHw + AHPx − PBBHw + PBBHPx

− P ẋ + PAx + PBu

= −(AH + PBBH)w + (x + CHy + PBu), w(t ) = 0.

(3.95)

Let W(t, s) be the Wronskian matrix belonging to A+ BBHP in the sense that

Ẇ (t, s) = (A+ BBHP)W(t, s), W(s, s) = I.

Then W(t, s)−H is the Wronskian matrix belonging to−(AH +PBBH). With the
help of W(t, s) we can represent the solution of the initial value problem (3.95) in
the form

w =
∫ t

t

W(t, s)−H (x + CHy + PBu) ds

or

v = −Px +
∫ t

t

W(t, s)−H (x + CHy + PBu) ds.
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Here and in the following, the arguments which must be inserted start with t and
a Wronskian matrix changes it from the first to the second argument. Setting
x̂ = x + z, we obtain

ż = −ẋ + Ax + Az+ BBHPx + BBHPz

+ BBHw − BBHPx + ẋ − Ax − Bu

= (A+ BBHP)z+ (BBHw − Bu), z( t ) = 0

or

z =
∫ t

t

W(t, s)(BBHw − Bu) ds.

Thus, we get x̂, ŷ, û according to

x̂ = x + z, ŷ = y + Cz, û = BH(Pz+ w).

Let now, in addition, ⎡
⎣x̃ỹ
ũ

⎤
⎦ ∈ X̃

be given and let

D̃+D̃

⎡
⎣x̃ỹ
ũ

⎤
⎦ =

⎡
⎢⎣
ˆ̃x
ˆ̃y
ˆ̃u

⎤
⎥⎦ .

Then we have

∫ t

t

(x̃H x̂ + ỹH ŷ + ũH û) dt

=
∫ t

t

[
x̃H x + x̃H

∫ t

t

W(t, s)(BBH

∫ s

t

W(s, r)−H (x + CHy + PBu) dr − Bu) ds

+ ỹH y + ỹHC

∫ t

t

W(t, s)(BBH

∫ s

t

W(s, r)−H (x + CHy + PBu) dr − Bu) ds

+ ũHBHP

∫ t

t

W(t, s)(BBH

∫ s

t

W(s, r)−H (x + CHy + PBu) dr − Bu) ds

+ ũHBH

∫ t

t

W(t, s)−H (x + CHy + PBu) ds
]
dt
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=
∫ t

t

(x̃H x + ỹH y) dt

−
∫ t

t

∫ t

t

(x̃H + ỹHC + ũHBHP )W(t, s)Bu ds dt

+
∫ t

t

∫ t

t

ũHBHW(t, s)−H (x + CHy + PBu) ds dt

+
∫ t

t

∫ t

t

∫ s

t

(x̃H + ỹHC + ũHBHP )W(t, s)B

· BHW(s, r)−H (x + CHy + PBu) dr ds dt.

By transposition and changing the order of the integrations, we finally have∫ t

t

(x̃H x̂ + ỹH ŷ + ũH û) dt =
∫ t

t

(xH ˆ̃x + yH ˆ̃y + uH ˆ̃u) dt,

which is nothing else than that D̃+D̃ is conjugate to itself. �

It then follows from Theorem 3.63 that (3.79) yields the Moore–Penrose pseu-
doinverse ofD, i.e., we have shown the existence and uniqueness of an operatorD+
satisfying (3.72) and thus we have fixed a unique (classical) least squares solution
for a large class of differential-algebraic equations (including higher index prob-
lems) with possibly inconsistent initial data or inhomogeneities or free solution
components.

Using D+ for solving differential-algebraic equations with undetermined solu-
tions components, however, bears at least two disadvantages. First, the undeter-
mined component x̃3 need not satisfy the given initial condition and, second, instead
of an initial value problem we must solve a boundary value problem, which means
that values of the coefficients in future times influence the solution at the present
time. A simple way out of this problem is to choose the undetermined part to be
zero. In the following, we investigate this approach in the context of generalized
inverses. To do this, we consider the matrix functions given by

� = E+E + F+F, F = (I − EE+)A(I − E+E). (3.96)

Transforming to the form (3.77), we then have

F̃ = (I − ẼẼ+)Ã(I − Ẽ+Ẽ)
= (I − PEQQHE+PH)(PAQ− PEQ̇)(I −QHE+PHPEQ)

= P(I − EE+)(A− EQ̇QH)(I − E+E)Q
= P(I − EE+)A(I − E+E)Q = PFQ.
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Thus, F transforms like E and therefore

�̃ = Ẽ+Ẽ + F̃+F̃
= QHE+PHPEQ+QHF+PHPFQ

= QH(E+E + F+F)Q = QH�Q.

A simple calculation then yields

�̃ =
⎡
⎣Id 0 0

0 Ia 0
0 0 0

⎤
⎦ .

This, in particular, shows that � is pointwise an orthogonal projector. Note that
I − �̃ indeed projects onto the undetermined component x̃3. Hence we are led to
the problem

1

2

∫ t

t

‖(I −�(t))x(t)‖22 dt = min! s. t.

1

2

∫ t

t

‖E(t)ẋ(t)− A(t)x(t)− f (t)‖22 dt = min!
(3.97)

replacing (3.75). The preceding results state that again the problem transforms
covariantly with the application of P and Q so that we only need to solve (3.97) for
differential-algebraic equations in the form (3.77). Since (3.97) here implies x̃3 = 0
by construction, we remain with a reduced differential-algebraic equation (3.87) and
(3.88) that is uniquely solvable. We can therefore carry over all results obtained so
far as long as they do not depend on the specific choice of x̃3. Recognizing that
only for the fourth Penrose axiom this choice was utilized, we find that (3.97) fixes
a so-called (1,2,3)-pseudoinverse D̃− of D̃ satisfying the axioms (3.72a), (3.72b)
and (3.72c). Keeping the spaces as before, we arrive at the following result.

Theorem 3.64. The operator D̃− defined via (3.97) is a (1, 2, 3)-pseudoinverse
of D̃, i.e., the endomorphism D̃D̃− has a conjugate such that (3.72a)–(3.72c) hold
for D̃ and D̃−.

Again defining the operator D− by D− = QD̃−P then gives a (1,2,3)-pseudo-
inverse of the operator D.

Remark 3.65. Recall that in Section 3.2, following Theorem 3.32, we have dis-
cussed how to fix the inhomogeneity belonging to the third block row in (3.77)
when coming from a higher index differential-algebraic equation. Fortunately,
both generalized inverses D+,D− yield solutions of the corresponding minimiza-
tion problems that do not depend on this part of the inhomogeneity. However, we
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cannot determine the residual associated with the third block row in (3.77). But this
is not really a problem, since we can specify a residual with respect to the original
differential-algebraic equation.

Remark 3.66. In the case that A13 = 0 (including A13 empty, i.e., no correspond-
ing block in the canonical form (3.77) exists), we immediately have D− = D+.
Observing that for E = 0 the existence of (3.77) requires rank A to be constant on
I, we find D+ = D− = −A+. In particular, this shows that both D+ and D− are
indeed generalizations of the Moore–Penrose pseudoinverse of matrices.

Remark 3.67. The boundedness of the linear operators D : X → Y and
D+,D− : Y → X, where X and Y are seen as the given vector spaces equipped
with the norms ‖x‖X = ‖x‖L2 + ‖ ddt (E+Ex)‖L2 and ‖y‖Y = ‖y‖L2 , allows for
their extension to the closure of X and Y with respect to these norms, see, e.g.,
[80, Lemma 4.3.16]. In particular, Y becomes the Hilbert space L2(I,C

m). Other
choices of norms are possible as well.

Example 3.68. Consider the initial value problem[−t t2

−1 t

] [
ẋ1
ẋ2

]
=
[−1 0

0 −1

] [
x1
x2

]
+
[
f1(t)

f2(t)

]
,

[
x1(t0)

x2(t0)

]
=
[
x1,0
x2,0

]
.

It has strangeness index μ = 1, whereas the differentiation index is not defined.
To obtain a strangeness-free differential-algebraic equation with the same solution
space according to Section 3.2, we compute

M =
[

E 0
Ė − A E

]
, N =

[
A 0
Ȧ 0

]
, g =

[
f

ḟ

]
and obtain (with shifted initial values)

M(t) =

⎡
⎢⎢⎣
−t t2 0 0
−1 t 0 0
0 2t −t t2

0 2 −1 t

⎤
⎥⎥⎦ , N(t) =

⎡
⎢⎢⎣
−1 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ ,

g(t) =

⎡
⎢⎢⎣

f1(t)− x1,0
f2(t)− x2,0

ḟ1(t)

ḟ2(t)

⎤
⎥⎥⎦ .

Since rank M(t) = 2 for all t ∈ R, the procedure of Section 3.2 reduces to the
computation of an orthogonal projection onto the corange of M(t) given, e.g., by

Z(t)H = 1√
1+ t2

[
1 −t 0 0
0 0 1 −t

]
.
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Replacing E, A, and f by ZHM , ZHN , and ZHg yields the strangeness-free
differential-algebraic equation

0 = 1√
1+ t2

(−x1 + tx2 + f1(t)− x1,0 − tf2(t)+ tx2,0),

0 = 1√
1+ t2

(ḟ1(t)− t ḟ2(t)),

together with homogeneous initial conditions. Denoting the coefficient functions
again by E, A and f , we have E(t) = 0 and

A(t) = 1√
1+ t2

[−1 t

0 0

]
, f (t) = 1√

1+ t2

[
f1(t)− x1,0 − tf2(t)+ tx2,0

ḟ1(t)− t ḟ2(t)

]
.

According to Remark 3.66, the least squares solution of this purely algebraic equa-
tion is given by x = −A+f . Transforming back, we obtain the least squares
solution of the given original problem

x(t) = − 1√
1+ t2

[−1 0
t 0

]
1√

1+ t2

[
f1(t)− x1,0 − tf2(t)+ tx2,0

ḟ1(t)− t ḟ2(t)

]
+
[
x1,0
x2,0

]
or

x(t) = 1

1+ t2

[
f1(t)− x1,0 − tf2(t)+ tx2,0
−t (f1(t)− x1,0 − tf2(t)+ tx2,0)

]
+
[
x1,0
x2,0

]
.

Returning to the notation of Section 3.2, the least squares solution of (3.1) with
initial condition x(t0) = 0 has been defined by

x = D+f̂, D : X→ Y, Dx(t) = Ê(t)ẋ(t)− Â(t)x(t). (3.98)

The vector spaces X and Y, given now by

X = {x ∈ C(I,Cn) | Ê+Êx ∈ C1(I,Cn), Ê+Êx(t0) = 0},
Y = C(I,Cm),

(3.99)

become Banach spaces by introducing the norms

‖x‖X = ‖x‖Y + ‖ ddt (Ê+Êx)‖Y, ‖f ‖Y = max
t∈I ‖f (t)‖∞. (3.100)

The operator D+ (and also D−) is continuous with respect to these norms, i.e.,

‖D+‖X←Y = sup
f̂∈Y\{0}

‖D+f̂ ‖X
‖f̂ ‖Y

<∞. (3.101)

In this sense, the discussed minimization problems are well-posed. The original dif-
ferential-algebraic equation is well-posed in the same sense, when the minimization



3.4 Differential-algebraic operators and generalized inverses 131

problems reduce to the original differential-algebraic equation, i.e., when D is
invertible. This is the case if and only if the differential-algebraic equation is
strangeness-free with m = n and has no undetermined solution components.

Let x be the least squares solution of (3.1), i.e., let x = D+(f̂ + Âx0) + x0,
and let x̂ be the least squares solution of the perturbed problem

E(t) ˙̂x = A(t)x̂ + f (t)+ η(t), x̂(t0) = x̂0 (3.102)

with η ∈ Cμ(I,Cm), i.e., let x = D+(f̂ + η̂ + Âx0)+ x0 with

η̂ =
⎡
⎣η̂1
η̂2
0

⎤
⎦ , η̂1 = ZH

1 η, η̂2 = ZH
2

⎡
⎢⎣

η
...

η(μ)

⎤
⎥⎦ ∈ Y.

Then the estimate

‖x̂ − x‖X = ‖D+η̂ + (x̂0 − x0)‖X ≤ ‖D+‖X←Y ‖η̂‖Y + ‖x̂0 − x0‖∞
≤ C(‖x̂0 − x0‖∞ + ‖η‖Y + ‖η̇‖Y + · · · + ‖η(μ)‖Y)

(3.103)

holds. By the definition of the strangeness index, it is clear that (3.103) cannot hold
for a smaller value of μ.

The estimate (3.103) shows that the strangeness index is directly related to the
perturbation index that was introduced in [108].

Definition 3.69. Given a solution x ∈ C1(I,Cn) of (3.1). The differential-algebraic
equation (3.1) is said to have perturbation index κ ∈ N along x, if κ is the smallest
number such that for all sufficiently smooth x̂ ∈ C1(I,Cn) the defect η ∈ C(I,Cm)

defined by (3.102) satisfies the estimate

‖x̂ − x‖X ≤ C(‖x̂0 − x0‖∞ + ‖η‖Y + ‖η̇‖Y + · · · + ‖η(κ−1)‖Y), (3.104)

with a constant C independent of x̂. It is said to have perturbation index κ = 0 if
the estimate

‖x̂ − x‖X ≤ C(‖x̂0 − x0‖∞ +max
t∈I ‖

∫ t
t0
η(s) ds‖∞) (3.105)

holds.

The above discussion then has shown the following relation between the strange-
ness and the perturbation index.

Theorem 3.70. Let the strangeness index μ of (3.1) be well defined as in (3.17)
and let x be a solution of (3.1). Then the perturbation index κ of (3.1) along x is
well defined with

κ =
{

0 for μ = 0, aμ = 0,

μ+ 1 otherwise.
(3.106)
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Remark 3.71. The reason for the two cases in the definition of the perturbation
index and hence in the relation (3.106) to the strangeness index is that in this way
the perturbation index equals the differentiation index if it is defined. Counting in
the way of the strangeness index according to the estimate (3.103), there would be
no need in the extension (3.105).

3.5 Generalized solutions

As in the case of constant coefficients, we may again weaken the differentiability
constraints and also the consistency constraints. The first complete analysis of the
distributional version for the linear variable coefficient case was given in [179],
[180] on the basis of a reformulation and extension of the construction given in
[125], that we have discussed in detail in Sections 3.1 and 3.2. Here we use the
theory described in these sections directly to derive the distributional theory.

We consider the distributional version of the linear time varying system

E(t)ẋ = A(t)x + f, (3.107)

with impulsive smooth distribution f ∈ Cm
imp. Looking for solutions x ∈ Cn

imp, we
must require that E,A ∈ C∞(R,Cm,n) in order to have well-defined products Eẋ
and Ax. To apply the techniques of the previous sections, we observe that Theo-
rem 3.9 guarantees that all constructions based on the decomposition (3.8) stay in
spaces of infinitely often differentiable functions. In particular, systems like (3.18),
(3.44), or (3.60) can be obtained in the same way with infinitely often differentiable
matrix functions. The only difference is that we do not need smoothness require-
ments for the inhomogeneity. For convenience, we restrict ourselves here to the
following modification of Theorem 3.17.

Theorem 3.72. LetE,A ∈ C∞(R,Cm,n) and let the strangeness indexμ of (E,A)
be well defined. Furthermore, let f ∈ Cm

imp with impulse order iord f = q ∈
Z ∪ {−∞}. Then the differential-algebraic equation (3.107) is equivalent (in the
sense that there is a one-to-one correspondence between the solution spaces via a
pointwise nonsingular infinitely often differentiable matrix function) to a differen-
tial-algebraic equation of the form

ẋ1 = A13(t)x3 + f1, dμ (3.108a)

0 = x2 + f2, aμ (3.108b)

0 = f3, vμ (3.108c)
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where A13 ∈ C∞(I,Cdμ,uμ) and

iord

⎡
⎣f1
f2
f3

⎤
⎦ ≤ q + μ. (3.109)

Proof. All the constructions that lead to the canonical form (3.13) can be executed
using infinitely often differentiable matrix functions due to Theorem 3.9. Then
the form (3.108) follows directly from Theorem 3.17, where the inhomogeneities
f1, f2, f3 are determined from f (0), . . . , f (μ) via transformations with infinitely
often differentiable matrix functions. �

Corollary 3.73. LetE,A ∈ C∞(R,Cm,n) satisfy the assumptions ofTheorem3.72.
Then, we have:

1. Problem (3.107) has a solution in Cn
imp if and only if the vμ distributional con-

ditions
f3 = 0 (3.110)

are fulfilled.

2. Let t0 �= 0 and x0 ∈ Cn. There exists a solution x ∈ Cn
imp satisfying one of the

initial conditions

x(t0) = x0, x(0−) = x0, x(0+) = x0 (3.111)

if and only if in addition to (3.110) the corresponding condition out of

x2(t0) = −f2(t0), x2(0
−) = −f2(0

−), x2(0
+) = −f2(0

+) (3.112)

is implied by the initial condition.

3. The corresponding initial value problem has a unique solution in Cn
imp if and

only if in addition
uμ = 0 (3.113)

holds.

Moreover, all solutions x satisfy iord x ≤ max{q + μ, iord x3}.
Proof. The proof follows directly as in Section 2.4. �

To compare this result with Theorem 2.42, we recall that in the variable coef-
ficient case regularity corresponds to the condition (3.19). In this case, (3.110) is
an empty condition and (3.113) holds by assumption. Thus, Corollary 3.73 states
that a regular problem is always uniquely solvable for consistent initial conditions
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with iord x ≤ q + μ. Moreover, the assertions of Theorem 2.43 hold in the vari-
able coefficient case if the system is regular and if we replace ν by μ + 1. This
immediately implies that inconsistent initial conditions should again be treated as
impulses in the inhomogeneity according to

E(t)ẋ = A(t)x + f + E(t)x0δ, x− = 0 (3.114)

with f− = 0.

Theorem 3.74. Consider a differential-algebraic equation in the form (3.114) and
suppose that the strangeness index μ of (E,A) as in (3.17) is well defined with
vμ = 0. Let f ∈ Cm

imp be given with f− = 0 and iord f ≤ −1.

1. All vectors x0 ∈ Cn are consistent with f if and only if μ = 0 and aμ = 0.

2. All vectors x0 ∈ Cn are weakly consistent with f if and only if μ = 0.

Proof. For the first part, let aμ �= 0. Then (3.108b) is present and the condition
x2(0+) = −f2(0+) restricts the set of consistent initial values. Hence, for all initial
values to be consistent, aμ = 0 must hold, implying that μ = 0.

For the converse, letμ = 0 andaμ = 0. Equation (3.114) transforms covariantly
with infinitely differentiable global equivalence transformations, since setting x =
Qx̃, x0 = Q(0)x̃0 and multiplying (3.114) by P with pointwise nonsingular P ∈
C∞(R,Cm,m) and Q ∈ C∞(R,Cn,n) yields

Ẽ(t) ˙̃x = Ã(t)x̃ + f̃ + Ẽ(t)x̃0δ,

with
Ẽ = PEQ, Ã = PAQ− PEQ̇, f̃ = Pf.

Hence, we may assume that (E,A) is in global canonical form (3.23). For μ = 0
and aμ = 0, the corresponding differential-algebraic equation reads (omitting the
argument t)

[ I 0 ]
[ ˙̃x1˙̃x2

]
= [ 0 A12 ]

[
x̃1
x̃2

]
+ f̃ + x̃1,0δ,

with iord f̃ ≤ −1. Choosing x̃2 = x̃2,0, the part x̃1 solves

˙̃x1 = A12x̃2,0 + f̃ + x̃1,0δ,

with iord(A12x̃2,0 + f̃ ) ≤ −1. According to Exercise 15 of Chapter 2, the solu-
tion x̃1 satisfies x̃1(0+) = x̃1,0 and iord x̃1 ≤ −1. Hence, there exists a solution x̃

with iord x̃ ≤ −1. Transforming back, we get a solution x = Qx̃ of (3.114) with
iord x ≤ −1.
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For the second part, let μ > 0. Then the transformation of (3.114) to the global
canonical form (3.23) yields⎡

⎢⎢⎢⎢⎣
0 Gμ ∗

. . .
. . .

. . . G1
0

⎤
⎥⎥⎥⎥⎦
⎡
⎢⎣(
˙̃x2)μ
...

( ˙̃x2)0

⎤
⎥⎦ =

⎡
⎢⎣(x̃2)μ

...

(x̃2)0

⎤
⎥⎦+

⎡
⎢⎣f̃μ...
f̃0

⎤
⎥⎦

+

⎡
⎢⎢⎢⎢⎣

0 Gμ ∗
. . .

. . .

. . . G1
0

⎤
⎥⎥⎥⎥⎦
⎡
⎢⎣(x̃2,0)μ

...

(x̃2,0)0

⎤
⎥⎦ δ

as part of the transformed problem (3.114). We first obtain

(x̃2)0 = −f̃0

with iord(x̃2)0 ≤ −1. Differentiating and inserting into the second but last block
equation gives

(x̃2)1 = −f̃1 −G1
˙̃
f 0 −G1(x̃2,0)0δ.

Since G1(0) has full row rank, there exists an initial value (x̃2,0)0 such that
iord(x̃2)1 = 0. Hence, there exists an x0 ∈ Cn which is not weakly consistent.

Conversely, let μ = 0. The problem in global canonical form then reads

[
I 0 0
0 0 0

]⎡⎣ ˙̃x1˙̃x2˙̃x3

⎤
⎦ = [0 A12 0

0 0 I

]⎡⎣x̃1
x̃2
x̃3

⎤
⎦+ [f̃1

f̃2

]
+
[
x̃1,0

0

]
δ,

with iord(f̃1, f̃2) ≤ −1. Choosing x̃2 = 0, we obtain x̃3 = −f̃2 with iord x̃3 ≤ −1
and x̃1 solves

˙̃x1 = f̃1 + x̃1,0δ.

Here, iord x̃1 ≤ −1 follows by Theorem 2.41. �

A similar result under the weaker assumption that (E,A) satisfies Hypothe-
sis 3.48 does not hold. Of course, due to Corollary 3.26, we can reduce this case to
the case of Theorem 3.74 if

0 ∈
⋃
j∈N

Ij

because then there exists a neighborhood of 0 ∈ R, where the strangeness index of
(E,A) is well defined. If, however,

0 ∈ R \
⋃
j∈N

Ij ,
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then new effects may occur. Examples for this are given in Exercises 22 and 23.
As already announced in Chapter 2, we want to discuss the case that nonsmooth

behavior of the solution due to nonsmooth behavior of the inhomogeneity (or in-
consistent initial conditions) occurs at (possibly) more than one point. Suppose that
the set

T = {tj ∈ R | tj < tj+1, j ∈ Z}
has no accumulation point. Then there exists an immediate extension of impulsive
smooth distributions. Consider the formal composition

x = x̂ + ximp, x̂ =
∑
j∈Z

xj (3.115)

of distributions with

xj ∈ C∞([tj , tj+1],C) for all j ∈ Z (3.116)

and impulsive part

ximp =
∑
j∈Z

ximp,j , ximp,j =
qj∑
i=0

cij δ
(i)
tj
, cij ∈ C, qj ∈ N0. (3.117)

The first question is whether every x of this form is actually a distribution, since
formally there are two possibilities to be faced with infinite sums of complex num-
bers (such that there would be a need for restrictions to guarantee convergence).
The first one is that j runs over all integers and the second one is that qj need not
be bounded as a sequence in Z. Testing such an x with a φ ∈ D gives

〈x, φ〉 =
∑
j∈Z
〈xj , φ〉 +

∑
j∈Z

qj∑
i=0

cij 〈δ(i)tj , φ〉.

Since φ has bounded support and T has no accumulation point, all but finitely many
terms 〈xj , φ〉 and 〈δ(i)tj , φ〉 vanish. Thus, only a finite sum remains. Since the
continuity of a distribution is defined with respect to sequences φk → 0, where all
φk ∈ D vanish outside the same bounded interval, it is clear that x is a continuous
linear form. This shows that all compositions of the form (3.115) are distribu-
tions with impulsive behavior restricted to the set T. We denote the set of such
distributions by Cimp(T).

Lemma 3.75. Impulsive smooth distributions in Cimp(T), where T ⊆ R has no
accumulation point, have the following properties:

1. A distribution x ∈ Cimp(T) uniquely determines the decomposition (3.115).
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2. With a distribution x ∈ Cimp(T), we can assign a function value x(t) for every
t ∈ R \ T by

x(t) = xj (t) for t ∈ (tj , tj+1)

and limits
x(t−j ) = lim

t→t−j
xj−1(t), x(t+j ) = lim

t→t+j
xj (t)

for every tj ∈ T.

3. All derivatives and primitives of x ∈ Cimp(T) are again in Cimp(T).

4. The set Cimp(T) is a (complex) vector space and closed under multiplication
with functions A ∈ C∞(R,C).

Proof. The proof follows the lines of the proof of Lemma 2.38. �

Theorem 3.72 and, with slight modifications concerning the initial conditions,
Corollary 3.73 hold for f ∈ Cm

imp(T) with solutions x ∈ Cn
imp(T). The assertions

for the impulse order are valid for every tj ∈ T separately. In view of (3.114),
we can now allow for initial conditions x(t+j ) = xj,0 at every tj ∈ T by replacing
(3.107) with

E(t)ẋ = A(t)x + fj + fimp,j + E(t)xj,0δ, xj−1 = 0, (3.118)

where fj , fimp,j , and xj−1 are the corresponding parts of the compositions (3.115)
of f and x. Equation (3.118) then determines the impulsive part ximp,j and the
smooth part xj of the solution provided that (E,A) satisfies one of the properties
of Theorem 3.72.

In view of Corollary 3.26, a question would be whether we can treat jumps in
the index and in the characteristic values between the intervals Ij of (3.26) within
the framework of (impulsive smooth) distributions. The first difficulty here is that
the set

T = I \
⋃
j∈N

Ij

with closed interval I does not need to be countable. This means that it is not
straightforward to define impulsive smooth distributions with impulses allowed
at every point of T. The second problem is that jumps in characteristic values
may affect the solvability within the set of impulsive smooth distributions in an
inconvenient way. See Exercises 22 and 23 and the following example for possible
effects.

Example 3.76. Consider the initial value problem

tx = 0, x(0−) = 0
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with solution spaceCimp. For this differential-algebraic equation neither the strange-
ness index is well defined nor Hypothesis 3.48 holds. A possible decomposition
according to Corollary 3.26 is given by

R = (−∞, 0) ∪ (0,∞).

Thus, jumps of characteristic values may occur exactly at the same point where
we allow impulsive behavior. Obviously, all distributions of the form x = cδ with
c ∈ C solve the initial value problem. Moreover, there is no initial condition of
the form (3.111) that fixes a unique solution. On the other hand, there is a unique
solution of the initial value problem in C1(R,C), namely x = 0. Hence, we may
loose unique solvability when we turn to distributional solutions.

We conclude this section with the remark that up to now there do not exist any
detailed investigations of phenomena caused by such jumps of the characteristic
values, neither within the framework of classical solutions (where the above example
seems to be trivial as long as we do not include inhomogeneities) nor within the
framework of (impulsive smooth) distributions.

3.6 Control problems

As in the case of constant coefficients, we can also study linear control problems with
variable coefficients via the analysis of differential-algebraic equations. Consider
the system

E(t)ẋ = A(t)x + B(t)u+ f (t), (3.119a)

y = C(t)x + g(t), (3.119b)

where E,A ∈ C(I,Cm,n), B ∈ C(I,Cm,l), C ∈ C(I,Cp,n), f ∈ C(I,Cm) and
g ∈ C(I,Cp). Again, x represents the state, u the input, and y the output of the
system. Typically one also has an initial condition of the form (3.2). Note that
we use here the symbol u for the input (as is common in the control literature),
since this will not lead to any confusion with the characteristic values ui, û as in
the canonical form (3.13) or in (3.64).

In order to analyze the properties of the system, we proceed in a different way
compared with the constant coefficient case. We perform a behavior approach as it
was suggested by Willems, see, e.g., [167].

Introducing a new vector

z =
[
x

u

]
,
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we can rewrite the state equation (3.119a) as

E(t)ż = A(t)z+ f (t), (3.120)

with
E = [ E 0 ], A = [ A B ]. (3.121)

Note that the derivative of the original input u occurs only formally. In principle,
we could also include the output equation in this system by introducing a behavior
vector

z =
⎡
⎣xu
y

⎤
⎦ .

Since the output equation (3.119b) together with its derivatives explicitly deter-
mines y and its derivatives, it is obvious that the output equation will not contribute
to the analysis. So we keep it unchanged and only analyze the state equation.

System (3.120) is a general nonsquare linear differential-algebraic equation with
variable coefficients for which we can apply the theory based on the strangeness
index that we have developed in the previous sections.

If we carry out the analysis for this system and ignore the fact that z is com-
posed of parts that may have quite different orders of differentiability (note that in
practice the input u may not even be continuous), then we extract strangeness-free
systems like (3.18) or (3.41). Observe that we cannot apply the theory based on the
differentiation index, since in general it will not be defined for (3.120).

The associated inflated system has the form

M
(t)ż
 = N
(t)z
 + h
(t), (3.122)

where

(M
)i,j =
(
i
j

)
E (i−j) − ( i

j+1

)
A(i−j−1), i, j = 0, . . . , 
,

(N
)i,j =
{

A(i) for i = 0, . . . , 
, j = 0,

0 otherwise,

(z
)j = z(j), j = 0, . . . , 
,

(h
)i = f (i), i = 0, . . . , 
,

(3.123)

and the analysis of Section 3.2 yields the following canonical form for (3.120).

Theorem 3.77. Let the strangeness index μ as in (3.17) be well defined for the
system given by (E ,A) in (3.120). Setting

â = aμ, d̂ = dμ, v̂ = v0 + · · · + vμ, (3.124)
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the inflated pair (Mμ,Nμ) as in (3.122), associated with (E ,A), has the following
properties:

1. For all t ∈ I we have rank Mμ(t) = (μ+1)m− â− v̂. This implies the existence
of a smooth matrix functionZ of size (μ̂+1)n× (â+ v̂) and pointwise maximal
rank satisfying ZHMμ̂ = 0.

2. For all t ∈ I we have rank ZHNμ[In+l 0 · · · 0]H = â. This implies that
without loss of generality Z can be partitioned as Z = [Z2 Z3 ], with Z2 of size
(μ+1)m× â andZ3 of size (μ+1)m× v̂, such that Â2 = ZH

2 Nμ[In+l 0 · · · 0]H
has full row rank â and ZH

3 Nμ[In+l 0 · · · 0]H = 0. Furthermore, there exists
a smooth matrix function T2 of size (n + l) × d̂ , d̂ = m − â, and pointwise
maximal rank satisfying Â2T2 = 0.

3. For all t ∈ I we have rank E(t)T2(t) = d̂ . This implies the existence of a
smooth matrix function Z1 of size m× d̂ and pointwise maximal rank satisfying
rank Ê1 = d̂ with Ê1 = ZH

1 E.

Furthermore, system (3.120) has the same solution set as the strangeness-free
system ⎡

⎣Ê1(t)

0
0

⎤
⎦ ż =

⎡
⎣Â1(t)

Â2(t)

0

⎤
⎦ z+

⎡
⎣f̂1(t)

f̂2(t)

f̂3(t)

⎤
⎦ , (3.125)

where Â1 = ZH
1 A, f̂1 = ZH

1 f , f̂i = ZH
i hμ for i = 2, 3.

Note that the third block row in (3.125) has v̂ equations, which in general is
larger than vμ as occurring in (3.41).

Remark 3.78. We have formulated Theorem 3.77 along the lines of Hypothesis 3.48
with quantities â, d̂, and v̂. Instead of requiring a well-defined strangeness index
for (E ,A), we can obviously weaken the assumptions by requiring that the claims
of Theorem 3.77 hold. This would correspond to an extension of Hypothesis 3.48
to general over- and underdetermined systems. We will discuss this extension in
Section 4.3 for nonlinear differential-algebraic equations.

Considering the construction in Section 3.2 which led to the canonical form
(3.125), we observe that the constructed submatrices Â1 and Â2 have been obtained
from the block matrix ⎡

⎢⎢⎢⎣
A B

Ȧ Ḃ
...

...

A(μ) B(μ)

⎤
⎥⎥⎥⎦

by transformations from the left. This has two immediate consequences.
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First of all this means that derivatives of the input functionu are nowhere needed,
just derivatives of the coefficient matrices, i.e., although formally the derivatives
of u occur in the inflated pair, they are not used for the form (3.125), and hence, we
do not need any additional smoothness requirements for the input function u.

Second, it follows from the construction of Â1 and Â2 that the partitioning into
the part stemming from the original states x and the original controls u is not mixed
up. Including again the output equation, from the inflated pair we have extracted
the system

E1(t)ẋ = A1(t)x + B1(t)u+ f̂ 1(t), d̂ (3.126a)

0 = A2(t)x + B2(t)u+ f̂ 2(t), â (3.126b)

0 = f̂ 3(t), v̂ (3.126c)

y = C(t)x + g(t), p (3.126d)

where

E1 = Ê1

[
In
0

]
, Ai = Âi

[
In
0

]
, Bi = Âi

[
0
Il

]
, i = 1, 2.

Note also that the initial condition is not changed.
It turns out, however, that the characteristic quantities obtained in the canonical

form (3.125) are not sufficient to analyze consistency and regularity of the control
system (as defined in Definition 2.53) and to determine whether the system can be
regularized by feedback, see [40]. To determine the structural information, we need
to perform additional (global) equivalence transformations. In principle, we can
obtain an equivalent differential-algebraic equation of the form (3.18), since (3.126)
is strangeness-free as differential-algebraic equation for the unknown z. But this
would mean that we must use transformations that mix x and u. To avoid that, we
are restricted in the choice of possible equivalence transformations.

Setting

(Ê , Â) =

⎛
⎜⎜⎝
⎡
⎢⎢⎣
E1 0 0
0 0 0
0 0 0
0 0 0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣
A1 B1 0
A2 B2 0
0 0 0
C 0 −Ip

⎤
⎥⎥⎦
⎞
⎟⎟⎠ (3.127)

to include the output equation, we first observe thatE1 has pointwise full row rank d̂ .
A smooth transformation according to Theorem 3.9 gives

(Ê , Â)
new∼

⎛
⎜⎜⎝
⎡
⎢⎢⎣

I
d̂

0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ ,

⎡
⎢⎢⎣

A11 A12 B1 0
A21 A22 B2 0

0 0 0 0
C1 C2 0 −Ip

⎤
⎥⎥⎦
⎞
⎟⎟⎠ .
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Assuming that A22, which is of size â × (n− d̂), has constant rank â − φ, we can
transform further to obtain

(Ê , Â)
new∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣

I
d̂

0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

A11 A12 A13 B1 0
A21 Iâ−φ 0 B2 0
A31 0 0 B3 0

0 0 0 0 0
C1 C2 C3 0 −Ip

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠ .

Since (Ê , Â) is strangeness-free by construction and [ A2 B2 ] has full row rank,
B3 of size φ × l has full row rank. It follows that

(Ê , Â)
new∼

⎛
⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎣

I
d̂

0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎣

A11 A12 A13 B11 B12 0
A21 Iâ−φ 0 B21 B22 0
A31 0 0 Iφ 0 0

0 0 0 0 0 0
C1C2 C3 0 0 −Ip

⎤
⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎠ .

For considerations concerning feedbacks, we perform an additional transformation
in the last block row which corresponds to the output equation. Assuming C3,
which is of size p × (n− d̂ − â + φ), to have constant rank ω, we obtain

(Ê , Â)
new∼

⎛
⎜⎜⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎢⎢⎣

I
d̂

0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎢⎢⎣

A11 A12 A13 A14 B11 B12 0 0
A21 Iâ−φ 0 0 B21 B22 0 0
A31 0 0 0 Iφ 0 0 0

0 0 0 0 0 0 0 0
C11 C12 Iω 0 0 0 −Iω 0
C21 C22 0 0 0 0 0 −Ip−ω

⎤
⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎠ .

Finally, we apply some block row and column eliminations, where we restrict the
latter ones to those acting only on columns that belong to the same variable x, u,
or y, and use a scaling as in the last step of the proof of Theorem 3.11. In this way,
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we arrive at

(Ê , Â)
new∼

⎛
⎜⎜⎜⎜⎜⎜⎝

⎡
⎢⎢⎢⎢⎢⎢⎣

I
d̂

0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0 A13 A14 0 B12 0 0
0 Iâ−φ 0 0 0 B22 0 0
A31 0 0 0 Iφ 0 0 0

0 0 0 0 0 0 0 0
0 0 Iω 0 0 0 −Iω 0
C21 C22 0 0 0 0 0 −Ip−ω

⎤
⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟⎟⎟⎠ ,

where the fourth and sixth block column have widths n− d̂ − â+φ−ω and l−φ,
respectively. The corresponding control system now reads

ẋ1 = A13(t)x3 + A14(t)x4 + B12(t)u2 + f1(t), d̂ (3.128a)

0 = x2 + B22(t)u2 + f2(t), â − φ (3.128b)

0 = A31(t)x1 + u1 + f3(t), φ (3.128c)

0 = f4(t), v̂ (3.128d)

y1 = x3 + g1(t), ω (3.128e)

y2 = C21(t)x1 + C22(t)x2 + g2(t), p − ω. (3.128f)

With this transformed system, we are now able to characterize consistency,
regularity and regularizability via feedback, at least in the case where the solution x
does not depend on derivatives of the input u. Extending Definition 2.53 in the
obvious way to linear systems with variable coefficients, we obtain the following
corollary.

Corollary 3.79. Let the strangeness index μ be well defined for the system given
by (E ,A) in (3.120). Furthermore, let the quantities φ and ω defined by the above
procedure be constant on I. Then we have the following:

1. The system (3.119) is consistent if and only if f4 = 0. The corresponding
equations in (3.128c) describe redundancies in the system that can be omitted.

2. If the system is consistent and if φ = 0, then for a given input function u an
initial condition is consistent if and only if it implies (3.128b). Solutions of the
corresponding initial value problem will in general not be unique.
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3. The system is regular and strangeness-free (as a free system, i.e., u = 0) if and
only if v̂ = φ = 0 and d̂ + â = n.

Proof. Observe first that the global equivalence transformations that lead to (3.128)
do not alter the solution behavior of the control system, since we do not mix the dif-
ferent variables x, u, and y. In particular, the solution sets of (3.119) and (3.128) are
in one-to-one correspondence via pointwise nonsingular matrix functions applied
to x, u, and y separately. Thus, it is sufficient to study (3.128).

If v̂ �= 0 and f4 �= 0, then clearly the system has no solution, regardless how
we choose the input function. Conversely if either v̂ = 0 or f4 = 0, then we can
determine an input u for which the system is solvable as follows. Setting u2 = 0,
x3 = 0, and x4 = 0, (3.128a) is an ordinary differential equation for x1. Having
thus fixed x1, we obtain x2 from (3.128b) and u1 from (3.128c).

A consistent system with φ = 0 reduces to (3.128a) and (3.128b), which
is a strangeness-free differential-algebraic equation for every input function and
(3.128b) represents the algebraic part. Thus, the second part follows by Corol-
lary 3.18. Note that the solution will in general not be unique.

For the third part, we first assume that v̂ = φ = 0 and d̂ + â = n in (3.128). In
this case, (3.128) reduces to

ẋ1 = B12(t)u2 + f1(t), 0 = x2 + B22(t)u2 + f2(t),

which is uniquely solvable for every input function u2 and every inhomogeneity.
Moreover, it is strangeness-free for u2 = 0.

Conversely, let the system be regular and strangeness-free for u = 0. Since
(3.128d) restricts the possible inhomogeneities, we must have v̂ = 0. If φ �= 0,
then (3.128c) gives either consistency conditions for the inhomogeneity or a non-
vanishing strangeness in contradiction to the assumptions. Hence, we must have
φ = 0. Finally, if d̂ + â �= n, then fixing u gives a nonsquare differential-algebraic
equation for x resulting in either consistency conditions for the inhomogeneity or
free solution components. Thus, we must also have d̂ + â = n. �

As we have already seen in Section 2.5, we can also modify some of the system
properties by feedback. The characteristic values in the canonical form (3.125),
however, are invariant under proportional feedback.

Theorem 3.80. Consider a linear variable coefficient control system of the form
(3.119) and suppose that the strangeness index μ for (3.120) is well defined. Then,
the characteristic values d̂, â, and v̂ are invariant under proportional state feedback
u = F(t)x + w and proportional output feedback u = F(t)y + w.

Proof. Proportional state feedback is just a change of basis in the behavior approach,
i.e., in (3.120) we set [

x

u

]
=
[
In 0
F(t) Il

] [
x̃

ũ

]
.
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Proportional output feedback is an equivalence transformation in the more general
behavior approach that includes also the output variables into the vector z, i.e., we
set ⎡

⎣xu
y

⎤
⎦ =

⎡
⎣In 0 0

0 Il F (t)

0 0 Ip

⎤
⎦
⎡
⎣x̃ũ
ỹ

⎤
⎦

and premultiply by the nonsingular matrix[
Im B(t)F (t)

0 Ip

]
.

It follows that the characteristic quantities μ, d̂ , â, and v̂ are invariant under both
types of feedbacks. �

Corollary 3.81. Let the assumptions of Corollary 3.79 hold. There exists a state
feedback u = F(t)x + w such that the closed loop system

E(t)ẋ = (A(t)+ B(t)F (t))x + B(t)w + f (t) (3.129)

is regular (as a free system, i.e., w = 0) if and only if v̂ = 0 and d̂ + â = n.

Proof. Observe that applying the feedback to the original system and then comput-
ing the corresponding reduced system gives the same as first reducing the original
system and then applying the feedback. Thus, (3.129) is regular as a free system if
and only if (3.126) with inserted feedback is regular and strangeness-free as a free
system. Hence, it is sufficient to study the system in the form (3.128).

Since the output equation is not involved here, we can formally setω = 0 and x3
does not appear in (3.128). Assuming v̂ = 0 and d̂+ â = n (implying that x4 and u1
have the same size), the feedback

u1 = x4 − A31(t)x1 + w1, u2 = w2

gives the closed loop system

ẋ1 = A14(t)x4 + B12(t)w2 + f1(t),

0 = x2 + B22(t)w2 + f2(t),

0 = x4 + w1 + f3(t),

which is obviously regular and strangeness-free for w = 0. For the converse,
observe that the condition v̂ = 0 is necessary, since otherwise the possible inho-
mogeneities are restricted. The condition d̂ + â = n is necessary, since otherwise
for any given feedback F the closed loop system is nonsquare and either restricts
the possible inhomogeneities or is not uniquely solvable. �
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We also have the characterization when the system can be regularized by output
feedback.

Corollary 3.82. Let the assumptions of Corollary 3.79 hold. There exists an output
feedback u = F(t)y + w such that the closed loop system

E(t)ẋ = (A(t)+ B(t)F (t)C(t))x + B(t)w + f (t)+ B(t)F (t)g(t) (3.130)

is regular (as a free system) if and only if v̂ = 0, d̂ + â = n, and φ = ω.

Proof. As in the proof of Corollary 3.81, we are allowed to study (3.128) instead of
(3.119) when requiring the closed loop system to be regular and strangeness-free.
If v̂ = 0, d̂ + â = n, and φ = ω, then the unknown x4 does not appear in (3.128)
and u1 and y1 have the same size. The feedback

u1 = y1 + w1, u2 = w2

gives the closed loop system

ẋ1 = A13(t)x3 + B12(t)w2 + f1(t),

0 = x2 + B22(t)w2 + f2(t),

0 = A31(t)x1 + x3 + w1 + f3(t)+ g1(t),

which is obviously regular and strangeness-free for w = 0. For the converse, again
v̂ = 0 and d̂ + â = n are necessary. Moreover, for given

F =
[
F11 F12
F21 F22

]
,

partitioned conformly with (3.128), we obtain⎡
⎣ 0 0 A13 A14

0 Iâ−φ 0 0
A31 0 0 0

⎤
⎦+

⎡
⎣ 0 B12

0 B22
Iφ 0

⎤
⎦[F11 F12

F21 F22

] [
0 0 Iω 0
C21 C22 0 0

]

=
⎡
⎣ B12F22C21 B12F22C22 A13 + B12F21 A14

B22F22C21 Iâ−φ + B22F22C22 B22F21 0
A31 + F12C21 F12C22 F11 0

⎤
⎦ .

Thus, for the closed loop system to be regular and strangeness-free for w = 0, we
must have that the square matrix function[

Iâ−φ + B22F22C22 B22F21 0
F12C22 F11 0

]
is pointwise nonsingular. But this requires that the third block column is not present,
hence φ = ω. �
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pleted. It was observed in [95] that the concepts of linear constant coefficient sys-
tems cannot be directly generalized to variable coefficient systems. The analysis for
the square and regular case was developed in different research groups using quite
different concepts. An analysis based on matrix chains, leading to the tractability
index, was given in the work of Griepentrog and März [100], [146], with a new and
different formulation in [22], [148], [149], [150]. The concept of differentiation
index and its generalizations based on derivative arrays were developed in the work
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Exercises

1. For which inhomogeneities f ∈ C(R,Cm) are the following differential-algebraic equa-
tions solvable with x ∈ C1(R,Cn)?

(a) m = 1, n = 1, t ẋ = f (t),

(b) m = 1, n = 1, 0 = tx + f (t),

(c) m = 2, n = 2, ẋ1 = f1(t), 0 = tx1 + f2(t).

2. Prove Lemma 3.6.

3. Compute Ẽ = PEQ and Ã = PAQ− PEQ̇ for

E(t) =
[

1 0
0 0

]
, A(t) =

[
0 0
1 0

]
, P (t) =

[
t 1
1 0

]
, Q(t) =

[−1 t

0 −1

]
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and for

E(t) =
[

0 1
0 0

]
, A(t) =

[
1 0
0 1

]
, P (t) =

[
0 −1
1 0

]
, Q(t) =

[
0 −1
1 −t

]
.

Compare the so obtained pairs with those of the examples accompanying Section 3.1.
Interpret the observations.

4. Let (E,A) ∼ (Ẽ, Ã)with respect to global equivalence and assume that the correspond-
ing matrix function Q is twice continuously differentiable. Show that then([

I 0
0 0

]
,

[
0 I

−A E

])
∼
([

I 0
0 0

]
,

[
0 I

−Ã Ẽ

])
.

5. Repeat the computation of the (local) characteristic values r , a and s of Example 3.12
and Example 3.13 but use instead of a basis of cokernelE as columns of T ′ an arbitrary
matrix T ′ for which [ T ′ T ] is nonsingular. Verify that s is indeed independent of the
choice of T ′ as proved in Remark 3.8.

6. Determine the (local) characteristic quantities (r, a, s) of

(E(t), A(t)) =
([

0 0
1 ηt

]
,

[−1 −ηt
0 −(1+ η)

])

for every t ∈ R and η ∈ R.

7. Determine the (local) characteristic quantities (r, a, s) of

(E(t), A(t)) =
([

0 t

0 0

]
,

[
1 0
0 1

])

for every t ∈ R.

8. Solve the inhomogeneous differential-algebraic equation

t ẋ2 = x1 + f1(t), 0 = x2 + f2(t)

belonging to the pair of matrix functions of Exercise 7. How smooth must f be if we
require continuous differentiability only for x2 as the structure suggests? What happens
if we rewrite this system (using d

dt
(tx2) = t ẋ2 + x2) as

d
dt
(tx2) = x1 + x2 + f1(t), 0 = x2 + f2(t)?

9. For E ∈ C(I,Cn,n) we define the Drazin inverse ED pointwise by ED(t) = E(t)D .
Determine ED for the matrix functions E of Exercise 6 and Exercise 7. What do you
observe?

10. Determine the (global) characteristic quantities (ri , ai , si), i = 0, . . . , μ, of the pair of
matrix functions given in Exercise 6 for every η ∈ R.
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11. Determine the (global) characteristic quantities (ri , ai , si), i = 0, . . . , μ, of the pairs
of matrix functions belonging to the different blocks of the Kronecker canonical form
given in Theorem 2.3.

12. Prove Lemma 3.20.

13. Let

(E,A) =
⎛
⎝
⎡
⎣0 G2 E13

0 0 G1

0 0 0

⎤
⎦ ,

⎡
⎣I 0 0

0 I 0
0 0 I

⎤
⎦
⎞
⎠

be sufficiently smooth with pointwise nonsingular matrix functions G1 and G2. Show
that (E,A) is globally equivalent to a pair of constant matrix functions. Try to generalize
this result.

14. Work out the details of the proof of Theorem 3.30.

15. Determine the (local) characteristic quantities (r̃
, ã
, s̃
), 
 = 0, . . . , μ of the inflated
pairs (M
,N
) belonging to the pairs (E,A) of Example 3.1 and Example 3.2. From
these, compute then the (global) characteristic quantities (ri , ai , si), i = 0, . . . , μ.

16. Let A ∈ Cm,k and B ∈ Ck,n have full row rank. Prove that then AB has full row rank.

17. Show that G from (3.23) with ci �= 0, i = 0, . . . , μ, and μ ≥ 1 satisfies G(t)μ �= 0 and
G(t)μ+1 = 0 for all t ∈ I.

18. Determine a possible pair (Ê, Â) for the pair given in Exercise 6.

19. Show that the differentiation index is well defined for the pair given in Exercise 7 and
determine a possible (Ê, Â) as defined in (3.41) and (3.61).

20. Let (E,A) be given by

E(t) =
[

0 1
0 αt

]
, A(t) =

[−1 0
0 −1

]
, I = [−1, 1]

with real parameter α.

(a) Determine a suitable decomposition of the form (3.26) and the corresponding
(global) characteristic quantities.

(b) Show that for α > 0 the corresponding inflated matrix function M2 is pointwise
1-full but not smoothly 1-full.

(c) Analyze the 1-fullness of M2 for arbitrary α ∈ R and t ∈ I.

21. Consider the optimal control problem

1

2

∫ t

t

(x(t)H x(t)+ u(t)Hu(t)) dt = min! s. t.

ẋ(t) = A(t)x(t)+ B(t)u(t)+ f (t), x( t ) = 0

in the notation of Theorem 3.61. Derive a complex version of the method of Lagrangian
multipliers by rewriting the complex system of ordinary differential equations as a real
system of doubled size and applying the real version of the method of Lagrangian
multipliers.
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22. Let (E,A) be given as in Example 7. Determine all x0 ∈ C2 that are weakly consistent
with a givenf ∈ C2

imp satisfyingf− = 0. Compare the result (recalling that this example
satisfies Hypothesis 3.48 due to Exercise 19) with the statement of Theorem 3.74.

23. Determine all solutions of
t ẋ = 0, x− = 0

in Cimp. Interpret the result.



Chapter 4

Nonlinear differential-algebraic equations

In this chapter, we study general nonlinear systems of differential-algebraic equa-
tions, i.e., equations of the form

F(t, x, ẋ) = 0. (4.1)

For convenience, in this section we switch to real-valued problems. To obtain the
results for complex-valued problems, we just have to analyze the real and imaginary
part of the equation and the unknown separately. Moreover, we will first study the
case m = n, i.e., the case where the number of equations equals the number of
unknowns. Thus, we consider F ∈ C(I× Dx × Dẋ ,R

n) with Dx,Dẋ ⊆ Rn open.
Again, we may have an initial condition

x(t0) = x0 (4.2)

together with (4.1).
Note that in the following, for convenience of notation, we shall identify vectors

[xT1 · · · xTk ]T ∈ Rn and tuples (x1, . . . , xk) ∈ Rn1×· · ·×Rnk , n1+· · ·+nk = n.
In turn, we also write tuples as columns where it seems to be appropriate.

4.1 Existence and uniqueness of solutions

A typical approach to analyze nonlinear problems is to use the implicit function
theorem in order to show that a (given) solution is locally unique. To apply the
implicit function theorem, one must require that for the given solution the Fréchet
derivative of the underlying nonlinear operator is regular (i.e., has a continuous
inverse). Using the Fréchet derivative can be interpreted as linearization of the
nonlinear problem. Of course, we expect that in the case of (4.1) this linearization
will in general lead to linear differential-algebraic equations with variable coeffi-
cients. In view of the results of the previous chapter, we also expect that we must
deal with inflated systems that are obtained by successive differentiation of the
original equation with respect to time. We are then concerned with the question
how these differentiated equations and their linearizations look like. In particular,
we must investigate whether these two processes (differentiation and linearization)
commute, i.e., whether it makes a difference first to differentiate and then to linearize
or vice versa.
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To answer this question, we assume that F in (4.1) is sufficiently smooth and
that it induces an operator

F : D→ C
(I,Rn)

with D ⊆ C
+1(I,Rn) by

F (x)(t) = F(t, x(t), ẋ(t))

for t ∈ I, where I is a compact interval. Let F be Fréchet-differentiable. By
definition, the Fréchet derivative

DF (x) : C
+1(I,Rn)→ C
(I,Rn)

of F at x ∈ D is a continuous linear operator and satisfies

F (x +�x) = F (x)+DF (x)�x + R(x,�x) (4.3)

for all �x ∈ C
+1(I,Rn) in a neighborhood of the origin, where the remainder
term has the property that

‖R(x,�x)‖

‖�x‖
+1

→ 0 for ‖�x‖
+1 → 0. (4.4)

Here, ‖ · ‖
 denotes the norm belonging to C
(I,Rn) as a Banach space, e.g.,

‖x‖
 =

∑

i=0

‖x(i)‖0, ‖x‖0 = sup
t∈I
‖x(t)‖∞. (4.5)

Our aim then is to show that

DF (x)�x(t) = E(t)�ẋ(t)− A(t)�x(t) (4.6)

holds, where

E(t) = Fẋ(t, x(t), ẋ(t)), A(t) = −Fx(t, x(t), ẋ(t)). (4.7)

For sufficiently smooth F , by Taylor expansion we have that

R(x,�x)(t) = F (x +�x)(t)− F (x)(t)−DF (x)�x(t)

= F(t, x(t)+�x(t), ẋ(t)+�ẋ(t))− F(t, x(t), ẋ(t))

− Fẋ(t, x(t), ẋ(t))�ẋ(t)− Fx(t, x(t), ẋ(t))�x(t)

= o(‖�x(t)‖∞ + ‖�ẋ(t)‖∞).
Differentiating this relation then yields(

d
dt

)i
R(x,�x)(t) = o(‖�x(t)‖∞ + ‖�ẋ(t)‖∞ + · · · + ‖�x(i+1)(t)‖∞),

i = 0, . . . , 
,
(4.8)
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which immediately implies (4.4). Thus, (4.6) indeed defines the Fréchet derivative
DF (x) of F at x. Moreover, defining(

d
dt

)i
F : D→ C
−i (I,Rn), i = 0, . . . , 
 (4.9)

by (
d
dt

)i
F (x)(t) = ( d

dt

)i
F (t, x(t), ẋ(t)) (4.10)

and
(
d
dt

)i
DF accordingly, differentiation of (4.3) gives(

d
dt

)i
F (x +�x) = ( d

dt

)i
F (x)+ ( d

dt

)i
DF (x)�x + ( d

dt

)i
R(x,�x),

with ∥∥( d
dt

)i
R(x,�x)

∥∥


= o(‖�x‖
+1).

Thus, the Fréchet derivative of the differentiated operator is nothing else than the
differentiated Fréchet derivative.

As for linear differential-algebraic equations, we gather the original equation
and its derivatives up to order 
 ∈ N0 into an inflated system

F
(t, x, ẋ, . . . , x
(
+1)) = 0, (4.11)

where F
 has the form

F
(t, x, ẋ, . . . , x
(
+1)) =

⎡
⎢⎢⎢⎣

F(t, x, ẋ)
d
dt
F (t, x, ẋ)

...(
d
dt

)

F (t, x, ẋ)

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

F(t, x, ẋ)

Ft (t, x, ẋ)+ Fx(t, x, ẋ)ẋ + Fẋ(t, x, ẋ)ẍ
...
...

⎤
⎥⎥⎥⎥⎦ ,

and define the Jacobians

M
(t, x, ẋ, . . . , x
(
+1)) = F
;ẋ,...,x(
+1) (t, x, ẋ, . . . , x

(
+1)),

N
(t, x, ẋ, . . . , x
(
+1)) = −(F
;x(t, x, ẋ, . . . , x(
+1)), 0, . . . , 0)

(4.12)

according to (3.28). In order to examine the structure of these Jacobians, let

(t0, x0, ẋ0, . . . , x
(
+1)
0 ) ∈ R(
+2)n+1 be given with (t0, x0, ẋ0) ∈ I × Dx × Dẋ .

Defining a polynomial x of degree at most 
+ 1 by

x(t) =

+1∑
i=0

x
(i)
0

i! (t − t0)
i, (4.13)
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we obviously have that

x(i)(t0) = x
(i)
0 , i = 0, . . . , 
+ 1.

Moreover, there exists a small (relative) neighborhood Iε of t0 such that

(t, x(t), ẋ(t)) ∈ I× Dx × Dẋ

for all t ∈ Iε. By the preceding discussion, it follows thatM
 andN
 have precisely
the structure given by the formulas (3.29) when we use (4.7) with x given by (4.13).

In the linear case, we have shown that Hypothesis 3.48 is the correct way to define
a regular differential-algebraic equation. Regularity here is to be understood as
follows. A linear problem satisfying Hypothesis 3.48 fixes a strangeness-free differ-
ential-algebraic equation (3.60). The underlying differential-algebraic operator D,
as considered in Section 3.4 with appropriately chosen spaces, is invertible and the
inverse is continuous. The question then is how we can transfer these properties to
the nonlinear case. A first idea could be to require that all possible linearizations
of (4.1) satisfy Hypothesis 3.48 with the same characteristic values μ̂, â and d̂ .
See [53] for such an approach on the basis of the differentiation index and 1-
fullness. But, as the following example shows, this property is not invariant under
simple transformations of the original problem.

Example 4.1. The differential-algebraic equation[
1 0
ẋ1 1

] [
ẋ2 − x1
x2

]
= 0

has the unique solution (x1, x2) = (0, 0). This system may be seen as a regularly
transformed linear differential-algebraic equation satisfying Hypothesis 3.48 with
μ̂ = 1, â = 2, and d̂ = 0. Its linearization is given by[

0 1
ẋ2 − x1 ẋ1

] [
�ẋ1
�ẋ2

]
=
[

1 0
ẋ1 −1

] [
�x1
�x2

]
+
[

x1 − ẋ2
−ẋ1ẋ2 + x1ẋ1 − x2

]
.

For the linearization along the exact solution, we find that M
 is always rank defi-
cient, whereas for the linearization along the perturbed solution (x1, x2) = (ε, 0)
with ε �= 0 it always has full rank. Thus, Hypothesis 3.48 does not hold uniformly
for all linearizations in a neighborhood of the exact solution.

In general, we must therefore expect that away from the solution the constant
rank assumptions as required in Hypothesis 3.48 may not hold for the linearization.
One may argue that the transformation in Example 4.1 has no physical meaning.
But from the mathematical point of view, the assumptions that we require should
be invariant under all reversible (smooth) transformations which carry over the
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given problem into a problem of the same structure. Of course, the class of such
transformations is larger than in the linear case.

We here propose the following generalization of Hypothesis 3.48 to nonlinear
problems. Recall also the interpretation of Hypothesis 3.48 given in Remark 3.55,
which in principle also applies to the nonlinear case.

Hypothesis 4.2. There exist integers μ, a, and d such that the set

Lμ = {(t, x, ẋ, . . . , x(μ+1)) ∈ R
(μ+2)n+1 | Fμ(t, x, ẋ, . . . , x(μ+1)) = 0} (4.14)

associatedwithF is nonempty and such that for every (t0, x0, ẋ0, . . . , x
(μ+1)
0 )∈Lμ,

there exists a (sufficiently small) neighborhood in which the following properties
hold:

1. We have rank Mμ(t, x, ẋ, . . . , x
(μ+1)) = (μ + 1)n − a on Lμ such that there

exists a smooth matrix function Z2 of size (μ+ 1)n× a and pointwise maximal
rank, satisfying ZT

2 Mμ = 0 on Lμ.

2. We have rank Â2(t, x, ẋ, . . . , x
(μ+1)) = a, where Â2 = ZT

2 Nμ[In 0 · · · 0]T
such that there exists a smooth matrix function T2 of size n× d , d = n− a, and
pointwise maximal rank, satisfying Â2T2 = 0.

3. We have rank Fẋ(t, x, ẋ)T2(t, x, ẋ, . . . , x
(μ+1)) = d such that there exists a

smooth matrix function Z1 of size n× d and pointwise maximal rank, satisfying
rank Ê1T2 = d, where Ê1 = ZT

1 Fẋ .

The local existence of the matrix functions Z2, T2, and Z1 follows from the
following (local) nonlinear version of Theorem 3.9.

Theorem 4.3. Let E ∈ C
(D,Rm,n), 
 ∈ N0 ∪ {∞}, with rank E(x) = r for
all x ∈ M ⊆ D, D ⊆ Rk open. For every x̂ ∈ M there exists a sufficiently
small neighborhood V ⊆ D of x̂ and matrix functions T ∈ C
(V,Rn,n−r ), Z ∈
C
(V,Rm,m−r ), with pointwise orthonormal columns such that

ET = 0, ZT E = 0 (4.15)

on M.

Proof. For x̂ ∈ M, using the singular value decomposition, there exist orthogonal
matrices Û ∈ Rm,m, V̂ ∈ Rn,n with

ÛT E(x̂)V̂ =
[
�̂ 0
0 0

]

and �̂ ∈ Rr,r nonsingular.



156 4 Nonlinear differential-algebraic equations

Splitting V̂ = [ T̂ ′ T̂ ] according to the above block structure, we consider the
linear system of equations [

Ẑ′T E(x)
T̂ T

]
T =

[
0

In−r

]
. (4.16)

Since [
Ẑ′T E(x̂)

T̂ T

]
[ T̂ ′ T̂ ] =

[
�̂ 0
0 In−r

]
,

there exists a neighborhood of x̂, where the coefficient matrix in (4.16) is invertible.
Thus, (4.16) locally defines a matrix function T via

T (x) =
[
Ẑ′T E(x)

T̂ T

]−1 [
0

In−r

]
,

which obviously has full column rank. Moreover, by construction, [ T̂ ′ T (x) ] is
nonsingular. By the definition of T , it follows that

ÛT E(x)[ T̂ ′ T (x) ] =
[
Ẑ′T E(x)T̂ ′ 0
ẐT E(x)T̂ ′ ẐT E(x)T (x)

]

such that

rank E(x) = rank Ẑ′T E(x)T̂ ′ + rank ẐT E(x)T (x) = r + rank ẐT E(x)T (x).

If x ∈ M, then we have rank E(x) = r implying that ẐT E(x)T (x) = 0. Together
with Ẑ′T E(x)T (x) = 0, this gives E(x)T (x) = 0. Orthonormality of the columns
of T (x) can be obtained by the smooth Gram–Schmidt orthonormalization process.

The corresponding result for Z follows by considering the pointwise trans-
pose ET . �

Definition 4.4. Given a differential-algebraic equation as in (4.1), the smallest value
of μ such that F satisfies Hypothesis 4.2 is called the strangeness index of (4.1). If
μ = 0, then the differential-algebraic equation is called strangeness-free.

Recalling Section 3.3, this definition of the strangeness index for a nonlinear dif-
ferential-algebraic equation is a straightforward generalization of the strangeness
index for a linear differential-algebraic equation. Note that although the quanti-
ties μ, a, and d of Hypothesis 4.2 correspond to μ̂, â, and d̂ of Hypothesis 3.48,
for convenience of notation, we omit the hats in this chapter.

Example 4.5. For the nonlinear problem from Example 4.1 written in the form

ẋ2 − x1 = 0, ẋ1ẋ2 − ẋ1x1 + x2 = 0,
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differentiation yields

ẍ2 − ẋ1 = 0, ẍ1ẋ2 + ẋ1ẍ2 − ẍ1x1 − ẋ2
1 + ẋ2 = 0.

Thus, for μ = 1 we find that

[−N1[I2 0]T M1 ](t, x, ẋ, ẍ) =

⎡
⎢⎢⎣
−1 0 0 1 0 0
−ẋ1 1 ẋ2 − x1 ẋ1 0 0

0 0 −1 0 0 1
−ẍ1 0 ẍ2 − 2ẋ1 ẍ1 + 1 ẋ2 − x1 ẋ1

⎤
⎥⎥⎦

and

L1 = {(t, x1, x2, ẋ1, ẋ2, ẍ1, ẍ2) | x1 = ẋ2, x2 = ẋ1x1 − ẋ1ẋ2,

ẋ1 = ẍ2, ẋ2 = ẍ1x1 + ẋ2
1 − ẍ1ẋ2 − ẋ1ẍ2}

= {(t, x1, x2, ẋ1, ẋ2, ẍ1, ẍ2) | x1 = 0, x2 = 0, ẋ1 = ẍ2, ẋ2 = 0}.
Hence, we have rank M1 = 2 and rank[ −N1[ I2 0 ]T M1 ] = 4 on L1 and the
problem satisfies Hypothesis 4.2 with μ = 1, a = 2, and d = 0. Note that L1 can
be parameterized by three scalars, e.g., by (t, ẍ1, ẍ2).

Before we discuss implications of Hypothesis 4.2, we show that Hypothesis 4.2
is indeed invariant under a large class of equivalence transformations. These results
will also motivate why we require uniform characteristic values μ, a and d only on
the set Lμ. We begin with the nonlinear analogues of changes of bases.

Lemma 4.6. Let F as in (4.1) satisfy Hypothesis 4.2 with characteristic values μ,
a and d, and let F̃ be given by

F̃ (t, x̃, ˙̃x) = F(t, x, ẋ), x = Q(t, x̃), ẋ = Qt(t, x̃)+Qx̃(t, x̃) ˙̃x, (4.17)

with sufficiently smooth Q ∈ C(I × Rn,Rn), where Q(t, · ) is bijective for every
t ∈ I and the Jacobian Qx̃(t, x̃) is nonsingular for every (t, x̃) ∈ I× Rn. Then, F̃
satisfies Hypothesis 4.2 with characteristic values μ, a and d .

Proof. Let Lμ and L̃μ be the corresponding sets as defined by Hypothesis 4.2.
Since Q(t, · ) is bijective and smooth, we have

z̃ = (t, x̃, ˙̃x, . . . , x̃(μ+1)) ∈ L̃μ ⇐⇒ z = (t, x, ẋ, . . . , x(μ+1)) ∈ Lμ.

Setting
Ẽ(t, x̃, ˙̃x) = F̃ ˙̃x(t, x̃, ˙̃x), Ã(t, x̃, ˙̃x) = −F̃x̃(t, x̃, ˙̃x)

and using (4.17), we get

Ẽ(t, x̃, ˙̃x) = Fẋ(t, x, ẋ)Qx̃(t, x̃)



158 4 Nonlinear differential-algebraic equations

and

Ã(t, x̃, ˙̃x) = −Fx(t, x, ẋ)Qx̃(t, x̃)− Fẋ(t, x, ẋ)(Qtx̃(t, x̃)+Qx̃x̃(t, x̃) ˙̃x).
Together with (4.7), we can write this as

[ Ẽ(t, x̃, ˙̃x) Ã(t, x̃, ˙̃x) ] = [ E(t, x, ẋ) A(t, x, ẋ) ]
[
Qx̃(t, x̃) − d

dt
Qx̃(t, x̃)

0 Qx̃(t, x̃)

]
.

This relation has exactly the form of global equivalence (3.3). Since the corre-
sponding inflated pairs (Mμ,Nμ) and (M̃μ, Ñμ) are built according to (3.29), we
get

[ M̃μ(z̃) Ñμ(z̃) ] = [Mμ(z) Nμ(z) ]
[
�μ(z̃) −�μ(z̃)

0 �μ(z̃)

]
according to (3.35), where we only must replace Q by Qx̃(t, x̃) in (3.34). The
invariance of Hypothesis 4.2 follows then by the same proof as the invariance of
Hypothesis 3.48. �

Lemma 4.7. Let F as in (4.1) satisfy Hypothesis 4.2 with characteristic values μ,
a and d, and let F̃ be given by

F̃ (t, x, ẋ) = P(t, x, ẋ, F (t, x, ẋ)), (4.18)

with sufficiently smooth P ∈ C(I × Rn × Rn × Rn,Rn), where P(t, x, ẋ, · ) is
bijective with P(t, x, ẋ, 0) = 0 and Pw(t, x, ẋ, · ) nonsingular (where Pw denotes
the derivative of P with respect to the fourth argument) for every (t, x, ẋ) ∈ I ×
Rn × Rn. Then, F̃ satisfies Hypothesis 4.2 with characteristic values μ, a and d .

Proof. By induction, it follows that L̃μ = Lμ for the corresponding sets as defined
by Hypothesis 4.2. Setting

Ẽ(t, x, ẋ) = F̃ẋ(t, x, ẋ), Ã(t, x, ẋ) = −F̃x(t, x, ẋ),
we get

Ẽ(t, x, ẋ) = Pẋ(t, x, ẋ, F (t, x, ẋ))+ Pw(t, x, ẋ, F (t, x, ẋ))Fẋ(t, x, ẋ)

and

Ã(t, x, ẋ) = −Px(t, x, ẋ, F (t, x, ẋ))− Pw(t, x, ẋ, F (t, x, ẋ))Fx(t, x, ẋ).

In contrast to the proof of Lemma 4.6, we do not get a relation in the form of a
global equivalence. But if we restrict our considerations to the set Lμ, then we
obtain

[ Ẽ(t, x, ẋ) Ã(t, x, ẋ) ] = Pw(t, x, ẋ, 0)[ E(t, x, ẋ) A(t, x, ẋ) ]
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on Lμ. By induction with respect to successive differentiation according to (3.35),
we obtain

[ M̃μ(z) Ñμ(z) ] = �μ(z)[Mμ(z) Nμ(z) ],
with z = (t, x, ẋ, . . . , x(μ+1)) ∈ Lμ for the corresponding inflated pairs. In (3.34),
we only must replace P by Pw(t, x, ẋ, 0). Again, the invariance of Hypothesis 4.2
follows by the same proof as the invariance of Hypothesis 3.48. �

For general nonlinear differential-algebraic equations, there is a third type of
transformations which does not alter the solution behavior, namely making the
problem autonomous.

Lemma 4.8. Let F as in (4.1) satisfy Hypothesis 4.2 with characteristic values μ,
a and d, and let F̃ be given by

F̃ (x̃, ˙̃x) =
[
F(t, x, ẋ)

ṫ − 1

]
, x̃ =

[
t

x

]
, ˙̃x =

[
ṫ

ẋ

]
. (4.19)

Then, F̃ satisfies Hypothesis 4.2 with characteristic values μ, a and d + 1.

Proof. Let Lμ and L̃μ be the corresponding sets as defined by Hypothesis 4.2 and
let (Mμ,Nμ) and (M̃μ, Ñμ) be the corresponding inflated pairs. Since ṫ = 1 and
t (i) = 0 for i > 1, it follows by induction that

z̃ = (t, x, ṫ, ẋ, . . . , t (μ+1), x(μ+1)) ∈ L̃μ ⇐⇒ z = (t, x, ẋ, . . . , x(μ+1)) ∈ Lμ.

Moreover, the rows of M̃μ belonging to ṫ = 1 and t (i) = 0 for i > 1 cannot lead
to a rank deficiency. Removing the corresponding rows and columns from M̃μ just
gives Mμ. Hence, the corresponding matrix functions Â2 and Ã2 defined in the
second part of Hypothesis 4.2 differ only in an additional columnw of Ã2 belonging
to t , i.e.,

Ã2 = [ w Â2 ].
Since Â2 has full row rank a, the same holds for Ã2. Using the Moore–Penrose
pseudoinverse Â+2 of Â2 and observing that Â2Â

+
2 = I due to the full row rank

of Â2, we get

T̃2 =
[

0 −1
T2 Â+2 w

]
and thus

rank(F̃ṫ,ẋ T̃2) = rank

([
0 Fẋ
1 0

] [
0 −1
T2 Â+2 w

])

= rank

[
FẋT2 FẋÂ

+
2 w

0 −1

]
= d + 1.

�
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We now consider the implications of Hypothesis 4.2 for the solvability of (4.1).
In the linear case, Hypothesis 3.48 allowed for an index reduction in one step to a
regular differential-algebraic equation, i.e., to a problem whose underlying linear
operator has a continuous inverse. The following discussion shows that a similar
procedure is possible even in the nonlinear case. The first immediate consequence
of Hypothesis 4.2 is the following.

Lemma 4.9. If F as in (4.1) satisfies Hypothesis 4.2 with characteristic values μ,
a and d, then

rank Fμ;x,ẋ,...,x(μ+1) (t, x, ẋ, . . . , x
(μ+1)) = (μ+ 1)n (4.20)

for all (t, x, ẋ, . . . , x(μ+1)) ∈ Lμ.

Proof. The claim follows directly from

Fμ;x,ẋ,...,x(μ+1) = [ −Nμ[In 0 · · · 0]T Mμ ],
since the second assumption of Hypothesis 4.2 requires the right hand side to have
full row rank. �

Let now zμ,0 = (t0, x0, ẋ0, . . . , x
(μ+1)
0 ) ∈ Lμ be fixed. Recall that we have

Fμ(zμ,0) = 0 by definition. Since Lμ is contained in R(μ+2)n+1, the Jacobian
Fμ;t,x,ẋ,...,x(μ+1) (zμ,0) has the size (μ+ 1)n× (μ+ 2)n+ 1 and has full row rank
due to Lemma 4.9. Hence, we can select n+ 1 columns such that removing them
from the Jacobian does not lead to a rank deficiency. Again by Lemma 4.9, the
column belonging to t can always be removed. Since

corank Mμ(zμ,0) = a, rank Z2(zμ,0)
T Nμ(zμ,0)[In 0 · · · 0]T = a,

we can (without loss of generality) partition x as x = (x1, x2), where x1 has
d = n − a variables and x2 has a variables, such that discarding the columns of
Fμ;x,ẋ,...,x(μ+1) belonging to x1 does not lead to a rank drop. It follows then from
(4.20) that ZT

2 Fμ;x2 is nonsingular. The remaining a variables, say p, associated
with columns of Fμ;t,x,ẋ,...,x(μ+1) (zμ,0) that we can remove without having a rank
drop, must then be chosen from (ẋ, . . . , x(μ+1)).

Let (t0, x1,0, p0) be that part of zμ,0 that corresponds to the variables (t, x1, p).
The implicit function theorem then implies that there exists a neighborhood
V ⊆ Rn+1 of (t0, x1,0, p0), without loss of generality an open ball with radius
ε > 0 and center (t0, x1,0, p0), and a neighborhood Ũ of zμ,0 such that

U = Lμ ∩ Ũ = {θ(t, x1, p) | (t, x1, p) ∈ V},
where θ : V→ U is a diffeomorphism, i.e., a differentiable homeomorphism.
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Hence, the set Lμ is locally diffeomorphic to an open ball in Rn+1. In particular,
it can be (locally) parameterized by n+ 1 scalars. We therefore call Lμ a manifold
and n + 1 its dimension. In the present context, this more intuitive definition of a
manifold will be sufficient. A more general definition will follow in Section 4.5
when we discuss differential-algebraic equations on manifolds.

With these preparations, we can state the above observation on the local prop-
erties of Lμ as follows.

Corollary 4.10. IfF as in (4.1) satisfiesHypothesis4.2with characteristic valuesμ,
a and d, then the set Lμ ⊆ R(μ+2)n+1 forms a (smooth) manifold of dimension
n+ 1.

It follows from Corollary 4.10 that the equation

Fμ(t, x, ẋ, . . . , x
(μ+1)) = 0

can be locally solved according to

(t, x, ẋ, . . . , x(μ+1)) = θ(t, x1, p).

In particular, there exist locally defined functions G and H such that

Fμ(t, x1,G(t, x1, p),H(t, x1, p)) = 0 (4.21)

for all (t, x1, p) ∈ V. Setting y = (ẋ, . . . , x(μ+1)), it follows with Z2 as defined
by Hypothesis 4.2 that (omitting arguments)

d
dp
(ZT

2 Fμ)= (ZT
2;x2

Fμ+ZT
2 Fμ;x2)Gp+(ZT

2;yFμ+ZT
2 Fμ;y)Hp =ZT

2 Fμ;x2Gp = 0

on V, sinceFμ = 0 andZT
2 Fμ;y = ZT

2 Mμ = 0 on V. By construction, the variables
in x2 were selected such that ZT

2 Fμ;x2 is nonsingular. Hence,

Gp(t, x1, p) = 0

for all (t, x1, p) ∈ V, implying the existence of a function R such that

x2 = G(t, x1, p) = G(t, x1, p0) = R(t, x1),

and
Fμ(t, x1,R(t, x1),H(t, x1, p)) = 0

for all (t, x1, p) ∈ V. We then get that (omitting arguments)

d
dx1

(ZT
2 Fμ) = (ZT

2;x1
Fμ + ZT

2 Fμ;x1)+ (ZT
2;x2

Fμ + ZT
2 Fμ;x2)Rx1

+ (ZT
2;yFμ + ZT

2 Fμ;y)Hx1

= ZT
2 Fμ;x1 + ZT

2 Fμ;x2Rx1 = −ZT
2 Nμ[In 0 · · · 0]T

[
I

Rx1

]
= 0



162 4 Nonlinear differential-algebraic equations

on V. Following Hypothesis 4.2, we can therefore choose

T2(t, x1) =
[

I

Rx1(t, x1)

]
with the effect that Z1 depends only on (t, x, ẋ). In fact, due to the requirement
of a maximal rank and the local considerations here, we can even choose Z1 to be
constant.

Setting

F̂1(t, x1, x2, ẋ1, ẋ2) = ZT
1 F(t, x1, x2, ẋ1, ẋ2),

F̂2(t, x1, x2) = ZT
2 Fμ(t, x1, x2,H(t, x1, p0)),

(4.22)

we then consider the reduced differential-algebraic equation

F̂ (t, x, ẋ) =
[
F̂1(t, x, ẋ)

F̂2(t, x)

]
= 0. (4.23)

By construction, we have F̂ (t0, x0, ẋ0) = 0. Moreover, for all (t, x, ẋ) satisfying
F̂ (t, x, ẋ) = 0 it follows that

F̂ẋ(t, x, ẋ) =
[
ZT

1 Fẋ(t, x1, x2, ẋ1, ẋ2)

0

]
and

F̂x(t, x, ẋ) =
[

ZT
1 Fx(t, x1, x2, ẋ1, ẋ2)

ZT
2 Fμ;x(t, x1, x2,H(t, x1, p0))

]
.

Since

F̂2(t, x1,R(t, x1)) = ZT
2 Fμ(t, x1,R(t, x1),H(t, x1, p0)) = 0

and since

d
dx2

F̂2(t, x1,R(t, x1)) = ZT
2 Fμ;x2(t, x1,R(t, x1),H(t, x1, p0))

is nonsingular, the implicit function theorem implies that F̂2(t, x1, x2) = 0 holds if
and only if x2 = R(t, x1) holds. Hence,

F̂x(t, x, ẋ) =
[

ZT
1 Fx(t, x1, x2, ẋ1, ẋ2)

ZT
2 Fμ;x(t, x1,R(t, x1),H(t, x1, p0))

]

provided that F̂ (t, x, ẋ) = 0, and the kernel of the second block row is given by
the span of the columns of T2(t, x1). Because of

F̂ẋT2(t, x, ẋ) =
[
ZT

1 FẋT2(t, x, ẋ)

0

]
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and, since ZT
1 FẋT2(t, x, ẋ) is nonsingular by Hypothesis 4.2, the reduced differ-

ential-algebraic equation (4.23) satisfies Hypothesis 4.2 with characteristic values
μ = 0, a and d. Thus, (4.23) is strangeness-free.

Differentiating x2 = R(t, x1) and eliminating x2 and ẋ2 in the equation
F̂1(t, x, ẋ) = 0 yields the relation

ZT
1 F(t, x1,R(t, x1), ẋ1,Rt (t, x1)+Rx1(t, x1)ẋ1) = 0. (4.24)

If x∗ ∈ C1(I,Rn) solves (4.23) in its domain of definition, then (t0, x∗1 (t0), ẋ∗1 (t0))
solves (4.24). Since

d
dx1

F̂1 = ZT
1 Fẋ1 + ZT

1 Fẋ2Rx1 = ZT
1 FẋT2

is nonsingular due to Hypothesis 4.2, we can locally solve (4.24) for ẋ1. Hence,
the reduced problem (4.23) yields a decoupled differential-algebraic equation of
the form

ẋ1 = L(t, x1), x2 = R(t, x1). (4.25)

Note that solutions of (4.23) that are close to x∗ (in the metric of C1(I,Rn)) must
also solve (4.25).

In summary, we have shown that, starting from a point zμ,0 ∈ Lμ, the equation
Fμ = 0 locally implies a reduced strangeness-free differential-algebraic equation
of the form (4.23). If we assume solvability of (4.23), then we can transform (4.23)
into a strangeness-free differential-algebraic equation of the special form (4.25). In
particular, the following theorem holds.

Theorem 4.11. Let F as in (4.1) be sufficiently smooth and satisfy Hypothesis 4.2
with characteristic values μ, a, and d. Then every sufficiently smooth solution of
(4.1) also solves the reduced problems (4.23) and (4.25) consisting of d differential
and a algebraic equations.

Proof. If x∗ is a sufficiently smooth solution of (4.1), then it must also solve the
reduced differential-algebraic equations (4.23) and (4.25), since

(t, x∗(t), ẋ∗(t), . . . ,
(
d
dt

)μ+1
x∗(t)) ∈ Lμ (4.26)

for every t ∈ I. Since (4.25) fixes a unique solution when we prescribe an initial
value for x1, locally there can be only one solution of (4.1) satisfying (4.2). �

For sufficiently small intervals I, we can also state Theorem 4.11 in a Banach
space setting according to Section 3.4. For this, without restriction, we may assume
a homogeneous initial value, since we can shift the function x as it has been done
in Section 3.4 in the linear case.
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Theorem 4.12. Let F as in (4.1) be sufficiently smooth and satisfy Hypothesis 4.2.
Let x∗ ∈ C1(I,Rn) be a sufficiently smooth solution of (4.1). Let the (nonlinear)
operator F̂ : D→ Y, D ⊆ X open, be defined by

F̂ (x)(t) =
[
ẋ1(t)−L(t, x1(t))

x2(t)−R(t, x1(t))

]
, (4.27)

with the Banach spaces

X = {x ∈ C(I,Rn) | x1 ∈ C1(I,Rd), x1(t0) = 0}, Y = C(I,Rn), (4.28)

according to the construction preceding (4.25). Then, x∗ is a regular solution of
the (strangeness-free) problem

F̂ (x) = 0 (4.29)

in the following sense. There exists a neighborhood U ⊆ X of x∗, and a neighbor-
hood V ⊆ Y of the origin such that for every f ∈ V the equation F̂ (x) = f has
a unique solution x ∈ U that depends continuously on f . In particular, x∗ is the
unique solution in U belonging to f = 0.

Proof. The Fréchet derivative DF̂ (x) : X→ Y of F̂ at some x ∈ D, given by

DF̂ (x)(�x)(t) =
[
�ẋ1(t)−Lx1(t, x1(t))�x1(t)

�x2(t)−Rx1(t, x1(t))�x1(t)

]

=
[
Id 0
0 0

]
�ẋ(t)−

[
Lx1(t, x1(t)) 0
Rx1(t, x1(t)) −Ia

]
�x(t),

is a linear homeomorphism, i.e., it is invertible and has a continuous inverse, cp. Sec-
tion 3.4. The claim then follows by the implicit function theorem in Banach spaces
or, more constructive, by means of Newton’s method in Banach spaces, see, e.g.,
[68, Theorems 15.2 and 15.6]. �

If we do not start with a solution x∗ of the original problem but only with a
point zμ,0 ∈ Lμ, then the same procedure that lead to (4.23) can be applied and
we still obtain a reduced differential-algebraic equation (4.23). This reduced dif-
ferential-algebraic equation, however, may not be solvable at all, cp. Exercise 11.
Moreover, even if this reduced problem possesses a solution, then it is not clear
whether this solution also solves the original differential-algebraic equation (4.1).
Recall the corresponding results in Section 3.3 concerning the linear case. To
show that the reduced system reflects (at least locally) the properties of the original
system concerning solvability and structure of the solution set, we need the converse
direction of Theorem 4.11. The following theorem gives sufficient conditions for
this converse to hold.
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Theorem 4.13. Let F as in (4.1) be sufficiently smooth and satisfy Hypothe-
sis 4.2 with characteristic values μ, a, d, and with characteristic values μ + 1
(replacing μ), a, d. Then, for every zμ+1,0 ∈ Lμ+1, the reduced problem (4.23)
has a unique solution satisfying the initial value given by zμ+1,0. Moreover, this
solution locally solves the original problem (4.1).

Proof. By assumption, there exists (locally with respect to zμ+1,0 ∈ Lμ+1) a pa-
rameterization (t, x1, p), where p is chosen out of (ẋ, . . . , x(μ+2)), with

Fμ+1(t, x1,R(t, x1),H(t, x1, p)) ≡ 0.

This includes the equation

Fμ(t, x1,R(t, x1),H(t, x1, p)) ≡ 0, (4.30)

with trivial dependence on x(μ+2), as well as the equation

d
dt
Fμ(t, x1,R(t, x1),H(t, x1, p)) ≡ 0. (4.31)

Equation (4.30) implies that (omitting arguments)

Fμ;t + Fμ;x2Rt + Fμ;ẋ,...,x(μ+2)Ht ≡ 0, (4.32a)

Fμ;x1 + Fμ;x2Rx1 + Fμ;ẋ,...,x(μ+2)Hx1 ≡ 0, (4.32b)

Fμ;ẋ,...,x(μ+2)Hp ≡ 0. (4.32c)

The relation d
dt
Fμ = 0 has the form

Fμ;t + Fμ;x1 ẋ1 + Fμ;x2 ẋ2 + Fμ;ẋ,...,x(μ+1)

⎡
⎢⎣

ẍ
...

x(μ+2)

⎤
⎥⎦ = 0.

Inserting the parameterization (t, x1, p) yields that (4.31) can be written as

Fμ;t + Fμ;x1H1 + Fμ;x2H2 + Fμ;ẋ,...,x(μ+1)H3 ≡ 0,

where Hi , i = 1, . . . , 3, are the parts of H corresponding to ẋ1, ẋ2, and the
remaining variables, respectively. Multiplication with ZT

2 (corresponding to Hy-
pothesis 4.2 with μ, a, d) gives

ZT
2 Fμ;t + ZT

2 Fμ;x1H1 + ZT
2 Fμ;x2H2 ≡ 0.

Inserting the relations of (4.32) and observing that ZT
2 Fμ;x2 is nonsingular, we find

that
ZT

2 Fμ;x2(H2 −Rt −Rx1H1) ≡ 0,
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or
H2 = Rt +Rx1H1,

i.e.,
ẋ2 = Rt +Rx1 ẋ1.

In summary, the derivative array equation Fμ+1 = 0 implies that

ZT
1 F(t, x1, x2, ẋ1, ẋ2) = 0, (4.33a)

x2 = R(t, x1), (4.33b)

ẋ2 = Rt (t, x1)+Rx1(t, x1)ẋ1. (4.33c)

Elimination of x2 and ẋ2 from (4.33a) gives an ordinary differential equation

ẋ1 = L(t, x1).

In particular, it follows that ẋ1 and ẋ2 are not part of the parameterization. Therefore,
the following construction is possible. Let p = p(t) be arbitrary but smooth and
consistent to the initial value zμ+1,0 and let x1 = x1(t) and x2 = x2(t) be the
solution of the initial value problem

ẋ1 = L(t, x1), x1(t0) = x1,0,

x2 = R(t, x1).

Although ẋ1 and ẋ2 are not part of the parameterization, we automatically get
ẋ1 = ẋ1(t) and ẋ2 = ẋ2(t). Thus, we have

Fμ+1(t, x1(t), x2(t), ẋ1(t), ẋ2(t),H3(t, x1(t), p(t)) ≡ 0,

in a neighborhood of t0, or

F(t, x1(t), x2(t), ẋ1(t), ẋ2(t)) ≡ 0

for the first block row of the derivative array. From the construction of (4.23), it
then follows that also

F̂ (t, x1(t), x2(t), ẋ1(t), ẋ2(t)) ≡ 0.

Finally, uniqueness follows by Theorem 4.11. �

Remark 4.14. Although all the results that we have obtained in this section are
of a local nature, they can be globalized as it can be done in the case of ordinary
differential equations (see, e.g., [106, Th. I.7.4]). Like there, we can continue the
process (under the assumption of sufficient smoothness) until we reach the boundary
of Lμ or Lμ+1, respectively. Note that this may happen in finite time.
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Remark 4.15. The proof of Theorem 4.13, together with Remark 4.14, shows that
under the stated assumptions, for all solutions x∗ ∈ C1(I,Rn) of (4.1) there exists
locally a function P ∈ C(I,R(μ+1)n) with P (t)[ In 0 · · · 0 ]T = ẋ∗(t) such that
Fμ(t, x

∗(t),P (t)) ≡ 0. By the compactness of I, there is only a finite number of
intervals, which must be taken into account. It is therefore possible to compose the
corresponding parameterizations to a globally continuous parameterization such
that the existence of a continuous P is guaranteed globally. We then can define so-
lutions of (4.1) as those which can be extended to a continuous path (t, x∗(t),P (t))

in Lμ, where P (t)[In 0 · · · 0 ]T = ẋ∗(t). In this way, we can drastically reduce the
smoothness requirements in the above constructions. In particular, we can replace
(4.26) with the condition that (t, x∗(t),P (t)) ∈ Lμ for every t ∈ I.

Example 4.16. Consider the differential-algebraic equation

F(t, x, ẋ) = ẋ2 − 1 = 0,

with I = [0, 1], Dx = R, and Dẋ = R \ {0}. We find that

L0 =
{
(t, x, ẋ)

∣∣ t ∈ I, x ∈ R, ẋ ∈ {−1, 1}}
and thatM0(t, x, ẋ) = 2ẋ has full rank on L0. Differentiating once yields 2ẋẍ = 0,
such that

L1 =
{
(t, x, ẋ, ẍ)

∣∣ t ∈ I, x ∈ R, ẋ ∈ {−1, 1}, ẍ = 0
}

and

M1(t, x, ẋ, ẍ) =
[

2ẋ 0
2ẍ 2ẋ

]
has full rank on L1. Thus, this problem satisfies Hypothesis 4.2 with μ = 0, a = 0,
d = 1 as well as with μ = 1, a = 0, d = 1. All (t0, x0) ∈ I × R are consistent,
since (t0, x0,±1) ∈ L0. With the two possibilities for the value of ẋ, we obtain the
local solutions x∗(t) = ±(t − t0) + x0, which both can be extended (as smooth
solutions) to the whole interval I.

4.2 Structured problems

In many applications modeled by differential-algebraic equations, the arising sys-
tems exhibit special structures. A typical example of such a special structure are the
mathematical models of mechanical multibody systems such as the physical pen-
dulum in Example 1.3. Making use of this structure usually leads to a simplified
analysis.
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In this section, we want to study such classes of structured differential-alge-
braic equations in the context of Hypothesis 4.2. Historically, the notion index in
the naming of the various structures refers to a counting in the spirit of the differ-
entiation index. The following discussion will show, on the basis of Section 3.3,
that it coincides with the differentiation index in the case of linear problems. For
convenience, we consider only autonomous equations, although all results also hold
in the non-autonomous case.

All structured problems that we will discuss in the sequel are semi-explicit, i.e.,
of the form

ẋ1 = f (x1, x2), 0 = g(x1, x2), (4.34)

with different assumptions on the functions f and g. We start our exposition
with semi-explicit differential-algebraic equations of index ν = 1, which have the
form (4.34), where the Jacobian gx2(x1, x2) is nonsingular for all relevant points
(x1, x2) ∈ Rn1 × Rn2 .

Example 4.17. Example 1.4 with

x1 =
[
c

T

]
, x2 = R

and

f (x1, x2) =
[

k1(c0 − c)− R

k1(T0 − T )+ k2R − k3(T − TC(t))

]
,

g(x1, x2) = R − k3 exp
(− k4

T
c
)

is a semi-explicit differential-algebraic equation of index ν = 1, since the Jacobian
gx2 is the identity.

We assume in the following that L0 �= ∅, where

L0 =
{
(t, x1, x2, ẋ1, ẋ2) | ẋ1 = f (x1, x2), 0 = g(x1, x2)

}
.

In particular, we assume that the constraint g(x1, x2) = 0 can be satisfied. For the
corresponding Jacobians of the derivative array, we get (omitting arguments)

M0 =
[
In1 0
0 0

]
, N0 =

[
fx1 fx2

gx1 gx2

]
.

Following Hypothesis 4.2, we obtain that rank M0 = n1. With

ZT
2 = [ 0 In2 ],

we then get a = rank ZT
2 N0 = rank[ gx1 gx2 ] = n2. Setting

T2 =
[

In1

g−1
x2
gx1

]
,
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we finally see that rank FẋT2 = n1 = n1 + n2 − a = d . Hence, under the stated
assumptions, (4.34) possesses the strangeness index μ = 0, and we have proved
the following theorem.

Theorem4.18. Semi-explicit differential-algebraic equations of index ν = 1 satisfy
Hypothesis 4.2 with characteristic values μ = 0, a = n2, and d = n− a, provided
that L1 �= ∅.

The next type of systems that we want to study are semi-explicit differen-
tial-algebraic equations of index ν = 2. These have the form (4.34), where
[gx1(x1, x2)gx2(x1, x2)]has full row rank for all relevant points (x1, x2) ∈ Rn1×Rn2

and the differential-algebraic equation

gx1(x1(t), x2)ẋ1(t)+ gx2(x1(t), x2)ẋ2 = 0, (4.35)

obtained by differentiating the constraint, satisfies Hypothesis 4.2 with μ = 0 for
all relevant functions x1 ∈ C1(I,Rn1).

Example 4.19. Example 1.5 of the Stokes equation discretized in space has the
form (4.36) with

x1 = uh, x2 = ph, f (x1, x2) = Auh + Bph, g(x1) = BT uh.

If the nonuniqueness of a free constant in the pressure is also fixed by the discretiza-
tion method, then B has full column rank. Thus, [ gx1 gx2 ] = [BT 0 ] has full row
rank. Differentiating the constraint, we get

0 = BT ẋ1 = BT Ax1 + BT Bx2.

For given x1, this is a regular strangeness-free differential-algebraic equation for x2
due to the invertibility of BT B. Hence, the given problem is a semi-explicit differ-
ential-algebraic equation of index ν = 2.

In the following, we assume that L1 �= ∅, where

L1 =
{
(t, x1, x2, ẋ1, ẋ2, ẍ1, ẍ2) | ẋ1 = f (x1, x2), 0 = g(x1),

ẍ = fx1(x1, x2)ẋ1 + fx2(x1, x2)ẋ2,

0 = gx1(x1, x2)f (x1(t), x2)+ gx2(x1, x2)ẋ2
}
,

and that L̃0 �= ∅, where

L̃0 =
{
(t, x2, ẋ2) | gx1(x1(t), x2)f (x1(t), x2)+ gx2(x1(t), x2)ẋ2

}
.

Let (omitting arguments)

M̃0 = [ gx2 ], Ñ0 = −[ gx1x2f + gx1fx2 + gx2x2 ẋ2 ].
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Due to the assumptions, Hypothesis 4.2 yields that there exist smooth matrix func-
tions Z̃2, T̃2, and Z̃1 of appropriate size and pointwise full column rank such that

rank M̃0 = d̃, Z̃T
2 M̃0 = 0,

rank Z̃T
2 Ñ0 = ã, Z̃T

2 Ñ0T̃2 = 0,

rank gx2T2 = d̃, rank Z̃T
1 gx2T2 = d̃.

The corresponding characteristic values ã and d̃ satisfy ã+ d̃ = n2. Moreover, we
have that [ Z̃1 Z̃2 ] is a square matrix function with pointwise full rank n2.

In order to investigate (4.34) under the given assumptions, we consider the
corresponding Jacobians of the derivative array given by

M1 =

⎡
⎢⎢⎣

In1 0
0 0
−fx1 −fx2 In1 0
−gx1 −gx2 0 0

⎤
⎥⎥⎦ ,

N1 =

⎡
⎢⎢⎣

fx1 fx2 0 0
gx1 gx2 0 0

fx1x1 ẋ1 + fx1x2 ẋ2 fx1x2 ẋ1 + fx2x2 ẋ2 0 0
gx1x1 ẋ1 + gx1x2 ẋ2 gx1x2 ẋ1 + gx2x2 ẋ2 0 0

⎤
⎥⎥⎦ .

Following Hypothesis 4.2, we first compute

rank M1 = 2 rank In1 + rank gx2 = 2n1 + d̃.

A possible choice for Z2 is given by

ZT
2 =

[
0 In2 0 0

Z̃T
2 gx1 0 0 Z̃T

2

]
.

Since
gx1x2 ẋ1 + gx2x2 = gx1x2f + gx2x2 ẋ2 = −Ñ0

on L1, we then see that

ZT
2 N1[ In 0 ]T =

[
gx1 gx2

∗ −Z̃T
2 Ñ0

]
.

Choosing T̃ ′2 such that [ T̃ ′2 T̃2 ] is nonsingular and recalling that [ Z̃1 Z̃2 ] is
nonsingular as well, elementary block row and column operations yield

[
gx1 gx2

∗ −Z̃T
2 Ñ0

]
→
⎡
⎣Z̃T

1 gx1 Z̃T
1 M̃0T̃

′
2 Z̃T

1 M̃0T̃2

Z̃T
2 gx1 0 0
∗ Z̃T

2 Ñ0T̃
′
2 0

⎤
⎦ .
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Full row rank of [gx1 gx2 ] implies full row rank of Z̃T
2 gx1 . Moreover, by construction

Z̃T
1 M̃0T̃2 and Z̃T

2 Ñ0T̃
′
2 are nonsingular. Hence, ZT

2 N1[ In 0 ]T has full row rank
and a possible choice for T2 due to Hypothesis 4.2 is given by

T2 =
[
K

∗
]
,

where K is of size n1× (n1− ã) and has full column rank. This finally implies that

FẋT2 =
[
In1 0
0 0

] [
K

∗
]
=
[
K

0

]

has full column rank. This shows that Hypothesis 4.2 holds with characteristic
values μ = 1, a = n2 + ã, and d = n1 − ã. In particular, we have proved the
following theorem.

Theorem 4.20. Consider a semi-explicit differential-algebraic equations of index
ν = 2 given by (4.34), together with the additional properties that the matrix
[gx1(x1, x2)gx2(x1, x2)]has full row rank for all relevant points (x1, x2) ∈ Rn1×Rn2

and that (4.35) satisfies Hypothesis 4.2 with μ = 0 for all relevant functions x1 ∈
C1(I,Rn1). Then, this differential-algebraic equation satisfies Hypothesis 4.2 with
characteristic values μ = 1, a = n2 + ã, and d = n1 − ã, provided that L1 �= ∅
and L̃0 �= ∅.

A special case of semi-explicit systems of index ν = 2 are differential-algebraic
equations of the form

ẋ1 = f (x1, x2), 0 = g(x1), (4.36)

with gx1(x1)fx2(x1, x2) nonsingular for all relevant points (x1, x2) ∈ Rn1 × Rn2 .
To see this, we differentiate the constraint to obtain

0 = gx1(x1)ẋ1 = gx1(x1)f (x1, x2),

which for given x1 can be solved for x2 with the help of the implicit function
theorem. Hence, it satisfies Hypothesis 4.2 with μ = 0.

Systems of the form (4.36) with the required property are called differential-al-
gebraic equations in Hessenberg form of index ν = 2.

Example 4.21. The discretized Stokes equation of Example 4.19 is a differential-
algebraic equation in Hessenberg form of index ν = 2, since gx1(x1)fx2(x1, x2) =
BT B is nonsingular.
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Differential-algebraic equations in Hessenberg form of index ν = 2 belong to
a more general class of structured problems, so-called differential-algebraic equa-
tions in Hessenberg form of index ν. These have the form

ẋ1 = f1(x1, . . . , xν−1, xν),

ẋ2 = f2(x1, . . . , xν−1),

ẋ3 = f3(x2, . . . , xν−1),
...

ẋν−1 = fν−1(xν−2, xν−1),

0 = fν(xν−1),

(4.37)

with
∂fν

∂xν−1
· ∂fν−1

∂xν−2
· · · ∂f2

∂x1
· ∂f1

∂xν
nonsingular (4.38)

for all relevant points (x1, . . . , xν) ∈ Rn1 × · · · × Rnν . Note that it only makes
sense to consider ν ≥ 2.

Example 4.22. An important class of applications, where modeling leads to dif-
ferential-algebraic equations in Hessenberg form of higher index, are constrained
multibody systems such as the physical pendulum of Example 1.3. A typical form
of the arising equations is given by

ṗ = v,

M(p)v̇ = f (p, v)− gp(p)
T λ,

g(p) = 0,

(4.39)

where p denotes the generalized positions, v the generalized velocities, and λ the
Lagrangian multiplier belonging to the constraint g(p) = 0. Since the constraint
is on the position only, (4.39) is also called the formulation on position level. The
standard assumptions, supported by the application, are that the mass matrix M(p)

is symmetric and positive definite and that the constraints are (locally) independent
in the sense that the Jacobian gp(p) has full row rank. Setting x1 = v, x2 = p, and
x3 = λ, as well as

f1(x1, x2, x3) = M(x2)
−1(f (x2, x1)− gp(x2)

T x3),

f2(x1, x2) = x1,

f3(x2) = g(x2)

and observing that

∂f3

∂x2
· ∂f2

∂x1
· ∂f1

∂x3
(x1, x2, x3) = −gp(x2)M(x2)

−1gp(x2)
T

is nonsingular, we see that (4.39) is a differential-algebraic equation in Hessenberg
form of index ν = 3.
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For the analysis of differential-algebraic equations in Hessenberg form, we
assume that Lμ �= ∅ with μ = ν − 1, i.e., that all constraints which arise by
successive differentiation of the last equation in (4.37) and elimination of the arising
derivatives with the help of the other equations can be satisfied. Our aim then is to
show that (4.37) satisfies Hypothesis 4.2. We start with the observation that

Fẋ =

⎡
⎢⎢⎢⎢⎢⎣
In1

In2

. . .

Inν−1

0

⎤
⎥⎥⎥⎥⎥⎦ , Fx =

⎡
⎢⎢⎢⎢⎢⎢⎣

A1,1 A1,2 · · · A1,ν−1 A1,ν
A2,1 A2,2 · · · A2,ν−1 0

. . .
. . .

...
...

. . . Aν−1,ν−1 0
Aν,ν−1 0

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

where Ai,j = ∂fi
∂xj

. Note the Hessenberg-like structure of Fx which gave (4.37) its
name. To utilize the structure of Fẋ and Fx , we write these in the form

Fẋ =
[
I 0
0 0

]
, Fx =

[
H U

V T 0

]
,

with

H =

⎡
⎢⎢⎢⎣
A1,1 A1,2 · · · A1,ν−1
A2,1 A2,2 · · · A2,ν−1

. . .
. . .

...

Aν−1,ν−2 Aν−1,ν−1

⎤
⎥⎥⎥⎦ , U =

⎡
⎢⎢⎢⎣
A1,ν

0
...

0

⎤
⎥⎥⎥⎦ ,

V T = [ 0 · · · 0 Aν,ν−1
]
.

Thus,

Mμ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I 0
0 0
−H −U I 0
−V T 0 0 0
∗ ∗ −H −U I 0
∗ 0 −V T 0 0 0
...

...
...

...
...

...
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and

Nμ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

H U

V T 0

Ḣ U̇

V̇ T 0
∗ ∗
∗ 0
...

...

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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Reordering (via block permutations) the block rows and columns such that all
identity blocks in the diagonal of Mμ are moved to the upper left corner yields

M̃μ =
[
I − H −U

−VT 0

]
,

with

H =

⎡
⎢⎢⎢⎢⎢⎣

0
H 0
∗ H 0
...

. . .
. . .

. . .

∗ · · · ∗ H 0

⎤
⎥⎥⎥⎥⎥⎦

and

U =

⎡
⎢⎢⎢⎢⎢⎣

0
U 0
∗ U 0
...

. . .
. . .

. . .

∗ · · · ∗ U 0

⎤
⎥⎥⎥⎥⎥⎦ , VT =

⎡
⎢⎢⎢⎢⎢⎣

0
V T 0
∗ V T 0
...

. . .
. . .

. . .

∗ · · · ∗ V T 0

⎤
⎥⎥⎥⎥⎥⎦ .

Accordingly, we obtain the permuted Ñμ. Observe that all nontrivial entries in H,
U, and VT have the same block structure given by H , U and V T , respectively.
In particular, they have the block structure of a nilpotent matrix with nilpotency
index ν such that

(a) H
 = 0 for 
 ≥ ν,

(b) VT H
 = 0 for 
 ≥ ν − 1,

(c) VT H
U = 0 for 
 ≥ ν − 2.

Furthermore, we can utilize the Hessenberg form of H and its derivatives, noticing
that for an 
-fold product of Hessenberg matrices we obtain

[
0 · · · 0 ∗ ]

⎡
⎢⎢⎢⎢⎣
∗ · · · · · · ∗
∗ . . .

...

. . .
. . .

...

∗ ∗

⎤
⎥⎥⎥⎥⎦ · · ·

⎡
⎢⎢⎢⎢⎣
∗ · · · · · · ∗
∗ . . .

...

. . .
. . .

...

∗ ∗

⎤
⎥⎥⎥⎥⎦

︸ ︷︷ ︸

-fold product

⎡
⎢⎢⎢⎣
∗
0
...

0

⎤
⎥⎥⎥⎦ = 0

when 
 ≤ ν − 3. These properties imply that

VT (I − H)−1U =
ν−3∑

=0

VT H
U = 0,
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such that ZT
2 M̃μ = 0 for the choice

ZT
2 = [VT (I − H)−1 I ]

following Hypothesis 4.2. Because of

VT (I − H)−1 =
ν−2∑

=0

VT H


=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0

V T . . .

V̇ T . . .
. . .

. . .
. . .

. . .

∗ V̇ T V T 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0

0
. . .

V T H
. . .

. . .

. . .
. . .

. . .

∗ V TH 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

+ · · · +

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0

0
. . .

0
. . .

. . .

. . .
. . .

. . .

V T Hν−2 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

we then get that

ZT
2 Ñμ[ I 0 · · · 0 ]T = VT (I − H)−1

⎡
⎢⎢⎢⎣

H U

Ḣ U̇
...

...

H (μ) U(μ)

⎤
⎥⎥⎥⎦−

⎡
⎢⎢⎢⎣

V T 0
V̇ T 0
...

...

V (μ)T 0

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−V T 0
V TH 0
V TH 2 0

...
...

V T Hν−2 0
V THν−1 V THν−2U

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 0
V̇ T 0
∗ 0
...

...

∗ 0
∗ 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
.

Setting Wi = Aν,ν−1 · · ·Ai+1,i for i = 1, . . . , ν − 1, we have

V T = [ 0 · · · 0 0 0 Wν−1 ],
V T H = [ 0 · · · 0 0 Wν−2 ∗ ],
V T H 2 = [ 0 · · · 0 Wν−3 ∗ ∗ ],
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and so on. The corresponding entries in the other summand in the representation of
ZT

2 Ñμ[ I 0 · · · 0 ]T are sums of products, where the first factor is V T or one of its
derivatives and the other factors are H or one of its derivatives, but one factor less
compared with V TH
. Hence, they do not perturb the zero entries and the entries
Wν−
 in V TH
. This implies that

ZT
2 Ñμ[ I 0 · · · 0 ]T =

[
W 0
∗ W1A1,ν

]
,

where

W =

⎡
⎢⎢⎢⎢⎣

0 · · · 0 −Wν−1 0
... . .

.
Wν−2 ∗ ...

0 . .
.

. .
. ...

...

W1 ∗ · · · ∗ 0

⎤
⎥⎥⎥⎥⎦ .

Since Aν,ν−1 · Aν−1,ν−2 · · ·A2,1 · A1,ν is nonsingular due to (4.38), the quan-
tities W1, . . . ,Wν−1 have full row rank and W1A1,ν is nonsingular. Therefore,
ZT

2 Ñμ[ I 0 · · · 0 ]T has full row rank a = νnν and its kernel is given by

T2 =
[
K
∗
]
,

where the columns of K span kernel W. We then end up with

FẋT2 =
[
I 0
0 0

] [
K
∗
]
=
[
K
0

]
and rank FẋT2 = rank K = d = n − a. Thus, we have proved the following
theorem.

Theorem 4.23. Differential-algebraic equations in Hessenberg form of index ν

given by (4.37) satisfyHypothesis 4.2 with characteristic valuesμ = ν−1, a = νnν ,
and d = n− a, provided that Lμ �= ∅.

There is an intuitive way to argue that Theorem 4.23 holds and to get an
idea which conditions imply Lμ �= ∅. In (4.37), we have differential equations
for x1, . . . , xν−1, but not for xν . In order to derive a strangeness-free differ-
ential-algebraic equation in the variables x1, . . . , xν , we need a relation which
is solvable at least for xν . Since xν is only present in the left hand side of
the first differential equation, we apparently can only proceed in the following
way. We differentiate the constraint and eliminate the occurring derivative ẋν−1
with the help of the corresponding differential equation to obtain a further con-
straint 0 = fν;xν−1(xν−1)fν−1(xν−2, xν−1), which must be satisfied by any solu-
tion of (4.37). We then differentiate this new constraint and so on, until the newest
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constraint contains xν . This occurs after differentiating ν − 1 times. The condition
Lμ �= ∅ then guarantees that all obtained constraints can be simultaneously ful-
filled. Moreover, (4.38) guarantees that we can locally solve for νnν variables out
of (x1, . . . , xν) which must include xν .

Remark 4.24. Since the structured problems (4.34), (4.36), and (4.37) are all ex-
plicit in the derivatives, the corresponding reduced differential-algebraic equations
(4.23) can be chosen in such a way that the differential partZT

1 F(t, x1, x2, ẋ1, ẋ2) =
0 is explicit with respect to x1 and that no derivative ẋ2 occurs. Hence, (4.24) can
be trivially solved for ẋ1 and we do not need any additional assumptions to ob-
tain (4.25).

In the context of numerical methods, in particular for the structured problems in
this section, it is common practice to modify the given differential-algebraic equati-
on in such a way that the index of the system is decreased or increased. Decreasing
the index is typically performed to allow for the application of numerical methods
which require that the index does not exceed a certain number, cp. Chapter 6.
Increasing the index on the other hand may help to obtain a system which exhibits
more structure. The reason for this may again be to allow for the application of
specific numerical methods that are well suited for such structures. In both cases
one must be aware of possible changes in the structure of the solution space of the
systems.

Consider the case of a differential-algebraic equation in Hessenberg form of
index ν = 2. Differentiating the constraint in (4.36), and eliminating ẋ1 with the
help of the differential equation gives the hidden constraint 0 = gx1(x1)f (x1, x2).
If we replace the old constraint with the so obtained new one, we get the modified
problem

ẋ1 = f (x1, x2), 0 = gx1(x1)f (x1, x2). (4.40)

To distinguish the quantities of Hypothesis 4.2 already determined for (4.36) from
those for (4.40), we use tildes in the latter case. Assuming that L1 �= ∅ for (4.36),
we immediately get that

L̃0 =
{
(t, x1, x2) | ẋ1 = f (x1, x2), 0 = gx1(x1)f (x1, x2)

}
is also nonempty. With the Jacobians of the derivative array

M̃0 =
[
In1 0
0 0

]
, Ñ0 =

[
fx1 fx2

∗ gx1fx2

]
,

we find that

Z̃T
2 = [ 0 In2 ], Z̃T

2 Ñ0 = [ ∗ gx1fx2 ], T̃2 =
[
In1

∗
]
,
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such that (4.40) satisfies Hypothesis 4.2 with μ̃ = 0, ã = n2, and d̃ = n1. Observe
that passing from (4.36) to (4.40), we loose the original constraint 0 = g(x1). This
is indicated by a smaller value of ã compared with a. Thus, we have shown the
following theorem.

Theorem 4.25. For a semi-explicit differential-algebraic equation (4.36) in Hes-
senberg form of index ν = 2, the related differential-algebraic equation (4.40)
satisfies Hypothesis 4.2 with μ = 0.

A similar result also holds in the case of general Hessenberg systems. Replacing
(4.37) by

ẋ1 = f1(x1, . . . , xν−1, xν),

ẋ2 = f2(x1, . . . , xν−1),

ẋ3 = f3(x2, . . . , xν−1),
...

ẋν−1 = fν−1(xν−2, xν−1),

0 = fν;xν−1(xν−1)fν−1(xν−2, xν−1),

(4.41)

we can define

x̃1 = x1, . . . , x̃ν−3 = xν−3, x̃ν−2 = (xν−2, xν−1), x̃ν−1 = xν,

and

f̃1(x̃1, . . . , x̃ν−2, x̃ν−1) = f1(x1, . . . , xν−1, xν),

f̃2(x̃1, . . . , x̃ν−2) = f2(x1, . . . , xν−1),
...

f̃ν−3(x̃ν−4, . . . , x̃ν−2) = fν−3(xν−4, . . . , xν−1),

f̃ν−2(x̃ν−3, x̃ν−2) =
[
fν−2(xν−3, xν−2, xν−1)

fν−1(xν−2, xν−1)

]
,

f̃ν−1(x̃ν−2) = fν;xν−1(xν−1)fν−1(xν−2, xν−1).

It is then obvious that (4.41) has again Hessenberg form but with an index reduced
by one. Moreover,

∂f̃ν−1

∂x̃ν−2
· ∂f̃ν−2

∂x̃ν−1
· · · ∂f̃2

∂x̃1
· ∂f̃1

∂x̃ν−1

=
[

∂fν
∂xν−1

· ∂fν−1
∂xν−2

∗
]
·
[
∂fν−2
∂xν−3

0

]
· ∂fν−3

∂xν−4
· · · ∂f2

∂x1
· ∂f1

∂xν

= ∂fν

∂xν−1
· ∂fν−1

∂xν−2
· · · ∂f2

∂x1
· ∂f1

∂xν
,

and we have the following result.
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Theorem 4.26. For a semi-explicit differential-algebraic equation (4.37) in Hes-
senberg form of index ν, the related differential-algebraic equation (4.41) satisfies
Hypothesis 4.2 with μ = ν − 2.

Example 4.27. Consider again the multibody system from Example 4.22. Due to
the above discussion, we can lower the index by one by replacing the constraint by
its derivative. We obtain the new system

ṗ = v,

M(p)v̇ = f (p, v)− gp(p)
T λ,

gp(p)v = 0,

(4.42)

the so-called formulation on velocity level, which is a differential-algebraic equati-
on in Hessenberg form with index ν = 2. We can perform the same reduction step
once more to arrive at

ṗ = v,

M(p)v̇ = f (p, v)− gp(p)
T λ,

gpp(p)(v, v)+ gp(p)M(p)−1(f (p, v)− gp(p)
T λ) = 0,

(4.43)

the so-called formulation on acceleration level, which is now strangeness-free.
Note, however, that (4.43) is not a reduced differential-algebraic equation belonging
to (4.39) in the sense of Section 4.1, since (4.39) does not have the same number of
algebraic and differential components as (4.43).

A reduced differential-algebraic equation in the sense of Section 4.1 can (locally)
be obtained by dividingp into (p1, p2) such thatg(p1, p2) = 0 can be solved forp2.
With (v1, v2) as corresponding velocities, we then consider

ṗ1 = v1,

v̇1 = [ I 0 ]M(p)−1(f (p, v)− gp(p)
T λ),

g(p) = 0,

gp(p)v = 0,

gpp(p)(v, v)+ gp(p)M(p)−1(f (p, v)− gp(p)
T λ) = 0,

(4.44)

which contains all constraints imposed by (4.39). Following Hypothesis 4.2, we
have the Jacobians of the derivative array

M0 =

⎡
⎢⎢⎢⎢⎣
I 0 0 0 0
0 0 I 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤
⎥⎥⎥⎥⎦ , N0 =

⎡
⎢⎢⎢⎢⎣

0 0 −I 0 0
∗ ∗ ∗ ∗ ∗
G1 G2 0 0 0
∗ ∗ G1 G2 0
∗ ∗ ∗ ∗ W

⎤
⎥⎥⎥⎥⎦ ,
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with nonsingular blocks G2 = gp2 and W = −gpM−1gTp such that we can choose

T2 =

⎡
⎢⎢⎢⎢⎣

G2 0
−G1 0

0 G2
∗ −G1
∗ ∗

⎤
⎥⎥⎥⎥⎦ .

Hence, (4.44) satisfies Hypothesis 4.2 with μ = 0, provided that the constraints
can be fulfilled.

According to Section 4.1, a solution of (4.1) also solves the reduced differen-
tial-algebraic equation (4.23) provided that (4.1) satisfies Hypothesis 4.2. Thus,
in order to compute this solution, we can work with (4.23). Unfortunately, some
numerical schemes, such as Runge–Kutta based methods, require the problem to be
semi-explicit, see [108]. This can be achieved by introducing a new variable y = ẋ

and transforming (4.23) to

ẋ = y, F̂1(x, y) = 0, F̂2(x) = 0, (4.45)

still assuming for simplicity that the given problem is autonomous. If we require
as in Section 4.1 that (4.23) implies a system of the from (4.23), then the set

L̃1=
{
(t, x, y, ẋ, ẏ, ẍ, ÿ) | ẋ = y, F̂1(x, y) = 0, F̂2(x) = 0,

ẍ = ẏ, F̂1;x(x, y)ẋ + F1;ẋ (x, y)ẏ = 0, F̂2;x(x)ẋ = 0
}

can be locally parameterized according to

x2 = R(x1), ẋ1 = L(x1), ẋ2 = Rx1(x1)L(x1),

y1 = ẋ1, y2 = ẋ2, ẍ = ẏ = H̃(x1, p),

where x = (x1, x2) is as in Section 4.1 and y = (y1, y2) is split accordingly. The
parameters p can be chosen out of ẏ and the function H̃ is defined implicitly by
the linear problem

F̂1;x(x, y)ẋ + F̂1;ẋ (x, y)ẏ = 0,

due to the full row rank of F̂1;ẋ (x, y). In particular, L̃1 is nonempty. The relevant
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matrix functions in Hypothesis 4.2 for (4.45) are then given by (omitting arguments)

M̃1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Id 0 0 0 0 0 0 0
0 Ia 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 −Id 0 Id 0 0 0
0 0 0 −Ia 0 Ia 0 0

F̂1;x1 F̂1;x2 F̂1;ẋ1 F̂1;ẋ2 0 0 0 0
F̂2;x1 F̂2;x2 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Ñ1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 Id 0 0 0 0 0
0 0 0 Ia 0 0 0 0

−F̂1;x1 −F̂1;x2 −F̂1;ẋ1 −F̂1;ẋ2 0 0 0 0
−F̂2;x1 −F̂2;x2 0 0 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ 0 0 0 0
∗ ∗ 0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Hence, rank M̃1 = 2n+ d, where n = a + d is the original system size, and

Z̃T
2 =

⎡
⎣ 0 0 Id 0 0 0 0 0

0 0 0 Ia 0 0 0 0
−F̂2;x1 −F̂2;x2 0 0 0 0 0 Ia

⎤
⎦ .

We then get that

Z̃T
2 Ñ1[ I 0 ]T =

⎡
⎣−F̂1;x1 −F̂1;x2 −F̂1;ẋ1 −F̂1;ẋ2

−F̂2;x1 −F̂2;x2 0 0
∗ ∗ −F̂2;x1 −F̂2;x2

⎤
⎦ ,

which has full row rank n+ a due to the properties of (4.23). Finally,

FẋT̃2 =

⎡
⎢⎢⎣
Id 0 0 0
0 Ia 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦
⎡
⎢⎢⎣
Id
∗
∗
∗

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
Id
∗
0
0

⎤
⎥⎥⎦

shows that (4.45) satisfies Hypothesis 4.2 with μ̃ = 1, ã = n + a, and d̃ = d .
Choosing Z̃T

1 = [ Id 0 0 0 ]T yields the reduced differential-algebraic equation

ẋ1 = y1, x2 = R(x1), y1 = L(x1), y2 = Rx1(x1)L(x1).
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In particular, this system implies (4.23) such that there are no problems arising from
the hidden constraints that are introduced by increasing the index. By this analysis,
we have proved the following theorem.

Theorem 4.28. Consider a strangeness-free differential-algebraic equation in the
form (4.23) with a sufficiently smooth solution. Then (4.45) satisfies Hypothesis 4.2
with characteristic values μ̃ = 1, ã = n+ a, and d̃ = d .

Remark 4.29. The differentiation index, defined in Definition 3.37 for linear differ-
ential-algebraic equations, can be generalized to nonlinear problems (4.1), see [53],
[54]. Taking the definition of [54], the differentiation index then typically coincides
with the notion of index as we have used it in this section in the context of semi-
explicit differential-algebraic equations. This definition, however, has not the same
invariance properties as Hypothesis 4.2. In particular, a result similar to that of
Lemma 4.7 does not hold.

4.3 Over- and underdetermined problems

So far in this chapter, we have restricted the analysis to regular systems with
m = n. In this section, we generalize the results of Section 4.1 to possibly over- or
underdetermined problems

F(t, x, ẋ) = 0, (4.46)

i.e., with F ∈ C(I × Dx × Dẋ ,R
m), Dx,Dẋ ⊆ Rn open. In order to apply the

same techniques as before, we must explicitly require that Lμ = F−1
μ ({0}) is a

manifold. We therefore consider the following generalization of Hypothesis 4.2.
For convenience, we omit the function arguments.

Hypothesis 4.30. There exist integers μ, r , a, d , and v such that the set

Lμ=
{
(t, x, ẋ, . . . , x(μ+1)) ∈ R

(μ+2)n+1 | Fμ(t, x, ẋ, . . . , x(μ+1)) = 0
}
, (4.47)

associated withF is nonempty and such that for every (t0, x0, ẋ0, . . . , x
(μ+1)
0 ) ∈ Lμ

there exists a (sufficiently small) neighborhood in which the following properties
hold:

1. The set Lμ ⊆ R(μ+2)n+1 forms a manifold of dimension (μ+ 2)n+ 1− r .

2. We have rank Fμ;x,ẋ,...,x(μ+1) = r on Lμ.

3. We have corank Fμ;x,ẋ,...,x(μ+1) − corank Fμ−1;x,ẋ,...,x(μ) = v on Lμ, with the
convention that corank F−1;x = 0.
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4. We have rank Mμ = r−a on Lμ such that there exist smooth matrix functionsZ2
and T2 of size (μ + 1)m × a and n × (n − a), respectively, and pointwise
maximal rank, satisfying ZT

2 Mμ = 0 on Lμ as well as rank ZT
2 Fμ;x = a and

ZT
2 Fμ;xT2 = 0.

5. We have rank FẋT2 = d = m−a−v such that there exists a smooth matrix func-
tion Z1 of size n× d and pointwise maximal rank, satisfying rank ZT

1 FẋT2 = d .

For square systems without redundancies, i.e., m = n and v = 0, Hypothe-
sis 4.30 reduces to Hypothesis 4.2. According to Definition 4.4, we again call the
smallest possible μ in Hypothesis 4.30 the strangeness-index of (4.46). Systems
with vanishing strangeness index are still called strangeness-free.

To derive the implications of Hypothesis 4.30 and to motivate the various as-
sumptions, we proceed as follows. Compare with the more special approach of
Section 4.1.

Let zμ,0 = (t0, x0, ẋ0, . . . , x
(μ+1)
0 ) ∈ Lμ be fixed. Since by assumption, Lμ

is a manifold of dimension (μ + 2)n + 1 − r , we can locally parameterize it by
(μ + 2)n + 1 − r parameters. These can be chosen from (t, x, ẋ, . . . , x(μ+1)) in
such a way that discarding the associated columns from

Fμ;t,x,ẋ,...,x(μ+1) (t0, x0, ẋ0, . . . , x
(μ+1)
0 )

does not lead to a rank drop. Because of Part 2 of Hypothesis 4.30, already
Fμ;x,ẋ,...,x(μ+1) has maximal rank. Hence, we can always choose t as a parame-
ter.

Because of Part 4 of Hypothesis 4.30, we can choose n−a parameters out of x.
Without restriction we can write x as (x1, x2, x3) with x1 ∈ Rd , x2 ∈ Rn−a−d ,
x3 ∈ Ra , and choose (x1, x2) as further parameters. In particular, the matrix
ZT

2 Fμ;x3 is then nonsingular. The remaining parameters p ∈ R(μ+1)n+a−r can be
chosen out of (ẋ, . . . , x(μ+1)).

Therefore, Hypothesis 4.30 implies that there exists a neighborhood
V ⊆ R(μ+2)n+1−r of (t0, x1,0, x2,0, p0) as part of zμ,0, corresponding to the se-
lected parameters (t, x1, x2, p), and a neighborhood Ũ ⊆ R(μ+2)n+1 of zμ,0 such
that

U = L ∩ Ũ = {θ(t, x1, x2, p) | (t, x1, x2, p) ∈ V},
where θ : V → U is a diffeomorphism. Again we may assume that V is an open
ball with radius ε > 0 and center (t0, x1,0, x2,0, p0).

In this way, we have obtained that Fμ(zμ) = 0 holds locally if and only if
zμ = θ(t, x1, x2, p) for some (t, x1, x2, p) ∈ U. In particular, there exist functions
G, corresponding to x3, and H , corresponding to (ẋ, . . . , x(μ+1)) such that

Fμ(t, x1, x2,G(t, x1, x2, p),H(t, x1, x2, p)) = 0 (4.48)
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on V. As in Section 4.1, it follows that there exists a function R such that

x3 = G(t, x1, x2, p) = G(t, x1, x2, p0) = R(t, x1, x2)

and
Fμ(t, x1, x2,R(t, x1, x2),H(t, x1, x2, p)) = 0

on V. Similarly, we can choose T2 of Hypothesis 4.30 as

T2(t, x1, x2) =
[

I

Rx1,x2(t, x1, x2)

]
.

Thus, Part 5 of Hypothesis 4.30 yields a matrix function Z1 which only depends on
the original variables (t, x, ẋ). Again, due to the full rank assumption, we can choose
the neighborhood V so small that we can take a constant Z1. The corresponding
reduced differential-algebraic equation therefore reads

F̂ (t, x, ẋ) =
[
F̂1(t, x, ẋ)

F̂2(t, x)

]
= 0, (4.49)

with

F̂1(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = ZT
1 F(t, x1, x2, x3, ẋ1, ẋ2, ẋ3),

F̂2(t, x1, x2, x3) = ZT
2 Fμ(t, x1, x2, x3,H(t, x1, x2, p0)).

(4.50)

Analogous to the construction in Section 4.1, it then follows that (4.49) satisfies
Hypothesis 4.30 with characteristic valuesμ = 0, r = a+d , a, d , and v. Similarly,
it follows that F̂2(t, x1, x2, x3) = 0 is locally equivalent to x3 = R(t, x1, x2).
Differentiating the latter relation, we can eliminate x3 and ẋ3 in the first equation
of (4.49) to obtain

F̂1(t, x1, x2,R(t, x1, x2), ẋ1, ẋ2,Rt (t, x1, x2)

+Rx1(t, x1, x2)ẋ1 +Rx2(t, x1, x2)ẋ2) = 0.
(4.51)

If the function x∗ ∈ C1(I,Rn) solves (4.49) in its domain of definition, then the
point (t0, x∗1 (t0), x∗2 (t0), ẋ∗1(t0), ẋ∗2(t0)) solves (4.51). By Part 5 of Hypothesis 4.30,
it then follows that this system can be solved locally for ẋ1. In this way, we obtain
a decoupled differential-algebraic equation of the form

ẋ1 = L(t, x1, x2, ẋ2), x3 = R(t, x1, x2). (4.52)

Obviously, in this system x2 ∈ C1(I,Rn−a−d) can be chosen arbitrarily (at least
when staying in the domain of definition of R and L), while the resulting system
has locally a unique solution for x1 and x3 provided that an initial condition is given
that satisfies the algebraic constraint. In this way, we have proved the following
theorem.
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Theorem 4.31. LetF as in (4.46) be sufficiently smooth and satisfy Hypothesis 4.30
with characteristic values μ, r , a, d, and v. Then every sufficiently smooth solution
of (4.46) also solves the reduced differential-algebraic equations (4.49) and (4.52)
consisting of d differential and a algebraic equations.

Proof. The proof is analogous to that of Theorem 4.11. �

So far, we have not discussed the quantity v. This quantity measures the number
of equations in the original system that give rise to trivial equations 0 = 0, i.e., it
counts the number of redundancies in the system. Together with a and d it gives a
complete classification of the m equations into d differential equations, a algebraic
equations andv trivial equations. Of course, trivial equations can be simply removed
without altering the solution set. Omitting Part 3 of Hypothesis 4.30, however,
would mean that a given problem may satisfy the modified hypothesis for different
characteristic values of a and d.

Example 4.32. Consider the differential-algebraic equation

F(t, x, ẋ) =
[

ẋ2
log x2

]
= 0, (4.53)

with m = 2 equations and n = 2 unknowns x1, x2. To check Hypothesis 4.30 for
μ = 0, we consider the set

L0 =
{
(t, x1, x2, ẋ1, ẋ2) | x2 = 1, ẋ2 = 0

}
.

Obviously, L0 is a manifold parameterized by (t, x1, ẋ1). Furthermore, we have

F0;ẋ =
[

0 1
0 0

]
, F0;x =

[
0 0
0 x−1

2

]
=
[

0 0
0 1

]

on L0. Thus,

rank F0;x,ẋ = 2, corank F0;x,ẋ = 0, rank F0;ẋ = 1.

With ZT
2 = [ 0 1 ], we then obtain

rank ZT
2 F0;x = rank[ 0 1 ] = 1,

and, with T T
2 = [ 1 0 ], finally

rank FẋT2 = 0.

Hence, we get the quantities r = 2, v = 0, a = 1, and d = 0. Hypothesis 4.30 is
not satisfied, since d �= m−a−v = 1. If we would drop Part 3 of Hypothesis 4.30,
then there would be no condition on v and we could simply choose v = 1 to satisfy
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all remaining requirements. To check Hypothesis 4.30 forμ = 1, we must consider
the next level of the derivative array F1 = 0, which consists of the equations

ẋ2 = 0, log x2 = 0, ẍ2 = 0,
ẋ2

x2
= 0.

The set

L1 =
{
(t, x1, x2, ẋ1, ẋ2, ẍ1, ẍ2) | x2 = 1, ẋ2 = 0, ẍ2 = 0

}
is a manifold parameterized by (t, x1, ẋ1, ẍ1). Furthermore, we have

F1;ẋ,ẍ =

⎡
⎢⎢⎣

0 1 0 0
0 0 0 0
0 0 0 1
0 x−1

2 0 0

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 1 0 0
0 0 0 0
0 0 0 1
0 1 0 0

⎤
⎥⎥⎦

and

F1;x =

⎡
⎢⎢⎣

0 0
0 x−1

2
0 0
0 −x−2

2 ẋ2

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

0 0
0 1
0 0
0 0

⎤
⎥⎥⎦

on L1. Thus,

rank F1;x,ẋ,ẍ = 3, corank F1;x,ẋ,ẍ = 1, rank F1;ẋ,ẍ = 2.

Proceeding as above, we compute

ZT
2 =

[
0 1 0 0
1 0 0 −1

]
, T2 =

[
1
0

]
,

and

rank ZT
2 F0;x = rank

[
0 1
0 0

]
= 1, rank FẋT2 = rank

[
0
0

]
= 0.

Hence, Hypothesis 4.30 is satisfied with μ = 1, r = 3, v = 1, a = 1, and d = 0.

Remark 4.33. It should be noted that in practical systems, due to modeling sim-
plifications, measurement errors for the coefficients or round-off errors in the rank
computations, these redundant equations of the form 0 = 0 may get perturbed to
equations of the form 0 = ε with small |ε|. In general, this creates large diffi-
culties in the numerical methods, in particular, in the process of determining the
characteristic values μ, a, d, v and in the solution of the nonlinear systems, see
Chapter 6.
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To show that the reduced systems (4.49) and (4.52) reflect (at least locally) the
properties of the original system concerning solvability and structure of the solution
set, we need the following theorem, which generalizes Theorem 4.13. Since the
part x2 in (4.48) requires a different treatment than the parts in Theorem 4.13, we
include a detailed proof.

Theorem 4.34. Let F as in (4.46) be sufficiently smooth and satisfy Hypothe-
sis 4.30 with characteristic values μ, a, d, v and with characteristic values μ+ 1
(replacing μ), a, d, v. Let zμ+1,0 ∈ Lμ+1 be given and let the parameterization p
in (4.48) for Fμ+1 include ẋ2. Then, for every function x2 ∈ C1(I,Rn−a−d) with
x2(t0) = x2,0, ẋ2(t0) = ẋ2,0, the reduced differential-algebraic equations (4.49)
and (4.52) have unique solutions x1 and x3 satisfying x1(t0) = x1,0. Moreover, the
so obtained function x = (x1, x2, x3) locally solves the original problem.

Proof. By assumption, there exists (locally with respect to zμ+1,0 ∈ Lμ+1) a pa-
rameterization (t, x1, x2, p), where p is chosen out of (ẋ, . . . , x(μ+2)), with

Fμ+1(t, x1, x2,R(t, x1, x2),H(t, x1, x2, p)) ≡ 0.

This includes the equation

Fμ(t, x1, x2,R(t, x1, x2),H(t, x1, x2, p)) ≡ 0, (4.54)

with trivial dependence on x(μ+2), as well as the equation

d
dt
Fμ(t, x1, x2,R(t, x1, x2),H(t, x1, x2, p)) ≡ 0. (4.55)

Equation (4.54) implies that (omitting arguments)

Fμ;t + Fμ;x3Rt + Fμ;ẋ,...,x(μ+2)Ht ≡ 0, (4.56a)

Fμ;x1,x2 + Fμ;x3Rx1,x2 + Fμ;ẋ,...,x(μ+2)Hx1,x2 ≡ 0, (4.56b)

Fμ;ẋ,...,x(μ+2)Hp ≡ 0. (4.56c)

The relation d
dt
Fμ = 0 has the form

Fμ;t + Fμ;x1 ẋ1 + Fμ;x2 ẋ2 + Fμ;x3 ẋ3 + Fμ;ẋ,...,x(μ+1)

⎡
⎢⎣

ẍ
...

x(μ+2)

⎤
⎥⎦ = 0.

Inserting the parameterization yields that (4.55) can be written as

Fμ;t + Fμ;x1H1 + Fμ;x2H2 + Fμ;x3H3 + Fμ;ẋ,...,x(μ+1)H4 ≡ 0,
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where Hi , i = 1, . . . , 4, are the parts of H corresponding to ẋ1, ẋ2, ẋ3, and
the remaining variables, respectively. Multiplication with ZT

2 (corresponding to
Hypothesis 4.30 with characteristic values μ, a, d , v) gives

ZT
2 Fμ;t + ZT

2 Fμ;x1H1 + ZT
2 Fμ;x2H2 + ZT

2 Fμ;x3H3 ≡ 0.

Inserting the relations (4.56) and observing that ZT
2 Fμ;x3 is nonsingular, we find

that
ZT

2 Fμ;x3(H3 −Rt −Rx1H1 −Rx2H2) ≡ 0,

or
H3 = Rt +Rx1H1 +Rx2H2,

i.e.,
ẋ3 = Rt +Rx1 ẋ1 +Rx2 ẋ2.

In summary, the derivative array equation Fμ+1 = 0 implies that

ZT
1 F(t, x1, x2, x3, ẋ1, ẋ2, ẋ3) = 0, (4.57a)

x3 = R(t, x1, x2), (4.57b)

ẋ3 = Rt (t, x1, x2)+Rx1 ẋ1(t, x1, x2)+Rx2(t, x1, x2)ẋ2. (4.57c)

Elimination of x3 and ẋ3 from (4.57a) gives

ẋ1 = L(t, x1, x2, ẋ2).

In particular, this shows that ẋ1 and ẋ3 are not part of the parameterization.
Since ẋ2 is part of p, the following construction is possible. Let x2 = x2(t) and

ẋ2 = ẋ2(t). Let p = p(t) be arbitrary but consistent to the choice of ẋ2 and to the
initial value zμ+1,0. Finally, let x1 = x1(t) and x3 = x3(t) be the solution of the
initial value problem

ZT
1 F(t, x1, x2(t), x3, ẋ1, ẋ2(t), ẋ3) = 0, x1(t0) = x1,0, x3 = R(t, x1, x2(t)).

Although ẋ1 and ẋ3 are not part of the parameterization, we automatically get
ẋ1 = ẋ1(t) and ẋ3 = ẋ3(t). Thus, we have

Fμ+1(t, x1(t), x2(t), x3(t), ẋ1(t), ẋ2(t), ẋ3(t),H4(t, x1(t), x2(t), p(t)) ≡ 0

for all t in a neighborhood of t0, or

F(t, x1(t), x2(t), x3(t), ẋ1(t), ẋ2(t), ẋ3(t)) ≡ 0

for the first block. �
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Remark 4.35. Let the assumptions of Theorem 4.34 hold and let x2,0 and ẋ2,0 be
the part of zμ+1,0 ∈ Lμ+1 belonging to x2 and ẋ2. If x̃2,0 and ˙̃x2,0 are sufficiently
close to x2,0 and ẋ2,0, then they are part of a z̃μ+1,0 ∈ Lμ+1 close to zμ+1,0 and we
can apply Theorem 4.34 with zμ+1,0 replaced by z̃μ+1,0.

Remark 4.36. Note that in Theorem 4.34 we can drop the assumption that ẋ2 is
part of the parameters if we know from the structure of the problem that L in (4.52)
does not depend on ẋ2. In particular, this is the case if we can choose the splitting
(x1, x2, x3) in such a way that the original problem does not depend on ẋ2 and on
components of ẋ3 that depend on ẋ2. An important consequence of this special
case is that we do not need to require the initial condition ẋ2(t0) = ẋ2,0. This also
applies to Remark 4.35.

Remark 4.37. The reduced differential-algebraic equations (4.49) and (4.52) may
already follow from F
 = 0 with 
 < μ, although μ is chosen as small as possible.
This occurs in cases when further differentiations only lead to trivial equations 0 = 0
and consistency is guaranteed. To check the consistency of the model, however, it
is still necessary to consider Fμ = 0.

Example 4.38. Consider the problem of Example 4.32. The reduced differential-
algebraic equation simply consists of log x2 = 0 and is already implied by F0 = 0.
The same holds for the slightly modified differential-algebraic equation

ẋ2 = 1, log x2 = 0.

Observe that the corresponding set L0 is nonempty. Differentiating once gives

ẍ2 = 0, x−1
2 ẋ2 = 0,

implying the contradiction ẋ2 = 0. Thus, L1 is empty and the modified problem is
not solvable.

4.4 Control problems

In the general nonlinear case, control problems have the form

F(t, x, u, ẋ) = 0, (4.58a)

y −G(t, x) = 0, (4.58b)

where F ∈ C(I×Dx ×Du×Dẋ ,R
m) and G ∈ C(I×Dx,R

p) with Dx,Dẋ ⊆ Rn,
Du ⊆ Rl open. As usual, x represents the state, u the input, and y the output of the
system.
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In a first step, we omit the output equation. Using a behavior approach as in
Section 3.6, i.e., setting

z =
[
x

u

]
,

we assume thatF , rewritten with respect to the unknown z, satisfies Hypothesis 4.30.
Note that we must replace n in Hypothesis 4.30 by n+ l. According to the previous
section, we locally get a reduced problem

F̂1(t, x, u, ẋ) = 0,

F̂2(t, x, u) = 0
(4.59)

corresponding to (4.49). To perform the next steps of the construction would require
to split z into (z1, z2, z3), where each part may consist of components of both x

and u. To avoid such a splitting, which would mix input and state variables, we
proceed as follows. Starting from (4.49) in the form

F̂1(t, z, ż) = 0,

F̂2(t, z) = 0,

Hypothesis 4.30 yields (without arguments)

F̂2;zT2 = 0, rank T2 = n+ l − a, rank F̂1;ż = d.

Choosing T ′2 such that [ T ′2 T2 ] is nonsingular, we find that

rank

[
F̂1;ż
F̂2;z

]
= rank

[
F̂1;żT ′2 F̂1;żT2

F̂2;zT ′2 0

]
= rank F̂1;żT2 + rank F̂2;żT ′2 = d + a.

Thus, the given matrix function has pointwise full row rank. In the present context,
this means that the matrix function[

F̂1;ẋ 0
F̂2;x F̂2;u

]
(4.60)

of size (d+a)×(n+l) has full row rank. Observe that, in general, fixing a control u
does not give a regular strangeness-free reduced problem, since[

F̂1;ẋ
F̂2;x

]

may be singular. An immediate question is whether it is possible to choose a
control such that the resulting reduced problem is regular and strangeness-free.
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Necessarily, for this we must have d + a = n. As in the linear case, we consider
feedback controls. In the nonlinear case, a state feedback has the form

u = K(t, x), (4.61)

leading to a closed loop reduced problem

F̂1(t, x,K(t, x), ẋ) = 0,

F̂2(t, x,K(t, x)) = 0.
(4.62)

The condition for this system to be regular and strangeness-free reads[
F̂1;ẋ

F̂2;x + F̂2;uKx

]
nonsingular.

Since the reduced system is only defined locally, it is sufficient to satisfy this con-
dition only locally. Thus, we can restrict ourselves to linear feedbacks

u(t) = K̃x(t)+ w(t), (4.63)

such that Kx = K̃ . Since (4.60) has full row rank, the existence of a suitable Kx

follows from Corollary 3.81. The functionw can be used to satisfy initial conditions
of the form

u(
)(t0) = K̃x
(
)
0 + w(
)(t0) = u

(
)
0 . (4.64)

Hence, we have proved the following theorem.

Theorem 4.39. Suppose that the control problem (4.58a) in behavior form satisfies
Hypothesis 4.30 with characteristic values μ, a, d , v and assume that d + a = n.
Finally, let zμ,0 = (t0, x0, u0, . . . , x

(μ+1)
0 , u

(μ+1)
0 ) ∈ Lμ. Then there (locally)

exists a state feedbacku = K(t, x) satisfyingu0 = K(t0, x0) and u̇0 = Kt(t0, x0)+
Kx(t0, x0)ẋ0 such that the closed loop reduced problem is regular and strangeness-
free.

Corollary 4.40. Suppose that the control problem (4.58a) in behavior form satisfies
Hypothesis 4.30 with μ, a, d, v and with μ+ 1 (replacing μ), a, d , v and assume
that d + a = n. Furthermore, let u be a control in the sense that u and u̇ can be
chosen as part of the parameterization of Lμ+1 at zμ+1,0 ∈ Lμ+1. Let u = K(t, x)

be a state feedback which satisfies the initial conditions u0 = K(t0, x0) and u̇0 =
Kt(t0, x0) + Kx(t0, x0)ẋ0 and yields a regular and strangeness-free closed loop
reduced system. Then, the closed loop reduced problem has a unique solution
satisfying the initial values given by zμ+1,0. Moreover, this solution locally solves
the closed loop problem

F(t, x,K(t, x), ẋ) = 0.
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Proof. The proof can be carried out along the lines of the proof of Theorem 4.34,
see Exercise 18. �

Example 4.41. Consider the control problem

F(t, x, u, ẋ) =
[

ẋ2
log x2 + sin u

]
= 0,

with n = 2 and l = 1. The corresponding behavior system reads

F(t, z, ż) =
[

ż2
log z2 + sin z3

]
= 0.

To check Hypothesis 4.30 for μ = 0, we must consider

L0 =
{
(t, x1, x2, u, ẋ1, ẋ2, u̇) | x2 = exp(− sin u), ẋ2 = 0

}
.

Obviously, L0 is a manifold parameterized by (t, x1, u, ẋ1, u̇). Furthermore, we
have

F0;ż =
[

0 1 0
0 0 0

]
, F0;z =

[
0 0 0
0 x−1

2 cos u

]
=
[

0 0 0
0 exp(sin u) cos u

]

on L0. Thus,

rank F0;z,ż = 2, corank F0;z,ż = 0, rank F0;ż = 1.

With ZT
2 = [ 0 1 ], we then obtain

rank ZT
2 F0;z = rank[ 0 exp(sin u) cos u ] = 1, T2 =

⎡
⎣1 0

0 − cos u
0 exp(sin u)

⎤
⎦ ,

and finally

rank FżT2 = rank

[
0 − cos u
0 0

]
= 1,

when we restrict u to a neighborhood of zero. Hence, Hypothesis 4.30 is satisfied
withμ = 0, v = 0, a = 1, and d = 1. For z0,0 = (0, 0, 1, 0, 0, 0, 0)we can choose
ZT

1 = [ 1 0 ] to obtain the reduced problem

ẋ2 = 0, log x2 + sin u = 0.

Note that the reduced problem here coincides with the original problem due to its
special form (we have μ = 0 and do not need to apply any transformations to
separate the algebraic equations) and due to the special choice for Z1. Fixing the
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control u according to u = 0 gives a closed loop system that is not regular and
strangeness-free. Indeed, it satisfies Hypothesis 4.30 only for μ = 1 and it even
includes a trivial equation due to a redundancy, cp. Example 4.32. To get a regular
and strangeness-free closed-loop reduced problem, we look for a regularizing state
feedback. Since[

F̂1;ẋ 0
F̂2;x F̂2;u

]
=
[

0 1 0
0 x−1

2 cos u

]
=
[

0 1 0
0 1 1

]

at z0,0, we can choose K̃ = [ 1 0 ] or u = x1 observing the initial values given by
z0,0. The corresponding closed loop reduced problem is given by

ẋ2 = 0, log x2 + sin x1 = 0.

By construction, it is regular and strangeness-free near the initial value given by z0,0.
For x1(0) = 0, we particularly get the unique solution x1(t) = 0, x2(t) = 1.

We turn now to control problems that include the output equation (4.58b). In a
behavior framework, we set

z =
⎡
⎣xu
y

⎤
⎦

and again apply the theory of the previous section. Due to the explicit form of
the output equation, it is obvious that it becomes part of the algebraic constraints
and does not affect the other constraints, cp. also the linear case of Section 3.6.
Therefore, assuming that F satisfies Hypothesis 4.30, the reduced differential-al-
gebraic equation has the form

F̂1(t, x, u, ẋ) = 0,

F̂2(t, x, u) = 0,

y = G(t, x).

(4.65)

If we consider output feedbacks of the form

u = K(t, y), (4.66)

then the closed loop reduced problem has the form

F̂1(t, x,K(t,G(t, x)), ẋ) = 0,

F̂2(t, x,K(t,G(t, x))) = 0.
(4.67)

The condition for this system to be regular and strangeness-free reads[
F̂1;ẋ

F̂2;x + F̂2;uKyGx

]
=
[
F̂1;ẋ 0
F̂2;x F̂2;u

] [
I

KyGx

]
nonsingular. (4.68)
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Note that we get back the state feedback case if y = x. To look at (4.68) more
closely, we may proceed as for (3.127) in the linear case. In particular, we can set
E1 = F̂ 1;ẋ , A2 = F̂ 2;x , B2 = F̂ 2;u and C = Gx and determine the quantities φ
and ω at a point (t0, z0, ż0) given by zμ,0 ∈ Lμ as in the construction following
(3.127). Recall that we have omitted the hats in the notation when we deal with
nonlinear problems. In this way we get a nonlinear version of Corollary 3.82.

Corollary 4.42. Suppose that the output control problem (4.58) in behavior form
satisfiesHypothesis 4.30 withμ, a, d, v and assume that d+a = n andφ = ω. Then
there (locally) exists an output feedback u = K(t, y) satisfying u0 = K(t0, y0) and
u̇0 = Kt(t0, y0)+Kx(t0, y0)ẏ0 such that the closed loop reduced problem is regular
and strangeness-free.

Proof. Under the given assumptions, the linear theory of Section 3.6 yields a suitable
matrix K̃ = Ky such that (4.68) holds. The claim then follows for the linear output
feedback

u(t) = K̃y(t)+ w(t),

where the function w is used to satisfy the given initial conditions. �

Corollary 4.43. Suppose that the output control problem (4.58) in behavior form
satisfies Hypothesis 4.30 with μ, a, d, v and with μ + 1 (replacing μ), a, d , v,
and assume that d + a = n and φ = ω. Furthermore, let u be a control in
the sense that u and u̇ can be chosen as part of the parameterization of Lμ+1
at zμ+1,0 ∈ Lμ+1. Let u = K(t, y) be an output feedback which satisfies the
initial conditions u0 = K(t0, y0) and u̇0 = Kt(t0, y0) + Kx(t0, y0)ẏ0 and yields
a regular and strangeness-free closed loop reduced system. Then, the closed loop
reduced problem has a unique solution satisfying the initial values given by zμ+1,0.
Moreover, this solution locally solves the closed loop problem

F(t, x,K(t,G(t, x)), ẋ) = 0.

Proof. The proof is analogous to that of Theorem 4.34. �

Remark 4.44. For the determination of a reduced differential-algebraic equation
of the form (4.49), it is sufficient to consider Fμ in order to compute the desired
regularizing state or output feedback and the solution of the closed loop system.

Remark 4.45. Suppose that for a given control problem (4.58) the variable x can be
split into (x1, x2) in such a way that the reduced problem (4.59) can be transformed
to

ẋ1 = L(t, x1, u), x2 = R(t, x1, u)

according to (4.52). Then for every u with u(t0) sufficiently close to u0 the closed
loop reduced problem obviously is regular and strangeness-free. Due to the structure
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of the problem (cp. Remark 4.36), we do not need to require that u̇ is part of the
parameters in order to get the results of Corollaries 4.40 and 4.42. Accordingly, we
do not need to require that u̇(t0) = u̇0.

Example 4.46. A control problem for a multibody system has the form

ṗ = v,

M(p)v̇ = f (p, q, u)+ gp(p)
T λ,

g(p) = 0,

since the control typically acts via external forces. Assuming that gp(p) has full row
rank and that M(p) is symmetric and positive definite, a possible reduced problem
has the form

ṗ1 − v1 = 0,

v̇1 = [ I 0 ]M(p)−1(f (p, v, u)− gp(p)
T λ),

g(p) = 0,

gp(p)v = 0,

gpp(v, v)+ gp(p)M(p)−1(f (p, v, u)+ gp(p)
T λ) = 0,

cp. (4.44). Moreover, this system is regular and strangeness-free for given u near
the initial value, cp. Exercise 4.46. Comparing with (4.52), we have the splitting of
variables

x1 = (p1, v1), x2 = u, x3 = (p2, v2, λ).

The special structure of the reduced problem implies that from ẋ3 only λ̇may depend
on u̇. Thus, Remark 4.36 and Remark 4.45 apply.

4.5 Differential equations on manifolds

The aim of this section is to show that regular, strangeness-free differential-alge-
braic equations are closely related to differential equations on manifolds. Although
we have mainly worked in some (metric) space Rn, in this section we consider the
case of a general topological space M. As it is common in the context of manifolds,
we assume that M is a Hausdorff space (i.e., we can separate two different points by
disjoint open neighborhoods) and that M possesses a countable (topological) basis.
We follow here the presentation in [66], [68], see also [6], [174], [175]. For brevity
we omit proofs concerning the basic theory of manifolds.

Before we can define a manifold properly, we need some preparations.

Definition 4.47. A homeomorphism (i.e., a continuous and open bijective map)
ϕ : U→ V with open sets U ⊆ M and V ⊆ Rd for some d ∈ N0 is called a chart
of M.
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Definition 4.48. Two charts ϕi : Ui → Vi , i = 1, 2, are called consistent if either
U1 ∩ U2 = ∅ or

ϕ2 � ϕ−1
1 : ϕ1(U1 ∩ U2)→ ϕ2(U2 ∩ U1)

and
ϕ1 � ϕ−1

2 : ϕ2(U2 ∩ U1)→ ϕ1(U1 ∩ U2)

are homeomorphisms.

Definition 4.49. A collection {ϕi}i∈J, ϕi : Ui → Vi , of charts of M is called an
atlas of M if every two charts are consistent and

M =
⋃
i∈J

Ui .

Definition 4.50. Two atlases of M are called equivalent if their union is again an
atlas of M.

Definition 4.51. Let M be a Hausdorff space that possesses a countable (topo-
logical) basis. Then, M together with an equivalence class of atlases is called a
manifold.

Note that the quantity d, i.e., the vector space dimension of the image space of
a chart, may be different for different charts. Given a chart ϕ : U→ V, the use of
an equivalence class of atlases allows us to add charts of the form ϕ|

Ũ
: Ũ→ ϕ(Ũ)

with Ũ ⊆ U open without violating the consistency of the charts and thus without
changing the manifold. We can therefore assume that there exist charts defined on
suitably small neighborhoods of a given point in M.

The value of d belonging to a given chart can be seen as the local dimension of
the manifold. Hence, we define the dimension of a manifold as follows.

Definition 4.52. Let {ϕi}i∈J, ϕi : Ui → Vi , be an atlas of the manifold M. If there
exists a d ∈ N0 such that Vi ⊆ Rd for all i ∈ J, then M is called a manifold of
dimension d.

To characterize which manifolds actually possess a dimension, we have the
following results.

Lemma 4.53. Every manifold is a (disjoint) union of pathwise connected mani-
folds.

Theorem 4.54. Let M be a pathwise connected manifold. Then, M can be assigned
a dimension in the sense of Definition 4.52.

Thus, if we restrict ourselves to pathwise connected manifolds M, then we can
always speak of the dimension of the manifold. It is common to denote it by dim M.
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Example 4.55. Let M ⊆ Rn be open. Then, M becomes a manifold by the trivial
atlas {ϕ} with

ϕ : M→M, ϕ(x) = x.

Moreover, we have dim M = n.

Example 4.56. Let M = {(x1, x2, x3) ∈ R3 | x2
1 + x2

2 + x2
3 = 0} and set

ϕ1 : U1 → R
2, U1 =M \ {(0, 0, 1)}, ϕ1(x1, x2, x3) = 1

1− x3
(x1, x2),

ϕ2 : U2 → R
2, U2 =M \ {(0, 0,−1)}, ϕ2(x1, x2, x3) = 1

1+ x3
(x1, x2),

recalling that we identify column vectors and tuples. The maps ϕ1 and ϕ2 are the
so-called stereographic projections of the sphere M from the north and south pole
onto the (x1, x2)-plane. The set {ϕ1, ϕ2} forms an atlas of M. Obviously, we have
dim M = 2.

We want to mention already at this point that we use the symbol d to denote
the dimension of a manifold, since it will turn out that in the interpretation of a
regular strangeness-free differential-algebraic equation as a differential equation
on a manifold, the dimension of this manifold will coincide with the size of the
differential part of the differential-algebraic equation.

Up to now, we have only considered topological aspects of manifolds. We also
speak of topological manifolds. For an analytical point of view, as for example
differentiability of functions between manifolds, we need smooth atlases.

Definition 4.57. Let {ϕi}i∈J, ϕi : Ui → Vi , be an atlas of the manifold M. Suppose
that there exists a k ∈ N0 ∪ {∞} such that

ϕj � ϕ−1
i ∈ Ck(ϕi(Ui ∩ Uj ), ϕj (Uj ∩ Ui ))

for all i, j ∈ J with Ui ∩ Uj �= ∅. Then, M is called a manifold of class Ck .

Definition 4.58. Let M and L be manifolds of class Ck with atlases {ϕi}i∈J and
{ψj }j∈K according to Definition 4.57. A map f : M → L is called 
-times con-
tinuously differentiable with 
 ≤ k, denoted by f ∈ C
(M,L), if ψj � f � ϕ−1

i is

-times continuously differentiable for all i ∈ J, j ∈ K, for which the composition
is defined.

Given a manifold M ⊆ Rn, we have an intuitive imagination when M may be
called a submanifold of Rn. Note that if we only know that we have a manifold
M ⊆ Rn, then this does not imply that M is a topological subspace of Rn, since M

may have a topology that is not the induced topology from Rn. In the case that M

is of class Ck , the property of being a submanifold Rn of class Ck should at least
guarantee that functions defined on Rn of class Ck remain of class Ck if they are
restricted to M.
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Definition 4.59. Let M and X be manifolds of dimensions d and n, respectively,
and let d ≤ n. A topological embedding of M in X is a continuous map iM : M→ X

such that M and iM(M) are homeomorphic.

Definition 4.60. Let X be a manifold and let M̃ ⊆ X be a topological subspace
of X. We call M̃ a topological submanifold of X if there exists a manifold M and
an embedding iM : M→ X such that M̃ = iM(M).

Remark 4.61. Let X = Rn be as in Definition 4.60 and let M ⊆ Rn be a manifold.
Then, M is a submanifold of Rn if

iM : M→ R
n, iM(x) = x

is an embedding with M̃ = iM(M), where M̃ =M as sets, but where M̃ is consid-
ered as topological subspace of Rn, i.e., with the topology induced from Rn.

Since the manifolds M and M̃ as in Remark 4.61 cannot be distinguished as
topological spaces, it is common to see them as the same object. Moreover, one can
show that every manifold is a submanifold of Rn for a sufficiently large n. Hence,
we only need to consider manifolds that are submanifolds of some Rn.

Example 4.62. In the following we consider Rd as a submanifold of Rn, where
d ≤ n, by the so-called standard embedding given by

iRd : Rd → R
n, iRd (x1, . . . , xd) = (x1, . . . , xd, 0, . . . , 0).

In particular, we identify Rd with iRd (Rd).

Definition 4.63. A map ϕ : U→ V, U,V ⊆ Rn open, is called a diffeomorphism
if it is bijective and both ϕ and ϕ−1 are of class C1. It is called a diffeomorphism
of class Ck , k ∈ N ∪∞, if in addition both ϕ and ϕ−1 are of class Ck .

Definition 4.64. A topological subspace M ⊆ Rn is said to be a submanifold of Rn

of dimension d and of class Ck , k ∈ N ∪ ∞, if for every x ∈ M there exists an
open neighborhood Ũ ⊆ Rn of x and a diffeomorphism ϕ̃ : Ũ → Ṽ of class Ck

with Ṽ ⊆ Rn open and
ϕ̃(M ∩ Ũ) = Ṽ ∩ R

d . (4.69)

Of course, a submanifold M ⊆ Rn of dimension d and of class Ck is itself a
manifold of dimension d and of class Ck . First of all, a topological subspace of Rn

is a Hausdorff space with a countable topological basis. Moreover, we can construct
an atlas in the following way. For every x ∈ M, we define a chart ϕ : U → V by
taking a diffeomorphism ϕ̃ according to Definition 4.64 and setting

ϕ = ϕ̃|U, U =M ∩ Ũ, V = Ṽ ∩ R
d, (4.70)
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the latter considered as an open subset of Rd . For two charts ϕi : Ui → Vi , i = 1, 2,
we then have that

ϕ2 � ϕ−1
1 = ϕ̃2 � ϕ̃−1

1 � iRd

is a diffeomorphism of class Ck as a map from ϕ1(U1 ∩ U2) to ϕ2(U2 ∩ U1).
In our context, the most important kind of manifolds are those that are defined

as the set of zeros of (smooth) nonlinear equations H(x) = 0, where the Jaco-
bian Hx(x) is assumed to have full row rank for all x at least on the set of zeros.

Theorem 4.65. Let H ∈ Ck(D,Ra), D ⊆ Rn open, k ∈ N ∪ ∞, with M =
H−1({0}) �= ∅ and suppose that rank Hx(x) = a ≤ n for all x ∈M. Then, M is a
submanifold of Rn of dimension d = n− a and of class Ck .

Proof. Let x0 ∈ M. Since rank Hx(x0) = a, we can split x according to x =
(x1, x2) such that Hx2(x1,0, x2,0) is nonsingular. Applying the implicit function
theorem, there exists an open neighborhood V of x1,0 ∈ Rd and a function G ∈
Ck(V,Ra) with G(x1,0) = x2,0 and

H(x1,G(x1)) = 0 for all x1 ∈ V.

Now we define ϕ̃ by ϕ̃(x1, x2) = (x1, H(x1, x2)). Since

ϕ̃′(x1,0, x2,0) =
[

Id 0
Hx1(x1,0, x2,0) Hx2(x1,0, x2,0)

]
,

the inverse function theorem yields that there exist neighborhoods Ũ ⊆ Rn of
(x1,0, x2,0) and Ṽ ⊆ Rn of (x1,0, 0) such that ϕ̃ : Ũ → Ṽ is a diffeomorphism of
class Ck . Moreover, by construction ϕ̃(x1, x2) = (x1, 0) for (x1, x2) ∈ M ∩ Ũ

which implies (4.70). Thus, M is a submanifold of Rn of dimension d = n− a and
of class Ck by Theorem 4.65. In particular, the corresponding chart ϕ of M from
(4.69) satisfies

ϕ(x1, x2) = x1, ϕ−1(x1) = (x1,G(x1)),

with possibly smaller neighborhoods U and V as from the implicit function theorem.
�

In order to define differential equations on manifolds, we first need the notions
of tangent spaces and vector fields. For this, let M in the following be a manifold
of class C1. Note also that in the following we will use a prime to denote the total
derivative of a function.

Given x0 ∈ M and a chart ϕ : U → V ⊆ Rd of M with x0 ∈ U, we consider
functions

γ ∈ C1((−ε, ε),U), γ (0) = x0,

and
ϑ ∈ C1(U,R), ϑ(x0) = 0.
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Sinceψ : (−ε, ε)→ (−ε, ε)withψ(t) = t is a chart for both the manifolds (−ε, ε)
and R, we have by definition

ϕ � γ = ϕ � γ � ψ−1 ∈ C1((−ε, ε),V)
and (at least for sufficiently small V)

ϑ � ϕ−1 = ψ � ϑ � ϕ−1 ∈ C1(V,R).

Hence,
ϑ � γ = ϑ � ϕ−1 � ϕ � γ ∈ C1((−ε, ε),R)

and (ϑ � γ )′(0) ∈ R is defined. Setting

�x0 = {γ ∈ C1((−ε, ε),U) | γ (0) = x0, ε sufficiently small}
and

�x0 = {ϑ ∈ C1(U,R) | ϑ(x0) = 0},
we can therefore define the following.

Definition 4.66. Let γ1, γ2 ∈ �x0 . We call γ1 and γ2 to be equivalent and write
γ1 ∼ γ2 if

(ϑ � γ1)
′(0) = (ϑ � γ2)

′(0) for all ϑ ∈ �x0 . (4.71)

The corresponding equivalence class of a given γ ∈ �x0 , denoted by [γ ]x0 , is called
a tangent vector to M at x0. The set

Tx0(M) = {[γ ]x0 | γ ∈ �x0} (4.72)

is called the tangent space of M at x0.

Let γ1, γ2 ∈ �x0 and γ1 ∼ γ2. The defining relation (4.71) implies that

(ϑ � ϕ−1 � ϕ � γ1)
′(0) = (ϑ � ϕ−1 � ϕ � γ2)

′(0)

or
(ϑ � ϕ−1)′(ϕ(x0))(ϕ � γ1)

′(0) = (ϑ � ϕ−1)′(ϕ(x0))(ϕ � γ2)
′(0)

for all ϑ ∈ �x0 . Choosing ϑ ∈ �x0 by

ϑ(x) = eTk (ϕ(x)− ϕ(x0)),

where ek is the k-th canonical basis vector of Rd , yields

(ϑ � ϕ−1)′(ϕ(x0)) = eTk .
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Hence, γ1 ∼ γ2 implies

(ϕ � γ1)
′(0) = (ϕ � γ2)

′(0)

and the function

�x0 : Tx0(M)→ R
d, �x0([γ ]x0) = (ϕ � γ )′(0) (4.73)

is well defined. Choosing γ ∈ �x0 by

γ (t) = ϕ−1(ϕ(x0)+ tz)

for a given z ∈ Rd , we find that

(φ � γ )(t) = ϕ(x0)+ tz,

hence (φ � γ )′(0) = z, and it follows that �x0 is surjective. Furthermore, if

(ϕ � γ1)
′(0) = (ϕ � γ2)

′(0),

then (4.71) holds, since

(ϑ � γ )′(0) = (ϑ � ϕ−1 � ϕ � γ )′(0) = (ϑ � ϕ−1)′(ϕ(x0))(ϕ � γ1)
′(0).

This implies that γ1 ∼ γ2 or [γ1]x0 = [γ2]x0 , and thus �x0 is injective.
Hence, we have shown that�x0 is bijective and we can import the linear structure

and topology from Rd into Tx0(M). In particular, Tx0(M) becomes a topological
vector space homeomorphic to Rd , justifying so the name tangent space.

As next step, we gather all tangent spaces that belong to a given manifold.

Definition 4.67. For a manifold M, the (disjoint) union

T (M) =
⋃
x∈M

Tx(M) (4.74)

is called the tangent bundle of M.

Let ϕ : U→ V be a chart of M. Setting

W =
⋃
x∈U

Tx(M) ⊆ T (M)

and defining

ψ : W→ V× R
d, ψ([γ ]x) = (ϕ(x),�x([γ ]x)), (4.75)

we at once see that ψ is bijective. Taking the induced topology in W, the map ψ

becomes a homeomorphism. Let now {ϕi}i∈J, ϕ : Ui → Vi , be an atlas of M and
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consider ψi : Wi → Vi × Rd constructed as in (4.75). Defining W ⊆ T (M) to be
open if and only if W ∩Wi is open in Wi for all i ∈ J yields a topology in T (M)

such that it becomes a manifold. Moreover, if M has dimension d , then T (M) has
dimension 2d. Observe that ψ([γ ]x) = (u, z) with (u, z) ∈ V × Rd implies that
ϕ(x) = u, �x([γ ]x) = z, and thus x = ϕ−1(u), (ϕ � γ )′(0) = z, γ (0) = ϕ−1(u).
Therefore, the inverse of ψi is given by

ψ−1
i (u, z) = [γ ]x, x = ϕ−1

i (u), (ϕi � γ )′(0) = z, γ (0) = ϕ−1
i (u)

such that

(ψj � ψ−1
i )(u, z) = ψj([γ ]x)

= (ϕj (x),�x([γ ]x))
= ((ϕj � ϕ−1

i )(u), (ϕj � γ )′(0))
= ((ϕj � ϕ−1

i )(u), (ϕj � ϕ−1
i � ϕi � γ )′(0))

= ((ϕj � ϕ−1
i )(u), (ϕj � ϕ−1

i )′((ϕi � γ )(0))(ϕi � γ )′(0))
= ((ϕj � ϕ−1

i )(u), (ϕj � ϕ−1
i )′(u)z).

Hence, ψj �ψ−1
i is of class Ck−1 if ϕj � ϕ−1

i is of class Ck , implying that T (M) is
of class Ck−1 if M is of class Ck .

Remark 4.68. Let M = H−1({0}) ⊆ Rn according to Theorem 4.65, let ϕ : U→
V be a chart of M and let γ ∈ C1((−ε, ε),U), γ (0) = x0. With the notation used
in the context of submanifolds, we define γ̃ ∈ C1((−ε, ε), Ũ) by

γ̃ = ϕ̃−1 � iRd � ϕ � γ.
Because of

(ϕ̃−1 � iRd � ϕ)(x) = x for all x ∈ U,

we have that
H(γ̃ (t)) = H(γ (t)) = 0 for all t ∈ (−ε, ε),

where H � γ̃ can now be differentiated with the help of the chain rule to obtain

Hx(x0)γ̃
′(0) = 0.

Observing that

(ϕ̃−1)′(iRd (ϕ(x0))) = (ϕ̃−1)′(ϕ̃(x0)) = (ϕ̃(x0))
−1,

we get

γ̃ ′(0) = (ϕ̃(x0))
−1
[
Id
0

]
(ϕ � γ )′(0).
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Since we can choose γ such that (ϕ � γ )′(0) ∈ Rd is arbitrary, the possible val-
ues for γ̃ ′(0) vary in a d-dimensional subspace of Rn, which is nothing else than
kernelHx(x0). Hence, we can identify Tx0(M) with kernelHx(x0) by the above
relation. In the same way, we can identify T (M) with the set {(x, kernelHx(x)) |
x ∈M}.
Definition 4.69. A vector field v on M is a continuous map v : M→ T (M) such
that

v(x) ∈ Tx(M) for all x ∈M. (4.76)

For given x ∈ C1((−ε, ε),M), we use the notation

d
dt
x(t) = [γ ]x(t) ∈ Tx(t)(M),

where γ ∈ �x(t) is defined by γ (s) = x(s + t) for fixed t ∈ (−ε, ε). With this, we
now consider the problem of finding a function x ∈ C1((−ε, ε),M) that (pointwise)
satisfies

d
dt
x(t) = v(x(t)), x(0) = x0 (4.77)

for given initial value x0 ∈M and given vector field v on M. We call this an initial
value problem for an ordinary differential equation on M.

Let ϕ : U → V be a chart of M with x0 ∈ U and ψ : W → V × Rd the
corresponding chart of T (M). Using the projections

π1, π2 : Rd × R
d → R

d, π1(u, z) = u, π2(u, z) = z,

we consider the initial value problem

y′ = f (y), y(0) = ϕ(x0) ∈ V, (4.78)

with
f = π2 � ψ � v � ϕ−1 : V→ R

d . (4.79)

If we require f to be differentiable with Lipschitz continuous derivative (assum-
ing M to be of class C2 such that T (M) is of class C1, and v to be of class C1

would guarantee this for a sufficiently small V), then we get a unique local solution
y ∈ C1((−ε, ε),V) with ε > 0 sufficiently small.

Setting
x = ϕ−1 � y : (−ε, ε)→ U

and taking γ ∈ �x(t) with γ (s) = x(s + t) for fixed t ∈ (−ε, ε), we find that

(ϕ � γ )(s) = ϕ(γ (s)) = ϕ(x(s + t)) = (ϕ � x)(s + t) = y(s + t)

and thus

d
dt
x(t) = [γ ]x(t) = ψ−1(ψ([γ ]x(t)))
= ψ−1(ϕ(x(t)), (ϕ � γ )′(0)) = ψ−1(y(t), y′(t)),
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while

v(x(t)) = ψ−1((ψ � v � ϕ−1 � y)(t))
= ψ−1((π1 � ψ � v � ϕ−1 � y)(t), (π2 � ψ � v � ϕ−1 � y)(t)).

Because of

(π1 � ψ � v � ϕ−1 � y)(t) = (π1 � ψ � v � x)(t) = (π1 � ψ)(v(x(t)))
= (π1 � ψ)([γ ]x(t)) = π1(ψ([γ ]x(t))) = ϕ(x(t)) = y(t)

and
(π2 � ψ � v � ϕ−1 � y)(t) = f (y(t)) = y′(t),

we also have
v(x(t)) = ψ−1(y(t), y′(t)).

Hence, the so constructed x ∈ C1((−ε, ε),U) locally solves (4.77).

Theorem 4.70. Under the stated smoothness assumptions, the initial value problem
(4.78) locally possesses a unique solution x ∈ C1((−ε, ε),U).
Proof. It remains to show that the local solution x constructed in the above way
does not depend on the selected chart. For this, let ϕi : Ui → Vi , i = 1, 2, be two
charts of M and x0 ∈ U1 ∩ U2 �= ∅. Let yi ∈ C1((−ε, ε),V1 ∩ V2), i = 1, 2, be
(local) solutions of

y′i = fi(yi), yi(0) = ϕi(x0),

with
fi = π2 � ψi � v � ϕ−1

i .

We then must show that
ϕ−1

1 � y1 = ϕ−1
2 � y2.

Because of the unique solvability of initial value problems in Rd , it is sufficient to
show that y2 = ϕ2 � ϕ−1

1 � y1 solves

y′2 = f2(y2), y2(0) = ϕ2(x0).

We first observe that

y2(0) = (ϕ2 � ϕ−1
1 )(y1(0)) = (ϕ2 � ϕ−1

1 )(ϕ1(x0)) = ϕ2(x0).

Because of

(π2 � ψ2)([γ ]x) = (ϕ2 � γ )′(0) = (ϕ2 � ϕ−1
1 � ϕ1 � γ )′(0)

= (ϕ2 � ϕ−1
1 )′((ϕ1 � γ )(0))(ϕ1 � γ )′(0)

= (ϕ2 � ϕ−1
1 )′(ϕ1(x))(ϕ1 � γ )′(0)

= (ϕ2 � ϕ−1
1 )′(ϕ1(x))(π2 � ψ1)([γ ]x),
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we find that

y′2(t) = (ϕ2 � ϕ−1
1 � y1)

′(t) = (ϕ2 � ϕ−1
1 )(y1(t))y

′
1(t)

= (ϕ2 � ϕ−1
1 )(y1(t))f1(y1(t))

= (ϕ2 � ϕ−1
1 )(y1(t))(π2 � ψ1 � v � ϕ−1

1 )(y1(t))

= (π2 � ψ2 � v � ϕ−1
1 )(y1(t)) = (π2 � ψ2 � v � ϕ−1

2 )(y2(t)) = f2(y2(t)),

where we used that

(v � ϕ−1
1 )(y1(t)) ∈ Tϕ−1

1 (y1(t))
(M). �

As usual, one can continue the so obtained local solution until the boundary of M

is reached. Note that this does not imply that there exists a solution inC1([0, T ],M)

for a given T > 0. As for ordinary differential equations, the existence of a unique
solution to the initial value problems allows for the definition of flows, i.e., of
functions that map a given initial value on the final value of the corresponding
solution after a given time interval. Starting with a solution x∗ ∈ C1([0, T ],M) of
d
dt
x(t) = v(x(t)), we can proceed as follows. There exists a grid

0 = t0 < t1 < · · · < tN = T

and charts ϕi : Ui → Vi , i = 0, . . . , N − 1, of M such that x∗(t) ∈ Ui for all
i ∈ [ti , ti+1]. Thus, for every chart ϕi , we have a solution yi ∈ C1([ti , ti+1],Vi ) of

y′ = fi(y), y(ti) = y∗i , y∗i = ϕi(x
∗(ti)) ∈ Vi ,

where fi = π2 �ψi �v �ϕ−1
i and whereψi is the chart of T (M) belonging to ϕi . Let

ŨN ⊆ UN−1 be a neighborhood of x∗(tN ). Then there exists a sufficiently small
neighborhood ŨN−1 ⊆ UN−2 ∩ UN−1 of x∗(tN−1) such that

y′ = fN−1(y), y(tN−1) = ϕN−1(x)

has a (unique) solution y ∈ C1([tN−1, tN ],VN−1) with y(tN) ∈ ϕ(ŨN) for all
x ∈ ŨN−1. This defines a map

φN−1 : ŨN−1 → ŨN, x �→ ϕ−1
N−1(y(tN)).

In this way, we inductively get neighborhoods Ũi of x∗(ti) and maps

φi : Ũi → Ũi+1, x �→ ϕ−1
i (y(ti+1))

for i = 0, . . . , N − 1, where y ∈ C1([ti , ti+1],Vi ) is the solution of

y′ = fi(y), y(ti) = ϕi(x),
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with y(ti+1) ∈ ϕi(Ũi+1) due to the construction of the sets Ũ0, . . . , ŨN . The
composition

φ = φN−1 � · · · � φ1 � φ0

then is a map
φ : Ũ0 → ŨN, x0 �→ x(T )

that maps a given initial value x0 ∈ Ṽ0 to the final value x(T ) of the solution x ∈
C1([0, T ],M) of the initial value problem (4.77). In particular, φ(x∗(0)) = x∗(T ).
In this construction, the assumption on the existence of a solution x∗ can be dropped
if T is sufficiently small, since solutions always exist at least locally. In this way,
we can define maps

φt : U→M, x0 �→ x(t)

for a given t ∈ R being sufficiently small in modulus and an appropriately chosen
open set U ∈ M. Obviously, φt can be inverted on φt (U) just by solving the
differential equation backwards from t to 0. Since the differential equation is
autonomous, this is the same as solving it from 0 to −t . Hence, there exists

φ−1
t : φt (U)→ U,

with
φ−1
t = φ−t .

In particular, we have that φ0 = id. Let now

φti : Ui →M, i = 1, 2, 3,

with t3 = t1 + t2 be given. Setting U = φ−1
t1
(U2) ∩ U3 and restricting φt1 and φt3

to U, we get
φt2 � φt1 = φt3 = φt1+t2,

due to the unique solvability of the initial value problems. The functions φt are
called flows.

In the following, we want to show that a solvable regular differential-algebraic
equation with strangeness index μ = 0 can be locally (near a given solution) inter-
preted as a differential equation on a manifold and vice versa. Due to Section 4.1, we
are allowed to assume without loss of generality that the given differential-algebraic
equation is autonomous and in the reduced form (4.23). We therefore consider

F̂1(x, ẋ) = 0, F̂2(x) = 0, (4.80)

with sufficiently smooth functions F̂1 and F̂2 and use the notation of Section 4.1.
Starting with a solution x∗ ∈ C1(I,Rn) of (4.80), the set

M = F̂−1
2 ({0}) (4.81)
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is nonempty by assumption. Because of

rank F̂2;x(x) = a for all x ∈M,

the set M ⊆ Rn forms a manifold of dimension d = n − a. Note that M actually
is a submanifold of Rn. Suppose that M is of class C2. Given a chart ϕ : U→ V,
say with x∗(t0) ∈ U for some t0 ∈ I, we may assume due to Theorem 4.65 that
x = (x1, x2), ϕ(x) = x1, and ϕ−1(x1) = (x1,R(x1)), in particular

x2 = R(x1),

with R : V→ Ra . Since F̂2(x1,R(x1)) = 0 for all x1 ∈ V, we have that

Rx1(x1) = −F̂2;x2(x1,R(x1))
−1F̂2;x1(x1,R(x1)).

By assumption,
F̂1(x1,R(x1), ẋ1,Rx1(x1)ẋ1) = 0

is solved by (x∗1 (t0), ẋ∗1 (t0)) and the Jacobian with respect to x1 is nonsingular.
Hence, we can solve locally for x1 according to

ẋ1 = L(x1),

where we may assume that L : V→ Rd . Note that[
Id

Rx1(x1)

]
L(x1) ∈ kernel F̂2;x(x1,R(x1)).

Following Remark 4.68, this vector of the kernel coincides with γ̃ ′(0), where γ̃

belongs to some γ ∈ C1((−ε, ε),U). In particular, it follows from Remark 4.68
that (ϕ � γ )′(0) = L(x1) holds. Hence,

v(x) = ψ−1(ϕ(x), (L � ϕ)(x))
defines a vector field v on U. The definition of v does not depend on the selected
chart, since F̂1(x, ẋ) = 0 locally has a unique solution ẋ ∈ kernel F̂2;x for given
x ∈M. Because of y = ϕ(x) = x1 and

f (y) = (π2 � ψ � v � ϕ−1)(y) = π2 � ψ � ψ−1(y,L(y)) = L(y),

the differential equation in V reads ẋ1 = L(x1). Thus, in order to solve the
constructed ordinary differential equation on M, we must solve

ẋ1 = L(x1), x2 = R(x1),

which is nothing else than the local version of the given differential-algebraic equa-
tion.



208 4 Nonlinear differential-algebraic equations

Conversely, let M ⊆ Rn be a manifold of dimension d with a vector field v and
consider an initial value problem

d
dt
x(t) = v(x(t)), x(0) = x0. (4.82)

We assume that M is of class Ck for sufficiently large k and that the inclusion
iM : M → Rn defined by iM(x) = x for all x ∈ M is also of class Ck . Let
ϕ : U → V be a chart of M with x0 ∈ U. Since Rn is a manifold with a trivial
chart, we have

iM � ϕ−1 ∈ Ck(V,Rn).

Defining F̃2 : Rn × V→ Rn by

F̃2(x, y) = x − (iM � ϕ−1)(y),

we have F̃2(x, ϕ(x)) = 0 for all x ∈ U. Moreover, since F̃2 ∈ Ck(Rn × V,Rn),
we are allowed to differentiate, and obtain

F̃2;x,y(x, y) = [ In − (iM � ϕ−1)′(y) ].
Thus, F̃−1

2 ({0}) ⊆ Rn+d forms a manifold Ũ of dimension d with the only chart
ϕ̃ : Ũ→ V, ϕ̃(x, y) = y, ϕ̃−1(y) = ((iM � ϕ−1)(y), y). The manifolds U and Ũ

are homeomorphic via

ϕ̃−1 � ϕ : U→ Ũ, (ϕ̃−1 � ϕ)(x) = ((iM � ϕ−1)(ϕ(x)), ϕ(x)) = (x, ϕ(x)).

Taking the chart ψ : W → U × Rd of T (M) that corresponds to ϕ, the above
differential equation reads

y′ = f (y), y = ϕ(x), f = π2 � ψ � v � ϕ−1

in local coordinates. Defining F̃1 : Rn × V× Rn × Rd → Rd by

F̃1(x, y, x
′, y′) = y′ − f (y),

the so obtained (strangeness-free) differential-algebraic equation

y′ = f (y), x = (iM � ϕ−1)(y)

together with y(0) = y0, y0 = ϕ(x0), is locally equivalent to the initial value
problem (4.82) on M. Note that the resulting differential-algebraic equation is for-
mulated in an unknown function (x, y) with values in Rn+d . We cannot expect
that we can reduce it to a differential-algebraic equation only for x without further
assumptions, since the reverse construction would yield a submanifold of Rn. As-
suming thus that M indeed is a submanifold of Rn, we can proceed as follows. Due



4.5 Differential equations on manifolds 209

to Definition 4.64, there exists a diffeomorphism ϕ̃ : Ũ→ Ṽ, with x0 ∈ Ũ ⊆ Rn

and Ṽ ⊆ Rn such that (4.70) defines a chart of M. Because of

iM � ϕ−1 = ϕ̃−1 � iRd ,

we are now allowed to differentiate according to

(iM � ϕ−1)′(y) = (ϕ̃−1 � iRd )
′(y) = (ϕ̃−1)′(iRd (y))

[
Id
0

]
.

Since (ϕ̃−1)′(iRd (y)) ∈ Rn,n is nonsingular, it follows that (iM � ϕ−1)′(y) ∈ Rn,d

has full column rank. In particular, this holds for U = (iM � ϕ−1)′(y0). Hence,
there exists an orthogonal matrix Z ∈ Rn,n, Z = [ Z1 Z2 ] with Z2 ∈ Rn,a and
ZT

2 U = 0 such that

ZT
1 F̃2(x, y) = ZT

1 (x − (iM � ϕ−1)(y)) = 0

can be solved locally for y = S(x). In this way, we get a locally equivalent differ-
ential-algebraic equation of the form

F̂1(x, x
′) = 0, F̂2(x) = 0

with

F̂1(x, x
′) = Sx(x)x

′ − f (S(x)),

F̂2(x) = ZT
2 (x − (iM � ϕ−1)(S(x))).

Differentiating the identity

ZT
1 (x − (iM � ϕ−1)(S(x))) ≡ 0,

we obtain
ZT

1 − ZT
1 USx(x0) = 0.

Thus, for (x0, x
′
0) with some x′0 ∈ Rn, we find that

F̂1;x′(x0, x
′
0) = Sx(x0) = (ZT

1 U)
−1ZT

1 ,

F̂2;x(x0) = ZT
2 − ZT

2 USx(x0) = ZT
2

and the so constructed differential-algebraic equation is strangeness-free.

Remark 4.71. Note that a standard ordinary differential equation y′ = f (y) triv-
ially is a differential equation on the manifold Rn. This observation is another
reason not to distinguish between ordinary differential equations and strangeness-
free differential-algebraic equations with a �= 0 in the definition of an index.
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Exercises

1. Determine all solutions x ∈ C1(R,R) of the differential-algebraic equation

x2 − t2 = 0.

Do the same, allowing for solutions x ∈ C0(R,R).

2. Determine all solutions x ∈ C1(R,R) of the differential-algebraic equation

xẋ = 0.

3. Determine all solutions x ∈ C1(R,R) of the differential-algebraic equation

x(ẋ − 2t) = 0.

4. Sketch the solution behavior of the initial value problem

ẋ1 = 1, x1 − x2(x
2
2 − 1) = 0, x1(0) = 0, x2(0) = −1

for t ≥ 0. What happens?
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5. Let x∗ ∈ C1(I,R2) with I = [0, 2
9

√
3) be the solution of the initial value problem of

Exercise 4. Linearize the differential-algebraic equation at x∗ and determine the local
characteristic quantities of the linearized equation as function of t ∈ I. What happens
for t → 2

9

√
3 ?

6. Consider a sufficiently smooth function F ∈ C(I × Dx × Dẋ ,R
n). Let the matri-

ces M2(t, x(t), ẋ(t), ẍ(t)) and N2(t, x(t), ẋ(t), ẍ(t)) be defined according to (4.12)
for some appropriate function x ∈ C2(I,Rn). Verify that these matrices coincide
with M2(t) and N2(t) defined according to (3.29) setting E(t) = Fẋ(t, x(t), ẋ(t)) and
A(t) = −Fx(t, x(t), ẋ(t)).

7. Show that a (real) linear differential-algebraic equation with variable coefficients that
satisfies Hypothesis 3.48 also satisfies Hypothesis 4.2 and vice versa.

8. Consider

F(t, x, ẋ) =
[
ẋ2 − x1

x2

]
together with

F̃ (t, x, ẋ) = P(t, x, ẋ, F (t, x, ẋ)), P (t, x, ẋ, w) =
[

1 0
ẋ1 1

] [
w1

w2

]
,

cp. Example 4.1. Verify the relations in the proof of Lemma 4.7. In particular, show
that ẋ2 − x1 = 0 is sufficient to get a relation between (E,A) and (Ẽ, Ã) that has the
form of a global equivalence.

9. Let f : D→ R, D = S((x0, y0), ε) ⊆ Rm × Rn, be continuously differentiable, where
S((x0, y0), ε) denotes the open ball of radius ε around (x0, y0). Show that fy(x, y) = 0
for all (x, y) ∈ D implies that

f (x, y) = f (x, y0)

for all (x, y) ∈ D.

10. For the problems of Exercises 1, 2, and 3, determine the set L0 = F−1({0}) for the
corresponding function F : R × R × R→ R. Check whether it is possible to restrict
the domain of F in such a way that the restricted problem satisfies Hypothesis 4.2. If
this is the case, determine the corresponding reduced differential-algebraic equation and
discuss its solvability.

11. Let the differential-algebraic equation

ẋ2
1 = ẋ2, x2 = −t,

with I = R, Dx = R2, and Dẋ = {(ẋ1, ẋ2) ∈ R2 | ẋ1, ẋ2 > 0} be given. Show that
it satisfies Hypothesis 4.2 with μ = 0, a = 1, and d = 1. Determine a corresponding
reduced differential-algebraic equation (4.23). Why is there no corresponding system
of the form (4.25)?
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12. Discuss the properties of the differential-algebraic equation

xn

⎡
⎢⎢⎢⎢⎣

0 1
. . .

. . .

. . . 1
0

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
ẋ1
...
...

ẋn

⎤
⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎣

1
. . .

. . .

1

⎤
⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣
x1
...
...

xn

⎤
⎥⎥⎥⎥⎦+

⎡
⎢⎢⎢⎢⎣
f1(t)
...
...

fn(t)

⎤
⎥⎥⎥⎥⎦

for n ≥ 2.

13. Work out a simplified proof (compared with those given in Section 4.2) for the claim
that a differential-algebraic equation in Hessenberg form of index ν = 2 satisfies Hy-
pothesis 4.2 provided that the relevant constraints can be satisfied.

14. Discuss the properties of the overdetermined problem (4.46) given by

ẋ = f1(t), x = f2(t)

with m = 2 and n = 1.

15. Consider the overdetermined problem

ṗ = v,

M(p)v̇ = f (p, v)− gp(p)
T λ,

g(p) = 0,

gp(p)v = 0,

gpp(p)(v, v)+ gp(p)M(p)−1(f (p, v)− gp(p)
T λ) = 0,

obtained by just adding the hidden constraints of a multibody system to the original
differential-algebraic equation. Check whether this problem satisfies Hypothesis 4.30
under the usual assumptions on M and g. If this is the case, determine its characteristic
values.

16. Discuss the properties of the control problem (4.58) given by

x2 − t2 + u = 0

with m = 1, n = 1, and l = 1.

17. Discuss the properties of the control problem (4.58) given by

ẋ1 = 0, x2u = 0

with m = 2, n = 2, and l = 1. In particular, consider suitable restrictions of the domain
of the associated function F .

18. Give the proof of Corollary 4.40.

19. Show that the control problem associated with the multibody system in Example 4.46
is regular and strangeness-free for given u near the initial value.
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20. Show that the differential-algebraic equation

ẋ1 = x4, ẋ4 = −2x1x7,

ẋ2 = x5, ẋ5 = −2x2x7,

0 = x2
1 + x2

2 − x3,

0 = 2x1x4 + 2x2x5 − x6,

0 = 2x2
4 − 4x2

1x7 + 2x2
5 − 4x2

2x7 − x7 + 1 = 0

satisfies Hypothesis 4.2 with characteristic values μ = 0, a = 3, and d = 4. Reformu-
late this problem as a differential equation on a manifold.





Part II

Numerical solution of
differential-algebraic equations





Chapter 5

Numerical methods for strangeness-free problems

In the first part of this textbook, we have given a detailed analysis of the existence
and uniqueness of solutions, the consistency of initial conditions, and the theory of
generalized solutions and control problems. The second part now deals with the
numerical solution of differential-algebraic equations. In principle, one could try
to apply standard discretization schemes for ordinary differential equations directly
to differential-algebraic equations, by replacing for example derivatives by finite
differences. But it was observed immediately that, in contrast to the numerical
solution of ordinary differential equations, many difficulties arise for differenti-
al-algebraic equations. These difficulties are due to the algebraic constraints, in
particular to the hidden constraints, i.e., to those algebraic constraints that are not
explicitly given in the system. In view of the discussion in the first part, these arise
in problems with a strangeness index larger than zero. First of all, it may happen
that, although the problem has a unique solution, the solution of the discretized
equation is not unique, or vice versa. We will present such examples below. A
second problem is that explicit methods cannot be used directly as one can already
see from the linear constant coefficient problem (2.1), since an explicit method
would require the solution of a linear system with the (typically) singular matrix E.
A third effect is that, due to discretization errors, the numerical solution may drift
off from the analytical solution if the constraints are not explicitly forced during
the integration. In order to avoid this effect, the solution has to be forced to lie
on the constraint manifold. But, to be able to do this, a parameterization of this
manifold has to be known which is often difficult in higher index problems. A fourth
observation is that many differential-algebraic systems behave in some respect like
stiff differential equations which forces one to use methods with good stability
properties.

In view of the described difficulties, different approaches may be considered.
For problems with a particular structure, like for example mechanical multibody
systems or circuit simulation problems, one can use the structure to derive and
analyze classical discretization schemes. We will describe some of these approaches
below, see also [29], [79], [105], [108].

An alternative to a direct discretization of a higher index differential-algebraic
equation is to discretize an equivalent formulation of the problem with strangeness
index zero, as we have obtained it in (3.60) for linear systems with variable coef-
ficients and in (4.23) for nonlinear systems. In these equivalent strangeness-free
formulations, the solution set is the same as that of the original equation and parame-
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terizations of the constraint manifold are explicitly available. Hence, the numerical
solution can be forced to lie on this manifold.

In this chapter, we will discuss the two main classes of discretization methods,
namely one-step methods (concentrating on Runge–Kutta methods) and (linear)
multi-step methods, and their generalization to differential-algebraic equations. In
both cases, we will start with the treatment of linear differential-algebraic equati-
ons with constant coefficients and discuss why similar results cannot hold for linear
problems with variable coefficients. We then present methods that are suited for the
treatment of nonlinear semi-explicit systems of index one and of nonlinear systems
in the form (4.23).

Many of the results in this chapter are based on the well-known analysis for
the treatment of ordinary differential equations, see, e.g., [106], [108], [210]. We
assume that the reader is familiar with the basic concepts of this area. Nevertheless,
we sketch some of the fundamental results from the treatment of ordinary differential
equations placed in the context of general discretization methods. We complement
these results by some topics that become relevant in the investigation of the presented
numerical methods.

5.1 Preparations

In general, we study the numerical solution of initial value problems for differential-
algebraic systems of the form

F(t, x, ẋ) = 0, x(t0) = x0 (5.1)

in the interval I = [t0, T ] ⊂ R. We denote by t0 < t1 < t2 < · · · < tN = T

gridpoints in the interval I and by xi approximations to the solution x(ti). We
concentrate on a fixed stepsize, i.e., we use ti = t0 + ih, i = 0, . . . , N , and
T − t0 = Nh. Note that this notation is in conflict with the notation of the nilpotent
part in theWeierstraß canonical form (2.7), when we treat linear differential-algebra-
ic equations with constant coefficients. But there will be no problem to distinguish
the two meanings of N from the context.

A discretization method for the solution of (5.1) is given by an iteration

Xi+1 = F(ti ,Xi;h), (5.2)

where the Xi are elements in some Rn, together with quantities X(ti) ∈ Rn repre-
senting the actual solution at ti . We are then interested in conditions that guarantee
convergence of the methods in the sense that XN tends to X(tN ) when h tends to
zero. Throughout this chapter we consider only real problems and we assume, for
convenience, that all functions are defined on a compact set and are sufficiently
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smooth, and that all numerical approximations stay in the domain of all relevant
functions.

Definition 5.1. The discretization method (5.2) is said to be consistent of order p
if

‖X(ti+1)− F(ti ,X(ti);h)‖ ≤ Chp+1, (5.3)

with a constant C independent of h.

Definition 5.2. The discretization method (5.2) is said to be stable if there exists a
vector norm ‖ · ‖ such that

‖F(ti ,X(ti);h)− F(ti ,Xi;h)‖ ≤ (1+ hK)‖X(ti)− Xi‖ (5.4)

in this vector norm, with a constant K independent of h.

Definition 5.3. The discretization method (5.2) is said to be convergent of order p
if

‖X(tN )− XN‖ ≤ Chp, (5.5)

with a constant C independent of h, provided that

‖X(t0)− X0‖ ≤ C̃hp, (5.6)

with a constant C̃ independent of h.

Note that consistency and convergence do not depend on the selected vector
norm, since in Rn all vector norms are equivalent. Thus, if stability is involved,
then we always work with the vector norm selected for (5.4).

Theorem 5.4. If the discretization method (5.2) is stable and consistent of order p,
then it is convergent of order p.

Proof. From

‖X(ti+1)− Xi+1‖ = ‖X(ti+1)− F(ti ,X(ti);h)+ F(ti ,X(ti);h)− Xi+1‖
≤ Chp+1 + (1+ hK)‖X(ti)− Xi‖,

it follows that

‖X(tN )− XN‖ ≤ Chp+1 + (1+ hK)‖X(tN−1)− XN−1‖
≤ Chp+1 + (1+ hK)Chp+1 + (1+ hK)2‖X(tN−2)− XN−2‖
≤ Chp+1(1+ (1+ hK)+ · · · + (1+ hK)N−1)

+ (1+ hK)N‖X(t0)− X0‖

≤ Chp+1 (1+ hK)N − 1

(1+ hK)− 1
+ (1+ hK)NC̃hp

≤ (C/K + C̃) exp(K(T − t0))h
p. �
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When studying Runge–Kutta methods or linear multi-step methods, it is often
convenient to describe the structure of some matrices via the Kronecker product of
two matrices. The Kronecker product of R = [rij ] ∈ Ck,l with S ∈ Cm,n is defined
as the block matrix R ⊗ S = [rij S] ∈ Ckm,ln. Its main properties are given in the
following lemma.

Lemma 5.5. The Kronecker product has the following properties:

1. Let matricesU,V andR, S be given such that the productsUR,V S exist. Then,

(U ⊗ V )(R ⊗ S) = UR ⊗ V S. (5.7)

2. Let R ∈ Ck,l and S ∈ Cm,n. Considering R ⊗ S as a block matrix consisting
of blocks of size m× n, we define the so-called perfect shuffle matrices �1 and
�2 with respect to the rows and columns, respectively, by the following process:
Take the first row/column of the first block, then the first row/column of the second
block, and so on until the first row/column of the last block, continue in the same
way with the second row/column of every block, until the last row/column of
every block. With the so obtained permutation matrices �1 and �2, we get

�T
1 (R ⊗ S)�2 = S ⊗ R. (5.8)

If k = l and m = n, then �1 = �2 = � and S ⊗ R is similar to R ⊗ S.

Proof. The proof is left as an exercise, cp. Exercise 1. �

When we discuss the numerical solution of strangeness-free nonlinear differ-
ential-algebraic equations of the form (4.23), we will always assume that a unique
solution x∗ ∈ C1(I,Rn) of the corresponding initial value problem exists. Lin-
earizing (4.23) along x∗ yields the matrix functions

Ê1(t) = F̂1;ẋ (t, x∗(t), ẋ∗(t)), Â1(t) = −F̂1;x(t, x∗(t), ẋ∗(t)),
Â2(t) = −F̂2;x(t, x∗(t)).

(5.9)

The central property of this linearization is given by the following lemma.

Lemma 5.6. Consider a pair (Ê, Â) of continuous matrix functions of the form

Ê =
[
Ê1
0

]
, Â =

[
Â1

Â2

]
(5.10)

according to (5.9). Then there exist (smooth) pointwise nonsingular matrix func-
tions P ∈ C(I,Rn,n) and Q ∈ C1(I,Rn,n) such that

P ÊQ =
[
Id 0
0 0

]
, P ÂQ− P ÊQ̇ =

[
0 0
0 Ia

]
. (5.11)
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In particular, P has the special form

P =
[
P11 P12
0 P22

]

matching the block structure of Ê and Â.

Proof. Recalling that due to the construction of (4.23) in Section 4.1 the pair (Ê, Â)
of matrix functions is regular and strangeness-free, the claim is a special version
of Theorem 3.32. The structure of P follows from the fact that in the sequence
of equivalence relations in the proof of Theorem 3.32 the first block row never
contributes to the second block row. �

For the systems of nonlinear equations that arise by discretization, we must show
the existence of solutions near the corresponding value of the true solution. We will
always do that on the basis of the following convergence result for a Newton-like
method. Note that this Newton-like iteration is a tool for the analysis, it should not
be used in the actual computation of numerical approximations. Observe also that
for simplicity we use an adapted notation in this theorem and a related corollary.

Theorem 5.7. Let F ∈ C1(D,Rn) with an open and convex set D. Let x0 ∈ D

and let x̂ ∈ D be such that F ′(x̂) is invertible, where F ′(x̂) denotes the Fréchet
derivative of F evaluated at x̂. Furthermore, let constants α, β, γ be given such
that for some vector norm and the associated matrix norm

‖F ′(x̂)−1F(x0)‖ ≤ α, (5.12a)

‖F ′(x̂)−1‖ ≤ β, (5.12b)

‖F ′(x)− F ′(y)‖ ≤ γ ‖x − y‖ for all x, y ∈ D, γ �= 0, (5.12c)

‖x0 − x̂‖ < 1

βγ
, (5.12d)

2αβγ ≤ (1+ βγ τ̂ )2 with τ̂ = −‖x0 − x̂‖ (5.12e)

S(x0, ρ−) ⊆ D, ρ± = 1

βγ
(1+ βγ τ̂ ±

√
(1+ βγ τ̂ )2 − 2αβγ ), (5.12f)

where S(x0, ρ−) denotes the closure of the open ball S(x0, ρ−) of radius ρ−
around x0. Then,

xm+1 = xm − F ′(x̂)−1F(xm) (5.13)

defines a sequence {xm} of points in S(x0, ρ−) which converges to a point x∗ in
S(x0, ρ−) that satisfies F(x∗) = 0. There is no other solution of F(x) = 0 in

S(x0, ρ−) ∪ (S(x0, ρ+) ∩ D).

In particular, for ρ− < ρ+ the solution x∗ is locally unique.
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Proof. If x0, . . . , xm ∈ D, then we have

‖xm+1 − xm‖ = ‖F ′(x̂)−1F(xm)‖
= ‖F ′(x̂)−1[F(xm)− F(xm−1)− F ′(x̂)(xm − xm−1)]‖
= ‖F ′(x̂)−1[F(xm−1 + s(xm − xm−1))|s=1

s=0 − F ′(x̂)(xm − xm−1)]‖
= ∥∥F ′(x̂)−1

∫ 1

0

[
F ′(xm−1 + s(xm − xm−1))− F ′(x̂)

]
(xm − xm−1)ds

∥∥
≤ βγ ‖xm − xm−1‖

∫ 1

0
‖xm−1 + s(xm − xm−1)− x̂‖ds

= βγ ‖xm − xm−1‖
∫ 1

0
‖s(xm − x̂)+ (1− s)(xm−1 − x̂)‖ds

≤ 1

2
βγ ‖xm − xm−1‖(‖xm − x̂‖ + ‖xm−1 − x̂‖).

Considering the quadratic polynomial ϕ : R→ R given by

ϕ(τ) = 1
2βγ τ

2 − (βγ τ̂ + 1)τ + α

and observing that ϕ̇(τ̂ ) = −1, we define a sequence {τm} via

τm+1 = τm − ϕ(τm)

ϕ̇(τ̂ )
= τm + ϕ(τm), τ0 = 0.

Using τ̂ = −‖x0 − x̂‖, we obtain that

‖x1 − x0‖ ≤ α = τ1 − τ0.

By induction, it follows that

‖xm − x̂‖ ≤ ‖xm − xm−1‖ + · · · + ‖x1 − x0‖ + ‖x0 − x̂‖
≤ (τm − τm−1)+ · · · + (τ1 − τ0)+ (τ0 − τ̂ ) = τm − τ̂

and

‖xm+1 − xm‖ ≤ 1

2
βγ (τm − τm−1)((τm − τ̂ )+ (τm−1 − τ̂ ))

= 1

2
βγ (τm − τm−1)(τm + τm−1 − 2τ̂ )

= 1

2
βγ τ 2

m −
1

2
βγ τ 2

m−1 − βγ τ̂ (τm − τm−1)

= 1

2
βγ τ 2

m − (τm − τm−1 + (βγ τ̂ + 1)τm−1 − α)− βγ τ̂ (τm − τm−1)

= ϕ(τm) = τm+1 − τm.
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Since ρ± are the two zeros of ϕ, it is obvious that the increasing sequence {τm}
converges with τm→ ρ−. Hence, we have

‖xm − x0‖ ≤ τm − τ0 = τm < ρ−,

i.e., the sequence {xm} is well defined and stays in S(x0, ρ−). Since {τm} is a
converging majorizing sequence, {xm} converges to some x∗ ∈ S(x0, ρ−). By the
continuity of F , the limit x∗ satisfies F(x∗) = 0.

To show the claimed uniqueness, let x∗∗ ∈ S(x0, ρ−) ∪ (S(x0, ρ+) ∩ D) with
F(x∗∗) = 0 be another solution. Then we have the estimate

‖xm+1 − x∗∗‖ = ‖xm − F ′(x̂)−1F(xm)− x∗∗‖
= ‖F ′(x̂)−1[F(x∗∗)− F(xm)− F ′(x̂)(x∗∗ − xm)]‖
= ‖F ′(x̂)−1[F(xm + s(x∗∗ − xm))|s=1

s=0 − F ′(x̂)(x∗∗ − xm)]‖
= ∥∥F ′(x̂)−1

∫ 1

0

[
F ′(xm + s(x∗∗ − xm))− F ′(x̂)

]
(x∗∗ − xm)ds

∥∥
≤ βγ ‖xm − x∗∗‖

∫ 1

0
‖xm + s(x∗∗ − xm)− x̂‖ds

≤ 1

2
βγ ‖xm − x∗∗‖(‖xm − x̂‖ + ‖x∗∗ − x̂‖).

Defining a sequence {σm} via

σm+1 = σm − ϕ(σm)

ϕ̇(τ̂ )
= σm + ϕ(σm), σ0 = ‖x0 − x∗∗‖,

it is obvious that the decreasing sequence {σm} converges with σm→ ρ−, because
of σ0 < ρ+. Starting with ‖x0 − x∗∗‖ ≤ σ0 − τ0, we have by induction that

‖xm+1 − x∗∗‖ ≤ 1

2
βγ (σm − τm)((τm − τ̂ )+ (σm − τm)+ (τm − τ̂ ))

= 1

2
βγ (σm − τm)(σm + τm − 2τ̂ )

= 1

2
βγσ 2

m −
1

2
βγ τ 2

m − βγ τ̂ (σm − τm)

= (ϕ(σm)+ σm − α)− (ϕ(τm)+ τm − α)

= σm+1 − τm+1,

and therefore ‖xm − x∗∗‖ → 0 or xm → x∗∗. Hence, x∗∗ = x∗ due to the
uniqueness of limits. Finally, if ρ− < ρ+, then x∗ lies in the interior of S(x0, ρ−)∪
(S(x0, ρ+) ∩ D) and is thus locally unique. �
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Corollary 5.8. If, in addition to the assumptions of Theorem 5.7,

‖x0 − x̂‖ ≤ 1
2βγ

holds, then
‖x∗ − x0‖ ≤ 4α.

Proof. Theorem 5.7 yields

‖x∗ − x0‖ ≤ ρ− = 2α

1− βγ ‖x0 − x̂‖ +√(1− βγ ‖x0 − x̂‖)2 − 2αβγ

≤ 2α

1− βγ ‖x0 − x̂‖
≤ 4α. �

After these preparations, we begin our analysis of numerical discretization meth-
ods for differential-algebraic equations.

5.2 One-step methods

A one-step method for the computation of numerical approximations xi to the values
x(ti) of a solution x of an ordinary differential equation ẋ = f (t, x) has the form

xi+1 = xi + h�(ti, xi;h), (5.14)

where � is the so-called increment function. In the context of ordinary differential
equations, a one-step method is called consistent of orderp if, under the assumption
that xi = x(ti), the local discretization error xi+1 − x(ti+1) satisfies

‖x(ti+1)− xi+1‖ ≤ Chp+1, (5.15)

with a constant C that is independent of h. Using (5.14), this is equivalent to

‖x(ti+1)− x(ti)− h�(ti, x(ti);h)‖ ≤ Chp+1. (5.16)

Setting Xi = xi , X(ti) = x(ti), and F(ti ,Xi;h) = xi + h�(ti, xi;h), the one-
step method (5.14) can be seen as a general discretization method as introduced in
Section 5.1. Since

‖F(ti ,X(ti);h)− F(ti ,Xi;h)‖
= ‖(X(ti)+ h�(ti,X(ti);h))− (Xi + h�(ti,Xi;h))‖
≤ (1+ hK)‖X(ti)− Xi‖,
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where K is the Lipschitz constant of � with respect to its second argument, these
methods are stable without any further assumptions. Hence, consistency implies
convergence of the one-step method.

As mentioned in the introduction of this chapter, in our discussion of one-step
methods we will concentrate on Runge–Kutta methods. The general form of an
s-stage Runge–Kutta method for the solution of ẋ = f (t, x), x(t0) = x0 is given
by

xi+1 = xi + h

s∑
j=1

βj Ẋi,j , (5.17)

where

Ẋi,j = f (ti + γjh,Xi,j ), j = 1, . . . , s, (5.18)

and the so-called internal stages Xi,j are given by

Xi,j = xi + h

s∑
l=1

αjlẊi,l , j = 1, . . . , s. (5.19)

The coefficients αjl , βj , and γj determine the particular method and are conve-
niently displayed in a so-called Butcher tableau

γ A

βT
, (5.20)

with A = [αjl], β = [βj ], and γ = [γj ].
The coefficients are assumed to satisfy the condition

γj =
s∑

l=1

αjl, j = 1, . . . , s, (5.21)

which implies that the Runge–Kutta method yields the same approximations to
the solution x of ẋ = f (t, x), x(t0) = x0, when we transform it to an equivalent
autonomous problem by adding the trivial equation ṫ = 1, t (t0) = t0 to the system
of ordinary differential equations. The remaining freedom in the coefficients is used
to obtain a certain order of consistency. The following result is due to Butcher [37],
see, e.g., [106, p. 208].
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Theorem 5.9. If the coefficients αjl , βj and γj of the Runge–Kutta method given
by (5.17), (5.18), and (5.19) satisfy the conditions

B(p) :
s∑

j=1

βjγ
k−1
j = 1

k
, k = 1, . . . , p,

C(q) :
s∑

l=1

αjlγ
k−1
l = 1

k
γ k
j , j = 1, . . . , s, k = 1, . . . , q,

D(r) :
s∑

j=1

βjγ
k−1
j αjl = 1

k
βl(1− γ k

l ), l = 1, . . . , s, k = 1, . . . , r,

(5.22)

with p ≤ q + r + 1 and p ≤ 2q + 2, then the method is consistent and hence
convergent of order p.

There are many possibilities to determine appropriate coefficients for Runge–
Kutta methods. See [38], [106], [108], [210] for details on the construction of
Runge–Kutta methods. Some methods which are important in the numerical so-
lution of differential-algebraic equations can be obtained as follows. Requiring
B(2s), C(s), and D(s) of (5.22) leads to a unique method of order p = 2s for
every stage number s. The simplest of these so-called Gauß methods can be found
in Table 5.1.

Table 5.1. The simplest Gauß methods

1
2

1
2
1

1
2 −

√
3

6
1
4

1
4 −

√
3

6
1
2 +

√
3

6
1
4 +

√
3

6
1
4

1
2

1
2

1
2 −

√
15

10
5
36

2
9 −

√
15

15
5

36 −
√

15
30

1
2

5
36 +

√
15

24
2
9

5
36 −

√
15

24
1
2 +

√
15

10
5
36 +

√
15

30
2
9 +

√
15

15
5
36

5
18

4
9

5
18

Requiring B(2s−1), C(s), and D(s−1) together with γs = 1 leads to a unique
method of order p = 2s − 1 for every stage number s. The simplest of these
so-called Radau IIA methods can be found in Table 5.2.

The given formulation of Runge–Kutta methods immediately suggests a gen-
eralization to differential-algebraic equations of the form (5.1) by defining xi+1 as
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Table 5.2. The simplest Radau IIA methods

1 1
1

1
3

5
12 − 1

12
1 3

4
1
4

3
4

1
4

4−√6
10

88−7
√

6
360

296−196
√

6
1800

−2+3
√

6
225

4+√6
10

297+169
√

6
1800

88+7
√

6
360

−2−3
√

6
225

1 16−√6
36

16+√6
36

1
9

16−√6
36

16+√6
36

1
9

the solution of (5.17) and (5.19) together with

F(ti + γjh,Xi,j , Ẋi,j ) = 0, j = 1, . . . , s. (5.23)

Of course, these relations only define a method if we can show that they define a
unique xi+1 in the vicinity of xi at least for sufficiently small stepsize h. If this is
the case, then we can analyze the convergence properties of the resulting methods.
We will do this by considering these methods as general discretization methods.

We start our investigations by considering the case of linear differential-algebra-
ic equations with constant coefficients Eẋ = Ax + f (t), x(t0) = x0. In this case,
the Runge–Kutta method has the form (5.17), with Ẋi,l obtained via the solution of
the linear system⎡

⎢⎢⎢⎢⎣
E − hα1,1A −hα1,2A · · · −hα1,sA

−hα2,1A
.. .

. . .
...

...
. . .

. . . −hαs−1,sA

−hαs,1A · · · −hαs,s−1A E − hαs,sA

⎤
⎥⎥⎥⎥⎦ Ẋi = Zi, (5.24)

where

Ẋi =

⎡
⎢⎢⎢⎣
Ẋi,1

Ẋi,2
...

Ẋi,s

⎤
⎥⎥⎥⎦ , Zi =

⎡
⎢⎢⎢⎣
Axi + f (ti + γ1h)

Axi + f (ti + γ2h)
...

Axi + f (ti + γsh)

⎤
⎥⎥⎥⎦ .

Using the Kronecker product as introduced in Section 5.1, we can rewrite (5.24)
as

(Is ⊗ E − hA⊗ A)Ẋi = Zi. (5.25)
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It is clear that for nonsquare coefficient matrices E,A this system is not uniquely
solvable for arbitrary right hand sides. But even in the square case, if the pair
(E,A) is not regular, then the coefficient matrix in (5.25) is singular, see Exercise 3.
Therefore, in order to obtain a well-defined method, we must require that the pair
(E,A) is regular. Since for (nonsingular) matrices P,Q of appropriate dimensions

(Is ⊗ P)(Is ⊗ E − hA⊗ A)(Is ⊗Q) = (Is ⊗ PEQ− hA⊗ PAQ),

we may assume for the analysis that the pair (E,A) is in Weierstraß canonical form
(2.7), i.e.,

(E,A) =
([

Id 0
0 N

]
,

[
J 0
0 Ia

])
,

with J,N in Jordan canonical form and N nilpotent. Obviously, the system decou-
ples and it suffices to investigate the subsystems as given in (2.8) and (2.9). The
behavior of Runge–Kutta methods applied to ordinary differential equations is well
studied, see, e.g., [106], [108]. For this reason, it suffices to consider the nilpotent
part, i.e., a system of the form

Nẋ = x + f (t). (5.26)

Furthermore, since the matrix N is in Jordan canonical form, the system decouples
further and we can treat each Jordan block in N separately. Thus, for the analysis,
we may assume thatN in (5.26) consists of a single nilpotent Jordan block of size ν.
In Lemma 2.8, we have shown that the solution of (5.26) is x = −∑ν−1

j=0 N
jf (j),

independent of any initial values.
In this case the linear system (5.25) has the form

(Is ⊗N − hA⊗ Iν)Ẋi = Zi. (5.27)

Using the perfect shuffle matrix � of Lemma 5.5, we find that

�T (Is ⊗N − hA⊗ Iν)� = N ⊗ Is − Iν ⊗ hA

=

⎡
⎢⎢⎢⎢⎣
−hA Is

. . .
. . .

. . . Is
−hA

⎤
⎥⎥⎥⎥⎦ .

(5.28)

Hence, to obtain a reasonable method, it is necessary that A is nonsingular, which
implies that we are restricted to implicit Runge–Kutta methods. We then have the
following result on the order of the local error.
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Theorem 5.10. Consider the differential-algebraic equation (5.26) with
ν = ind(N, I). Apply a Runge–Kutta method with coefficients A, β, and γ , and
assume that A is invertible. If κj ∈ N, j = 1, . . . , ν, exist such that

βT A−ke = βT A−j γ j−k/(j − k)!, k = 1, 2, . . . , j − 1,

βT A−j γ k = k!/(k − j + 1)!, k = j, j + 1, . . . , κj ,
(5.29)

where e = [ 1 · · · 1 ]T of appropriate size and γ j = [ γ j
1 · · · γ j

s ]T , then the local
error satisfies

x(ti+1)− xi+1 = O(hκν−ν+2)+O(hκν−1−ν+3)+ · · · +O(hκ1+1). (5.30)

Proof. To derive an estimate for the local error, we study one step of the Runge–
Kutta method from ti to ti+1 and assume that we start with exact initial values,
i.e., that xi = x(ti). In addition, we may assume without loss of generality that N
consists only of one Jordan block of size ν. From (5.28) we see that (5.27) is
uniquely solvable for Ẋi , with

Ẋi = −�

⎡
⎢⎢⎢⎢⎣
(hA)−1 (hA)−2 · · · (hA)−ν

. . .
. . .

...

. . . (hA)−2

(hA)−1

⎤
⎥⎥⎥⎥⎦�TZi.

Moreover,

�TZi =

⎡
⎢⎢⎢⎣
Zi,1
Zi,2
...

Zi,ν

⎤
⎥⎥⎥⎦ , Zi,l =

⎡
⎢⎢⎢⎣
xi,l + fl(ti + γ1h)

xi,l + fl(ti + γ2h)
...

xi,l + fl(ti + γsh)

⎤
⎥⎥⎥⎦ , f (t) =

⎡
⎢⎢⎢⎣
f1(t)

f2(t)
...

fν(t)

⎤
⎥⎥⎥⎦ .

Using (formal) Taylor expansion of x(ti+1) and the representation (5.17) of the
numerical solution, we obtain

x(ti+1)− xi+1 = −h
s∑

j=1

βj Ẋi,j +
∑
k≥1

hk

k! x
(k)(ti).

It is sufficient to look at the first component τ1 of the local error x(ti+1)− xi+1,
since the j -th component becomes the first component if we consider problem
(5.26) with index ν + 1− j .

Since (βT ⊗ Iν)� = Iν ⊗ βT , we get that

τ1 = hβT
ν∑

j=1

(hA)−jZi,j +
∑
k≥1

hk

k! x
(k)
1 (ti).
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The representation x(t) = −∑ν−1
j=0 N

jf (j) of the solution yields for the different
components

xl(t) = −
ν∑

j=l
f
(j−l)
j (t).

Together with the Taylor expansion

Zi,l = xl(ti)e +
∑
k≥0

hk

k! f
(k)
l (ti)γ

k,

we then obtain that

τ1 =
ν∑

j=1

h−j+1βT A−j
(
−

ν∑
k=j

f
(k−j)
k (ti)e +

∑
k≥0

hk

k! f
(k)
j (ti)γ

k
)

+
∑
k≥1

hk

k!
(
−

ν∑
j=1

f
(k+j−1)
j (ti)

)

= −
ν∑

k=1

k∑
j=1

h−j+1βT A−j ef (k−j)
k (ti)

+
∑
k≥0

ν∑
j=1

hk−j+1

k! βT A−j γ kf
(k)
j (ti)−

∑
k≥1

ν∑
j=1

hk

k! f
(k+j−1)
j (ti)

=
ν∑

j=1

(
−

j∑
k=1

h−k+1βT A−kef (j−k)
j (ti)

+
∑
k≥0

hk−j+1

k! βT A−j γ kf
(k)
j (ti)−

∑
k≥1

hk

k! f
(k+j−1)
j (ti)

)
.

Reordering with respect to powers of h gives

τ1 =
ν∑

j=1

(
−

j∑
k=1

h−k+1βT A−kef (j−k)
j (ti)+

j−1∑
k=0

hk−j+1

k! βT A−j γ kf
(k)
j (ti)

+
∑
k≥j

hk−j+1

k! βT A−j γ kf
(k)
j (ti)−

∑
k≥1

hk

k! f
(k+j−1)
j (ti)

)
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=
ν∑

j=1

(
−

j∑
k=1

h−k+1βT A−kef (j−k)
j (ti)+

j∑
k=1

h−k+1

(j − k)!β
T A−j γ j−kf (j−k)

j (ti)

+
∑
k≥j

hk−j+1

k! βT A−j γ kf
(k)
j (ti)−

∑
k≥j

hk−j+1

(k − j + 1)!f
(k)
j (ti)

)
.

and the order conditions are obvious. �

An important class of Runge–Kutta methods for differential-algebraic equati-
ons are the so-called stiffly accurate Runge–Kutta methods. These are defined to
satisfy βj = αsj for all j = 1, . . . , s, see [108]. Writing this as βT = eTs A
with eTs = [ 0 · · · 0 1 ]T of appropriate size, we then obtain from (5.21) that
γs = eTs Ae = βT e. Since βT e = 1 for consistent Runge–Kutta methods, it
follows that γs = 1. Moreover, we get that βT A−1e = eTs e = 1, implying that κ1
in (5.29) is infinite. Hence, these methods show the same order of consistency
for regular linear differential-algebraic equations with constants coefficients as for
ordinary differential equations. For differential-algebraic equations of higher index
or for methods which are not stiffly accurate, however, we may have a reduction of
the order. Note that the Radau IIA methods are stiffly accurate by construction.

Example 5.11. For the Gauß method with s = 2, see Table 5.1, we have that κ1 = 2
and κ2 = 2, cp. Exercise 4. For the Radau IIA method with s = 2, see Table 5.2,
we have that κ1 = ∞ and κ2 = 2, cp. Exercise 5. In particular, for both methods
the local error is O(h2) when we apply them to (5.26) with ind(N, I) = 2.

For the global error, we then have the following order result.

Theorem 5.12. Consider a Runge–Kutta method consisting of (5.17), (5.19), and
(5.24) with invertible A applied to a linear differential-algebraic equation with
constant coefficients of the form Eẋ = Ax + f (t), x(t0) = x0 with a regular pair
(E,A) and ν = ind(E,A). Furthermore, let κj ≥ j , j = 1, . . . , ν, according to
Theorem 5.10 and let

|1− βT A−1e| < 1. (5.31)

Then the Runge–Kutta method is convergent of order

min
1≤j≤ν{p, κj − ν + 2}, (5.32)

where p is the order of the method when applied to ordinary differential equations.

Proof. As in the proof of Theorem 5.10, it is sufficient to consider a single nilpotent
Jordan block (N, Iν). But in contrast to that proof, for the analysis of the global
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error we cannot assume that xi = x(ti). We are therefore in the following situation.
The numerical approximations satisfy

xi+1 = xi + h

s∑
j=1

βj Ẋi,j ,

with

(Is ⊗N − hA⊗ Iν)Ẋi = Zi,

where

Ẋi =

⎡
⎢⎢⎢⎣
Ẋi,1

Ẋi,2
...

Ẋi,s

⎤
⎥⎥⎥⎦ , Zi =

⎡
⎢⎢⎢⎣
xi + f (ti + γ1h)

xi + f (ti + γ2h)
...

xi + f (ti + γsh)

⎤
⎥⎥⎥⎦ .

Due to Theorem 5.10, the actual solution satisfies

x(ti+1) = x(ti)+ h

s∑
j=1

βj
˙̃
Xi,j + δi,

with

(Is ⊗N − hA⊗ Iν)
˙̃
Xi = Z̃i ,

where

˙̃
Xi =

⎡
⎢⎢⎢⎢⎣
˙̃
Xi,1˙̃
Xi,2
...
˙̃
Xi,s

⎤
⎥⎥⎥⎥⎦ , Z̃i =

⎡
⎢⎢⎢⎣
x(ti)+ f (ti + γ1h)

x(ti)+ f (ti + γ2h)
...

x(ti)+ f (ti + γsh)

⎤
⎥⎥⎥⎦ ,

The quantity δi is the local error committed in the i-th step and is bounded according
to (5.30). Hence, the propagation of the global error εi = x(ti) − xi is described
by the recursion

εi+1 = εi + h

s∑
j=1

βj (
˙̃
Xi,j − Ẋi,j )+ δi .

Using again the perfect shuffle matrix as in the proof of Theorem 5.10, we may
rewrite

(Is ⊗N − hA⊗ Iν)(
˙̃
Xi − Ẋi) = Z̃i − Zi = e ⊗ εi
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as
s∑

j=1

βj (
˙̃
Xi,j − Ẋi,j )

= −

⎡
⎢⎢⎢⎣
βT

βT

. . .

βT

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎢⎣
(hA)−1 (hA)−2 · · · (hA)−ν

. . .
. . .

...

. . . (hA)−2

(hA)−1

⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎣
εi,1e

εi,2e
...

εi,νe

⎤
⎥⎥⎥⎦

= −
⎡
⎢⎣β

T (hA)−1eεi,1 + · · · + βT (hA)−νeεi,ν
...

βT (hA)−1eεi,ν

⎤
⎥⎦

= −
⎡
⎢⎣β

T (hA)−1e · · · βT (hA)−νe
. . .

...

βT (hA)−1e

⎤
⎥⎦ εi .

Thus, the error recursion takes the form

εi+1 = εi − h

⎡
⎢⎣β

T (hA)−1e · · · βT (hA)−νe
. . .

...

βT (hA)−1e

⎤
⎥⎦ εi + δi = Mεi + δi,

with

M =

⎡
⎢⎢⎢⎢⎣

1− βT A−1e −h−1βT A−2e · · · −h−ν+1βT A−νe
. . .

. . .
...

. . . −h−1βT A−2e

1− βT A−1e

⎤
⎥⎥⎥⎥⎦ .

Note that the matrixM is the same in each step of the recursion, since the stepsize h
is constant. Hence, with ε0 = 0, we get that

εN =
N−1∑
i=0

MN−1−iδi .

Taking componentwise worst case bounds |δi | ≤ δ for i = 0, . . . , N−1, with δ ≥ 0,
we obtain the componentwise estimate

|εN | ≤
N−1∑
i=0

|M|N−1−iδ.



234 5 Numerical methods for strangeness-free problems

By assumption, there exists a constant σ > 0 independent of h such that |1 −
βT A−1e| < σ < 1. Thus, we have a componentwise upper bound M̃ for |M| of
the form

M̃ =

⎡
⎢⎢⎢⎢⎣
σ σ(C/h) · · · σ(C/h)ν−1

. . .
. . .

...

. . . σ (C/h)

σ

⎤
⎥⎥⎥⎥⎦

with an appropriate constant C > 0 independent of h, and we can express M̃ as

M̃ = σ(Iν + Ñ + Ñ2 + · · · + Ñν−1), Ñ = (C/h)N.

Defining the polynomials Pj , j = 1, . . . , ν − 1, by

Pj (i) =
(
i+j−1
i−1

)
,

we will prove by induction that

M̃i = σ i(Iν + P1(i)Ñ + P2(i)Ñ
2 + . . .+ Pν−1(i)Ñ

ν−1).

Obviously, the claim holds for i = 1. Assuming that the claim holds for some
i ≥ 1, we compute

M̃i+1 = M̃iM̃ = σ i+1(Iν + P̃1Ñ + P̃2Ñ
2 + · · · + P̃ν−1Ñ

ν−1),

with
P̃j = Pj (i)+ · · · + P2(i)+ P1(i)+ 1

for j = 1, . . . , ν − 1. Inserting the definition of the polynomials Pj , we get that

P̃j =
(
i+j−1
i−1

)+ · · · + (i+1
i−1

)+ ( i
i−1

)+ (i
i

) = (i+j−1
i−1

)+ · · · + (i+1
i−1

)+ (i+1
i

)
= (i+j−1

i−1

)+ · · · + (i+2
i

) = · · · = (i+j
i

) = Pj (i + 1).

Thus, it follows that

N−1∑
i=0

M̃N−1−i =
N−1∑
i=0

M̃i

=
N−1∑
i=0

σ iIν +
N−1∑
i=0

σ iP1(i)Ñ + · · · +
N−1∑
i=0

σ iPν−1(i)Ñ
ν−1

≤ 1

1− σ
Iν + C̃Ñ + · · · + C̃Ñν−1,
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with a constant C̃ > 0 independent of h which is defined as the maximum value of
the converging infinite sums

∑∞
i=0 σ

iPj (i), j = 1, . . . , ν − 1. We therefore end
up with

|εN | ≤

⎡
⎢⎢⎢⎢⎣

O(1) O(h−1) · · · O(h−ν+1)

. . .
. . .

...

. . . O(h−1)

O(1)

⎤
⎥⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

O(hκν−ν+2)

O(hκν−1−ν+3)
...

O(hκ1+1)

⎤
⎥⎥⎥⎦ ,

which implies that

|εN | ≤

⎡
⎢⎢⎢⎣

O(hκν−ν+2)+O(hκν−1−ν+2)+ · · · +O(hκ1−ν+2)

O(hκν−1−ν+3)+ · · · +O(hκ1−ν+3)
...

O(hκ1+1)

⎤
⎥⎥⎥⎦ .

�

This result shows that, even if the given Runge–Kutta method satisfies (5.31),
it is not stable in the sense of Definition 5.2 for higher index problems, i.e., for
problems with ν > 1. In particular, we observe that in these cases the order of
convergence may be lower than the order of consistency. It even may happen that
we loose convergence.

Example 5.13. Consider again the differential-algebraic equation (5.26) with
ind(N, I) = 2. For this problem, the Gauß method with s = 2 given in Ta-
ble 5.1 is not convergent at all while the Radau IIA method with s = 2 given in
Table 5.2 is convergent of order two, see Exercises 6 and 7.

In contrast to the case of constant coefficients, where for regular pairs in each step
the next iterate and the stage values are uniquely determined at least for sufficiently
small h, difficulties already arise in the case of variable coefficients. Similar to
(5.24), the linear system for the stage variables has the form (Ẽ − hÃ)Ẋi = Zi ,
with

Ẽ =
⎡
⎢⎣E(ti + γ1h)

. . .

E(ti + γsh)

⎤
⎥⎦ ,

Ã =
⎡
⎢⎣A(ti + γ1h)α11 · · · A(ti + γ1h)α1s

...
...

A(ti + γsh)αs1 · · · A(tl + γsh)αss

⎤
⎥⎦
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and

Zi =
⎡
⎣A(ti + γ1h)xi + f (ti + γ1h)

...
A(ti + γsh)xi + f (ti + γsh)

⎤
⎦ .

If we use for example the implicit Euler method, then Ẽ = E(ti) and Ã = A(ti).
Thus, in order to solve for the stage variables, we need that E(ti) − hA(ti) is
invertible, which requires the pair (E(ti), A(ti)) to be regular. But we have seen
in Chapter 3 that it may happen that the pair (E(t), A(t)) is singular for all t
even though there exists a unique solution of the differential-algebraic equation,
cp. Example 3.2. Replacing the implicit Euler method in such a case by some other
Runge–Kutta methods, the pairs (Ẽ, Ã) may be invertible, but typically then the
linear systems that have to be solved for the stage variables are ill-conditioned.

Example 5.14. If we apply the Radau IIA method with s = 2 given in Table 5.2 to
the problem of Example 3.2 with I = [0, 1], then the coefficient matrix

Ẽ − hÃ =

⎡
⎢⎢⎢⎣

5
12h − 5

12h(ti + 1
3h) − 1

12h
1

12h(ti + 1
3h)

1 −(ti + 1
3h) 0 0

3
4h − 3

4h(ti + h) 1
4h − 1

4h(ti + h)

0 0 1 −(ti + h)

⎤
⎥⎥⎥⎦

is invertible for all h �= 0, but the condition number is O(h−2), cp. Exercise 9.

A related effect is that the Runge–Kutta method may lead to an unstable recursion
for the numerical solutions xi .

Example 5.15. Consider the linear differential-algebraic equation[
0 0
1 ηt

] [
ẋ1
ẋ2

]
=
[−1 −ηt

0 −(1+ η)

] [
x1
x2

]
+
[
f1(t)

f2(t)

]
(5.33)

with a parameter η ∈ R. Note that for η = −1 we get the problem of Example 3.2.
Performing a change of basis via[

x1
x2

]
=
[−ηt 1

1 0

] [
x̃1
x̃2

]
,

we obtain the equivalent constant coefficient system[
0 0
0 1

] [ ˙̃x1˙̃x2

]
=
[

0 −1
−1 0

] [
x̃1
x̃2

]
+
[
f1(t)

f2(t)

]
. (5.34)

Obviously, (5.34) and thus (5.33) has strangeness index μ = 1 independent of η.
A short computation shows that (5.33) has a unique solution given by[

x1(t)

x2(t)

]
=
[
f1(t)− ηt (f2(t)− ḟ1(t))

f2(t)− ḟ1(t)

]
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without specifying initial values.
Applying the implicit Euler method gives

0 = −x1,i+1 − ηti+1x2,i+1 + f1(ti+1),

1
h
(x1,i+1 − x1,i )+ ηti+1

1
h
(x2,i+1 − x2,i ) = −(1+ η)x2,i+1 + f2(ti+1).

Solving the first equation in two consecutive steps for x1,i , x1,i+1 and inserting in
the second equation yields a recursion for x2,i of the form

x2,i+1 = η
1+ηx2,i + 1

1+η (f2(ti+1)− 1
h
(f1(ti+1)− f1(ti))),

which is obviously divergent for η < − 1
2 .

Finally, it is also possible that the Runge–Kutta method determines a unique
numerical solution, although the given problem is not uniquely solvable at all,
cp. Exercise 11.

In order to obtain convergence results for classes of Runge–Kutta methods that
include the implicit Euler method, we are therefore forced to restrict the class of
problems. In view of the theoretical results, which say that we can transform higher
index problems to strangeness-free problems with the same solution, it is natural
to consider problems of the form (3.60) in the linear case or of the form (4.23) in
the nonlinear case. Recall that, under the assumption that this problem possesses a
unique solution, we can make use of the equivalent formulation (4.25).

In the following, we consider two cases. In the first case, we assume (4.23) to
be a semi-explicit differential-algebraic equation of index ν = 1, see Section 4.2,
and develop convergence results for some larger classes of Runge–Kutta methods.
In the second case, we drop the additional assumption on the structure of (4.23) but
treat only a restricted class of Runge–Kutta methods.

Consider first a uniquely solvable initial value problem (5.1) with a semi-explicit
differential-algebraic equation of the form

ẋ = f (t, x, y), 0 = g(t, x, y). (5.35)

If we assume that along the given solution (x, y) the Jacobian gy(t, x(t), y(t)) is
nonsingular, then we can solve the second equation in (5.35) for y. Following
the notation in Section 4.1, we write y = R(t, x). In order to generalize a given
Runge–Kutta method for solving an ordinary differential equation to (5.35), we
introduce a small parameter ε to get

ẋ = f (t, x, y), εẏ = g(t, x, y). (5.36)

Applying a given Runge–Kutta method, we get

xi+1 = xi + h

s∑
j=1

βj Ẋi,j , yi+1 = yi + h

s∑
j=1

βj Ẏi,j , (5.37)
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together with

Ẋi,j = f (ti + γjh,Xi,j , Yi,j ), εẎi,j = g(ti + γjh,Xi,j , Yi,j ), (5.38)

and

Xi,j = xi + h

s∑
l=1

αjlẊi,l , Yi,j = yi + h

s∑
l=1

αjlẎi,l . (5.39)

Setting then ε = 0 in (5.38) yields

Ẋi,j = f (ti + γjh,Xi,j , Yi,j ), 0 = g(ti + γjh,Xi,j , Yi,j ) (5.40)

which is just (5.23) for (5.35). Thus, the method defined by (5.37), (5.39), and
(5.40) is nothing else than the general method consisting of (5.17), (5.19), and
(5.23) applied to (5.35). According to [105], this kind of constructing a method for
a semi-explicit differential-algebraic equation is called direct approach.

In the so-called indirect approach, the second equation in (5.37) and (5.40) is
replaced by

0 = g(ti+1, xi+1, yi+1). (5.41)

It then follows that

Yi,j = R(ti + γjh,Xi,j ), yi+1 = R(ti+1, xi+1) (5.42)

such that we can eliminate all quantities which are related to the part y of (5.35).
The remaining equations for the variables associated with x then read

xi+1 = xi +
s∑

j=1

βjf (ti + γjh,Xi,j ,R(ti + γjh,Xi,j )) (5.43)

and

Xi,j = xi +
s∑

l=1

αjlf (ti + γlh,Xi,l,R(ti + γlh,Xi,l)), (5.44)

which is just the given Runge–Kutta method applied to the ordinary differential
equation

ẋ = f (t, x,R(t, x)). (5.45)

From this observation, it is obvious that in the indirect approach all convergence
results for a given Runge–Kutta method when applied to an ordinary differential
equation carry over to semi-explicit differential-algebraic equations of index ν = 1.
In particular, we have convergence with the same order.

Thus, it remains to perform the analysis for the direct approach. For conve-
nience, we restrict ourselves to autonomous problems by dropping the argument t
of f and g in (5.35). The general case then follows by the usual approach to turn a
non-autonomous problem into an autonomous problem.
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Theorem 5.16. Consider an autonomous differential-algebraic system (5.35) of
index ν = 1 together with consistent initial values (x0, y0) due to 0 = g(x0, y0).
Apply a Runge–Kutta method given by (5.37), (5.39), and (5.40) with invertible
coefficient matrix A. Assume that it has order p for ordinary differential equations
and that it satisfies conditionC(q)of (5.22)withp ≥ q+1, and let = 1−βT A−1e.
If | | ≤ 1, then the global error satisfies

‖x(tN)− xN‖ = O(hk),

where k is given as follows:

1. If  = 0, then k = p.

2. If −1 ≤  < 1, then k = min{p, q + 1}.
3. If  = 1, then k = min{p − 1, q}.
If | | > 1, then the method is not convergent.

Proof. Since the system is autonomous, the stage values Xi,j , Yi,j satisfy

Ẋi,j = f (Xi,j , Yi,j ), 0 = g(Xi,j , Yi,j ).

By the implicit function theorem applied to the constraint equation, we always have
consistency according to Yi,j = R(Xi,j ), j = 1, . . . , s. Inserting this into (5.37)
and (5.39), we obtain

xi+1 = xi + h

s∑
j=1

βjf (Xi,j ,R(Xi,j )),

Xi,j = xi + h

s∑
l=1

αjlf (Xi,l,R(Xi,l)),

and the values xi are the numerical approximations obtained when we apply the
given Runge–Kutta method to (5.45) in the autonomous form ẋ = f (x,R(x)). In
particular, we have

x(ti)− xi = O(hp).

For the other variables, (5.37) and (5.39) imply that

yi+1 = yi + h(βT ⊗ Is)Ẏi (5.46)

and
Yi = e ⊗ yi + h(A⊗ Is)Ẏi , (5.47)
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where

Yi =
⎡
⎢⎣Yi,1...
Yi,s

⎤
⎥⎦ , Ẏi =

⎡
⎢⎣Ẏi,1...
Ẏi,s

⎤
⎥⎦ ,

using a notation that is similar to that in the proof of Theorem 5.10. Solving in
(5.47) for Ẏi and eliminating it in (5.46) yields

yi+1 = yi + (βT ⊗ Is)(A
−1 ⊗ Is)(Yi − e ⊗ yi)

= (1− βT A−1e)yi + (βT A−1 ⊗ Is)Yi .

Let us first consider the case that  = 0. We then obtain that

yi+1 = Yi,s = R(Xi,s) = R(xi+1).

In particular, it follows that g(xi+1, yi+1) = 0 such that direct and indirect approach
coincide. With

‖y(ti)− yi‖ = ‖R(x(ti))−R(xi)‖ ≤ L‖x(ti)− xi‖,
where L is the Lipschitz constant associated with R, convergence for the y-part of
the solution follows with the same order p as for the x-part.

In order to develop an error recursion for the y-part of the solution in the other
cases, we observe that the conditions B(p) and C(q) of (5.22) require that the
quadrature rules given by the coefficients (βj , γj )j=1,...,s for intervals [ti , ti+1] and
by the coefficients (αjl, γl)l=1,...,s for intervals [ti , ti + γjh], j = 1, . . . , s, are of
order p and q, respectively. Hence, if the Runge–Kutta method has order p then
B(p) must hold. From the conditions B(p) and C(q), we then obtain that

y(ti+1) = y(ti)+ h

s∑
j=1

βj ẏ(ti + γjh)+O(hp+1),

y(ti + γjh) = y(ti)+ h

s∑
l=1

αjlẏ(ti + γlh)+O(hq+1), j = 1, . . . , s.

(5.48)

Introducing the vectors

Ỹi =
⎡
⎢⎣y(ti + γ1h)

...

y(ti + γsh)

⎤
⎥⎦ ,

˙̃
Yi =

⎡
⎢⎣ẏ(ti + γ1h)

...

ẏ(ti + γsh)

⎤
⎥⎦ ,

we can write (5.48) as

y(ti+1) = y(ti)+ h(βT ⊗ Is)
˙̃
Yi +O(hp+1),

Ỹi = e ⊗ y(ti)+ h(A⊗ Is)
˙̃
Yi +O(hq+1).
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Solving the second relation for ˙̃Yi and eliminating it in the first relation gives

y(ti+1) = y(ti)+ (βT A−1 ⊗ Is)(Ỹi − (e ⊗ y(ti))+O(hp+1)+O(hq+1)

= (1− βT A−1e)y(ti)+ (βT A−1 ⊗ Is)Ỹi +O(hp+1)+O(hq+1).

Introducing εi = y(ti)− yi , we have derived the error recursion

εi+1 =  εi + δi, (5.49)

where
δi = (βT A−1 ⊗ Is)(Ỹi − Yi)+O(hp+1)+O(hq+1).

From

x(ti + γjh) = x(ti)+ h

s∑
l=1

αjlf (x(ti + γlh),R(x(ti + γlh)))+O(hq+1),

Xi,j = xi + h

s∑
l=1

αjlf (Xi,l,R(Xi,l)),

we obtain that

x(ti + γjh)−Xi,j = x(ti)− xi

+ h

s∑
l=1

αjl
(
f (x(ti + γlh),R(x(ti + γlh)))− f (Xi,l,R(Xi,l))

)+O(hq+1),

which implies that

x(ti + γjh)−Xi,j = O(hp)+O(hq+1).

Hence,

Yi,j − y(ti + γjh) = R(Xi,j )−R(x(ti + γjh)) = O(hp)+O(hq+1)

and thus

δi = O(hp)+O(hq+1) = O(hk), k = min{p, q + 1}.
Together with ε0 = 0, the error recursion (5.49) gives

εN =
N−1∑
i=0

 N−1−iδi .
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If | | < 1, then we can estimate

‖εN‖ ≤ Chk
N−1∑
i=0

 N−1−i ≤ Chk/(1−  ),

with a constant C that is independent of h. If  = 1, then we obtain the estimate

‖εN‖ ≤ CNhk = C(T − t0)h
k−1.

If  = −1, then we make use of the fact that xi as a numerical solution of an
ordinary differential equation allows for an asymptotic expansion of the form

x(ti)− xi = ξp(ti)h
p +O(hp+1)

with a smooth function ξp satisfying ξ(t0) = 0, see, e.g., [106]. It follows that the
stage values Xi,j , which depend smoothly on xi , as well as Yi,j = R(Xi,j ) and
thus also δi possess asymptotic expansions. The latter then has the form

δi = ζk(ti)h
k +O(hk+1),

with a smooth function ζk and k = min{p, q + 1}. Since

δi+1− δi = (ζk(ti+1)− ζk(ti))hk+O(hk+1) = ζ̇k(ti)h
k+1+O(hk+1) = O(hk+1),

we obtain the estimate

‖εN‖ ≤ ‖δN−1 − δN−2‖ + · · · + ‖δ1 − δ0‖ ≤ CNhk+1/2 = C(T − t0)h
k/2,

if N is even. A similar estimate also holds for N being odd.
Finally, if | | > 1, then the error recursion (5.49) shows that errors are amplified

by a fixed factor. Hence, the method cannot be convergent. �

The most important part of Theorem 5.16 says that, if  = 0, then the order of
a Runge–Kutta method is not reduced when we apply it to semi-explicit differenti-
al-algebraic equations of index ν = 1. Recall that a sufficient condition for  = 0
is that the given method is stiffly accurate, i.e., that βj = αsj for j = 1, . . . , s.

If we consider the general case of a regular, strangeness-free differential-alge-
braic equation (4.23), then it is no longer obvious that stiffly accurate Runge–Kutta
methods behave in the same way, since in (4.23) we have to deal with the derivative ẋ,
which in contrast to (5.35) includes all derivatives of the vector x of unknowns.
Nevertheless, in the following we will show that for a special class of stiffly accurate
Runge–Kutta methods a result similar to the corresponding part of Theorem 5.16
holds. It should also be noted that stiffly accurate Runge–Kutta methods applied
to (4.23) automatically guarantee that the numerical approximations satisfy the
algebraic constraints.
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In order to solve regular strangeness-free differential-algebraic equations of the
form

F̂1(t, x, ẋ) = 0, F̂2(t, x) = 0, (5.50)

it is convenient to work with so-called collocation Runge–Kutta methods. Starting
with parameters γj , j = 1, . . . , s, that satisfy

0 < γ1 < · · · < γs = 1, (5.51)

and setting γ0 = 0, we define the Lagrange interpolation polynomials

Ll(ξ) =
s∏

j=0
j �=l

ξ − γj

γl − γj
, L̃l(ξ) =

s∏
m=1
m�=l

ξ − γm

γl − γm
(5.52)

and the coefficients

αjl =
∫ γj

0
L̃l(ξ) dξ, βj =

∫ 1

0
L̃l(ξ) dξ, j, l = 1, . . . , s. (5.53)

This fixes a Runge–Kutta method with βj = αsj for j = 1, . . . , s. Hence the
method is stiffly accurate.

If Pk denotes the space of polynomials of maximal degree k − 1, or, synony-
mously, of maximal order k, then the stage values Xi,l , l = 1, . . . , s, together with
Xi,0 = xi define a polynomial xπ ∈ Ps+1 via

xπ(t) =
s∑

l=0

Xi,lLl

(
t − ti

h

)
. (5.54)

The derivatives of xπ at the stages are then given by

Ẋi,j = ẋπ (ti + γjh) = 1

h

s∑
l=0

Xi,lL̇l(γj ). (5.55)

In order to fix the new approximation xi+1 = xπ(ti+1) = Xi,s , we require that the
polynomial xπ satisfies (5.50) at the so-called collocation points tij = ti + γjh.
This requirement leads to the nonlinear system

F̂1(ti + γjh,Xi,j , Ẋi,j ) = 0, F̂2(ti + γjh,Xi,j ) = 0. (5.56)

Since L̃ ∈ Ps , the polynomials Pl ∈ Ps+1 defined by

Pl(σ ) =
∫ σ

0
L̃l(ξ) dξ
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possess the representation

Pl(σ ) =
s∑

j=0

Pl(γj )Lj (σ ).

Differentiating Pl and using Ṗl = L̃l then gives

L̃l(σ ) =
s∑

j=0

(∫ γj

0
L̃l(ξ) dξ

)
L̇j (σ )

and thus

δlm = L̃l(γm) =
s∑

j=1

αjlvmj =
{

1 for l = m,

0 otherwise,
(5.57)

with vmj = L̇j (γm). Hence, with V = [vmj ]m,j=1,...,s we have V = A−1. More-
over, with vm0 = L̇0(γm) and the fact that the polynomials Lj , j = 0, . . . , s, sum
up to one, we obtain that

s∑
j=0

L̇j (γm) =
s∑

j=0

vmj = 0,

such that
vm0 = −eTmV e,

where as before em is the m-th unit vector and e the vector of all ones of appropriate
size.

With these relations, we can rewrite (5.55) as

hẊm = vm0xi +
s∑

j=1

vmjXj .

Thus,

h

s∑
m=1

αlmẊi,m =
s∑

m=1

αlmvm0xi +
s∑

j,m=1

αlmvmjXi,j

= −eTl AV exi +
s∑

j=1

eTl AV ejXi,j = −xi +Xi,l .

Comparing with (5.19), (5.17) and recalling that the coefficients αjl and βj fix a
stiffly accurate Runge–Kutta method due to (5.53), we see that collocation just leads
to a special class of Runge–Kutta methods.
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For the analysis of consistency of the method, we now drop the index i for
convenience and set t̂j = tij = ti + γjh. Assuming that x∗ is the unique solution
of the given regular strangeness-free differential-algebraic equation, we must first
show that (5.56) in the form

F̂1

(
t̂j , Xj ,

1

h

s∑
l=0

vjlXl

)
= 0, F̂2(t̂j , Xj ) = 0 (5.58)

with j = 1, . . . , s is uniquely solvable for Xj , j = 1, . . . , s. According to Sec-
tion 4.1, the special properties of (5.50) near a solution allow us to assume that we
can split x into (x1, x2) in such a way that F̂2(t, x1, x2) = 0 is locally solvable for
x2 = R(t, x1). Note that this splitting is also applied to the numerical solutions xi
which are split accordingly as (xi,1, xi,2) so that there is no danger of mixing up
the double meanings of x1, x2. With this splitting, we can make use of (4.25),
which then follows from (5.50). Thus, splitting Xj accordingly into (Xj,1, Xj,2),
the algebraic constraints imply

Xj,2 = R(t̂j , Xj,1) (5.59)

such that we remain with the implicit difference equation

F̂1

(
t̂j , Xj,1,R(t̂j , Xj,1),

1

h

s∑
l=0

vjlXl,1,
1

h

s∑
l=0

vjlR(t̂l , Xl,1)
)
= 0. (5.60)

It is therefore sufficient to show that (5.60) is solvable when we are sufficiently
close to the solution x∗1 of the implicit ordinary differential equation

F̂1(t, x1,R(t, x1), ẋ1,Rt (t, x1)+Rx1(t, x1)ẋ1) = 0. (5.61)

We will prove this by using Theorem 5.7 and interpreting the resulting method for
(5.61) as a general discretization method. For this, we consider the linear problem

Ê(t)ẏ − Â(t)y = Ê(t)ẋ∗(t)− Â(t)x∗(t), y(ti) = x∗(ti). (5.62)

with Ê, Â as in (5.10). By construction, a solution is given by x∗ and this solution
is unique due to Lemma 5.6. Discretization of (5.62) according to (5.58) yields the
linear system

Ê1(t̂j )
1

h

s∑
l=0

vjlXl − Â1(t̂j )Xj = f̂1(t̂j ),

− Â2(t̂j )Xj = f̂2(t̂j ),

(5.63)
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with f̂ (t) = Ê(t)ẋ∗(t)− Â(t)x∗(t) split into (f̂1(t), f̂2(t)). Splitting the solution
vector and its discretization as for (5.60), we obtain

Ê11(t̂j )
1

h

s∑
l=0

vjlXl,1 + Ê12(t̂j )
1

h

s∑
l=0

vjlXl,2

− Â11(t̂j )Xj,1 − Â12(t̂j )Xj,2 = f̂1(t̂j )

(5.64)

and
− Â21(t̂j )Xj,1 − Â22(t̂j )Xj,2 = f̂2(t̂j ), (5.65)

with appropriately partitioned coefficient functions. With this partition and the
assumption that the system is regular and strangeness-free, it follows that Â22 is
pointwise nonsingular and we can solve (5.65) for Xj,2. For convenience, we write

Xj,2 = R(t̂j )Xj,1 + g(t̂j ) (5.66)

with appropriately defined functions R and g. Elimination of Xj,2, j = 1, . . . , s,
in (5.64) yields a linear system for Xj,1, j = 1, . . . , s, given by

Ê11(t̂j )
1

h

s∑
l=0

vjlXl,1 + Ê12(t̂j )
1

h

s∑
l=0

vjlR(t̂l)Xl,1

− Â11(t̂j )Xj,1 − Â12(t̂j )R(t̂j )Xj,1

= f̂1(t̂j )− Ê12(t̂j )
1

h

s∑
l=0

vjlg(t̂l)+ Â12(t̂j )g(t̂j ),

(5.67)

with a coefficient matrix B = [Bjl]j,l=1,...,s given by

Bjl = 1

h
(Ê11(t̂j )+ Ê12(t̂j )R(t̂l))vjl − δjl(Â11(t̂j )+ Â12(t̂j )R(t̂l)). (5.68)

By assumption, the matrix valued function Ê11 + Ê12R is pointwise nonsingular.
Since V = [vjl]j,l=1,...,s is nonsingular as well, it follows that the matrix B is
nonsingular for sufficiently small h. In particular,

‖B‖ ≤ Ch−1, ‖B−1‖ ≤ Ch, (5.69)

with some constantC independent ofh. Therefore, the numerical solution for (5.62)
is well defined at least for sufficiently small stepsizes h. In order to investigate the
local error in more detail, we also split the exact solution x∗ into (x∗1 , x∗2 ) and get

Ê11(t)ẋ
∗
1 (t)+ Ê12(t)ẋ

∗
2 (t) = Â11(t)x

∗
1 (t)+ Â12(t)x

∗
2 (t)+ f̂1(t),

x∗2 (t) = R(t)x∗1 (t)+ g(t).
(5.70)
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We then write x∗1 in the form

x∗1 (t) =
s∑

l=0

x∗1 (t̂l)Ll

(
t − ti

h

)
+ ψ(t), (5.71)

where the interpolation error ψ , given by

ψ(t) = x∗(s+1)(θ(t))

(s + 1)!
s∏

j=0

(t − t̂j ), θ(t) ∈ (ti , ti+1), (5.72)

is as smooth as x∗1 . In particular, we have that ψ(t) = O(hs+1). Differentiation
of x∗1 then leads to

ẋ∗1 (t) =
1

h

s∑
l=0

x∗1 (t̂l)L̇l

(
t − ti

h

)
+ ψ̇(t), (5.73)

with ψ̇(t) = O(hs). In the same way, we get that

R(t)x∗1 (t)+ g(t) =
s∑

l=0

(R(t̂l)x
∗
1 (t̂l)+ g(t̂l))Ll

(
t − ti

h

)
+ φ(t) (5.74)

and

R(t)ẋ∗1 (t)+ Ṙ(t)x∗1 (t)+ ġ(t) = 1

h

s∑
l=0

(R(t̂l)x
∗
1 (t̂l)+ g(t̂l))L̇l

(
t − ti

h

)
+ φ̇(t),

(5.75)
with φ(t) = O(hs+1) and φ̇(t) = O(hs). Eliminating x∗2 in the first relation of
(5.70) with the help of the second relation and using the just derived representations,
we obtain

Ê11(t̂j )
1

h

s∑
l=0

vjlx
∗
1 (t̂l)+ Ê12(t̂j )

1

h

s∑
l=0

vjlR(t̂l)x
∗
1 (t̂l)

− Â11(t̂j )x
∗
1 (t̂j )− Â12(t̂j )R(t̂j )x

∗
1 (t̂j )

= f̂1(t̂j )− Ê12(t̂j )
1

h

s∑
l=0

vjlg(t̂l)+ Â12(t̂j )g(t̂j )+O(hs)

(5.76)

for j = 1, . . . , s. Hence,

B

⎡
⎢⎣x
∗
1 (t̂1)−X1,1

...

x∗1 (t̂s)−Xs,1

⎤
⎥⎦ = O(hs) (5.77)
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or, with (5.69), ⎡
⎢⎣x
∗
1 (t̂1)−X1,1

...

x∗1 (t̂s)−Xs,1

⎤
⎥⎦ = O(hs+1). (5.78)

In order to construct a solution of (5.60), we apply the Newton-like method (5.13).
To start the iteration, we use the just obtained solution Xj,1, j = 1, . . . , s, of (5.67)
and set X0

j,1 = Xj,1, j = 1, . . . , s. The iteration (5.13) for (5.60) then reads

Ê11(t̂j )
1

h

s∑
l=0

vjl(X
m+1
l,1 −Xm

l,1)+ Ê12(t̂j )
1

h

s∑
l=0

vjlR(t̂l)(X
m+1
l,1 −Xm

l,1)

− Â11(t̂j )(X
m+1
j,1 −Xm

j,1)− Â12(t̂j )R(t̂j )(X
m+1
j,1 −Xm

j,1)

= −F̂1

(
t̂j , X

m
j,1,R(t̂j , X

m
j,1),

1

h

s∑
l=0

vjlX
m
l,1,

1

h

s∑
l=0

vjlR(t̂l , X
m
l,1)
) (5.79)

for j = 1, . . . , s, when we use the convention that Xm
0,1 = x∗1 (ti). Observing that

F̂1

(
t̂j , X

0
j,1,R(t̂j , X

0
j,1),

1

h

s∑
l=0

vjlX
0
l,1,

1

h

s∑
l=0

vjlR(t̂l , X
0
l,1)
)

= F̂1

(
t̂j , x

∗
1 (t̂j )+O(hs+1), x∗2 (t̂j )+O(hs+1),

1

h

s∑
l=0

vjlx
∗
1 (t̂l)+O(hs),

1

h

s∑
l=0

vjlx
∗
1 (t̂l)+O(hs)

)
= O(hs)

due to (5.78), we have that

B

⎡
⎢⎣
X1

1,1 −X0
1,1

...

X1
s,1 −X0

s,1

⎤
⎥⎦ = O(hs). (5.80)

By (5.69), it follows that ⎡
⎢⎣
X1

1,1 −X0
1,1

...

X1
s,1 −X0

s,1

⎤
⎥⎦ = O(hs+1). (5.81)

Hence, the assumptions of Theorem 5.7 are satisfied with∥∥∥∥∥∥∥
⎡
⎢⎣
X1

1,1 −X0
1,1

...

X1
s,1 −X0

s,1

⎤
⎥⎦
∥∥∥∥∥∥∥ ≤ α = Chs+1, ‖B−1‖ ≤ β = Ch, γ = Ch−1
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for a suitable constant C independent of h. We now choose h so small that∥∥∥∥∥∥∥
⎡
⎢⎣
x∗1 (t̂1)−X0

1,1
...

x∗1 (t̂s)−X0
s,1

⎤
⎥⎦
∥∥∥∥∥∥∥ ≤

1

2βγ
= 1

2C2

and that ∥∥∥∥∥∥∥
⎡
⎢⎣
X1

1,1 −X0
1,1

...

X1
s,1 −X0

s,1

⎤
⎥⎦
∥∥∥∥∥∥∥ ≤

1

9βγ
= 1

9C2 .

Furthermore, we choose h so small that (5.12f) holds. Then, Theorem 5.7 implies
that the quantities Xm

j,1 converge to locally unique quantities X∗j,1, j = 1, . . . , s.
Moreover, by Corollary 5.8, it follows that∥∥∥∥∥∥∥

⎡
⎢⎣
x∗1 (t̂1)−X∗1,1

...

x∗1 (t̂s)−X∗s,1

⎤
⎥⎦
∥∥∥∥∥∥∥ ≤

∥∥∥∥∥∥∥
⎡
⎢⎣
x∗1 (t̂1)−X0

1,1
...

x∗1 (t̂s)−X0
s,1

⎤
⎥⎦
∥∥∥∥∥∥∥+

∥∥∥∥∥∥∥
⎡
⎢⎣
X∗1,1 −X0

1,1
...

X∗s,1 −X0
s,1

⎤
⎥⎦
∥∥∥∥∥∥∥

≤ Chs+1 + 4Chs+1 = 5Chs+1.

(5.82)

This shows that (5.60) defines a numerical method for the solution of (5.45) that is
consistent of order s.

In order to show stability, we proceed as follows. We have already shown that
the nonlinear system consisting of

F̂1

(
t̂j , Xj,1,R(t̂j , Xj,1),

1

h
vj0x1,i +

s∑
l=1

vjlXl,1,

1

h
vj0R(ti , x1,i )+ 1

h

s∑
l=1

vjlR(t̂l , Xl,1)
)
= 0,

(5.83)

with j = 1, . . . , s, is uniquely solvable in a neighborhood of x∗1 (ti) for the stage
values Xj,1. Thus, we can see these Xj,1 as functions of x1,i according to

Xj,1 = Gj (x1,i ), j = 1, . . . , s, (5.84)

where, by construction, the functions Gj , j = 1, . . . , s, satisfy

F̂1

(
t̂j ,Gj (x1,i ),R(t̂j ,Gj (x1,i )),

1

h
vj0x1,i +

s∑
l=1

vjlGl(x1,i ),

1

h
vj0R(ti , x1,i )+ 1

h

s∑
l=1

vjlR(t̂l ,Gl(x1,i ))
)
≡ 0.
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Differentiation with respect to x1,i yields (omitting arguments)

F̂1;x1Gj ;x1 + F̂1;x2Rx1Gj ;x1 + F̂1;ẋ1

1

h
vj0 + F̂1;ẋ1

1

h

s∑
l=1

vjlGl;x1

+ F̂1;ẋ2

1

h
vj0Rx1 + F̂1;ẋ2

1

h

s∑
l=1

vjlRx1Gl;x1 = 0,

(5.85)

representing a linear system for the derivatives Gj ;x1 , j = 1, . . . , s. Similar as
for the matrix B from (5.68), it follows that the coefficient matrix is O(h−1) and
invertible for sufficiently small h. Since the right hand side is O(h−1) as well, it
follows that the derivatives Gj ;x1 are O(1). Multiplying (5.85) with h, we then get

F̂1;ẋ1

(
vj0I +

s∑
l=1

vjlGl;x1

)
+ F̂1;ẋ2

(
vj0Rx1 +

s∑
l=1

vjlRx1Gl;x1

)
= O(h).

Since the arguments of Rx1 only differ by terms of O(h), all arguments can be
shifted to a common argument by Taylor expansion, yielding

(F̂1;ẋ1 + F̂1;ẋ2Rx1)
(
vj0I +

s∑
l=1

vjlGl;x1

)
= O(h),

with a nonsingular coefficient matrix F̂1;ẋ1 + F̂1;ẋ2Rx1 . Hence,

vj0I +
s∑

l=1

vjlGl;x1 = O(h).

If we define the block column matrix Gx1 to consist of the blocks Gj ;x1 , j = 1, . . . , s,
we can write this relation as

(V ⊗ I )Gx1 = V e ⊗ I +O(h).

This immediately gives Gx1 = e ⊗ I + O(h). In particular, Gs;x1 = I + O(h)

and Gs;x1 is Lipschitz continuous. Moreover, we can choose the norm such that the
Lipschitz constant becomes L = 1+ hK . Using

x1,i+1 = Gs(x1,i ), x∗1 (ti+1) = Gs(x
∗
1 (ti))+O(hs+1),

the latter expressing the consistency of the method, we find that

‖x∗1 (ti+1)− x1,i+1‖ = ‖Gs(x
∗
1 (ti))− Gs(x1,i )+O(hs+1)‖

≤ (1+ hK)‖x∗1 (ti)− x1,i‖ + Chs+1

≤ 1+ hK̃,

(5.86)
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which shows the stability of (5.60). Together with x2,i+1 = R(ti+1, x1,i+1), we
have shown that the resulting method (5.58) for the numerical solution of (5.50) is
consistent and stable in the sense of Theorem 5.4, if we set Xi = xi = (x1,i , x2,i )

and X(ti) = x∗(ti). Thus, we have the following theorem.

Theorem 5.17. The collocationRunge–Kuttamethods defined by (5.58) and xi+1 =
Xi,s with collocation points as in (5.51) are convergent of order p = s.

A special class of Runge–Kutta methods that are covered by Theorem 5.17 are
the already mentioned Radau IIA methods defined byB(2s−1),C(s), andD(s−1)
of (5.22) together with γs = 1. The order of these methods is given by p = 2s− 1.
That the order is higher than suggested by Theorem 5.17 is due to the special choice
of the nodes. This effect is called superconvergence. Because of B(2s − 1), the
underlying quadrature rule of the Radau IIA methods is required to be exact for all
polynomials φ ∈ P2s−1. Hence, we have that

∫ ti+1

ti

ψ(r)

s∏
j=1

(r − t̂j ) dr = 0 for all ψ ∈ Ps−1. (5.87)

In order to show superconvergence for the Radau IIA methods, when applied
to regular strangeness-free differential-algebraic equations, we first recall that the
given solution x∗ solves (5.62). The corresponding collocation solution is given by
the stage values X0

1, . . . , X
0
s . Defining x0

π ∈ Ps+1 by

x0
π(t) =

s∑
l=0

X0
l Ll

(
t − t̂l

h

)
, (5.88)

where X0
0 = x∗(ti), the polynomial x0

π solves the system

Ê(t)ẏ − Â(t)y = Ê(t)ẋ0
π(t)− Â(t)x0

π(t), y(ti) = x∗(ti). (5.89)

Transformation of (5.62) to the canonical form (5.11) yields[
Id 0
0 0

]
d
dt
(Q−1y) =

[
0 0
0 Ia

]
(Q−1y) = P f̂ (t).

With

Q−1y =
[
y1
y2

]
, P f̂ =

[
g1
g2

]
=
[
P11 P12
0 P22

] [
f̂1

f̂2

]
=
[[ Id 0 ]P f̂

P22f̂2

]
,

it follows that
ẏ1 = g1(t), 0 = y2 + g2(t).
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Hence, setting [
y∗1
y∗2

]
= Q−1x∗,

[
y0
π,1
y0
π,2

]
= Q−1x0

π ,

we get that

y∗1 (t) = y∗1 (ti)+
∫ t

ti

[ Id 0 ]P(r)f̂ (r) dr,

y∗2 (t) = −P22(t)f̂2(t),

and, accordingly,

y0
π,1(t) = y0

π,1(ti)+
∫ t

ti

[ Id 0 ]P(r)(Ê(r)ẋ0
π(r)− Â(r)x0

π(r)) dr,

y0
π,2(t) = −P22(t)(−Â2(t)x

0
π(t)).

Together, these relations imply that

x∗(ti+1)− x0
π(ti+1) = Q(ti+1)

[∫ ti+1
ti

φ(r) dr

0

]
,

with
φ(r) = [ Id 0 ]P(r)(f̂ (r)+ Â(r)x0

π(r)− Ê(r)ẋ0
π(r)),

where we have used that A2(ti+1)X
0
j + f̂2(ti+1) = 0 due to the construction of the

numerical method. Since X0
1, · · · , X0

s represent the solution of (5.62), we find that

φ(t̂j ) = 0, j = 1, . . . , s,

and we can write φ in the form

φ(r) = ω(r)

s∏
j=1

(r − t̂j )

with a smooth function ω. Taylor expansion yields ω = ψ + O(hs−1) with a
polynomial ψ ∈ Ps−1. Thus, the special choice of the nodes according to (5.87)
leads to∫ ti+1

ti

φ(r) dr =
∫ ti+1

ti

(ψ(r)

s∏
j=1

(r − t̂j )+O(h2s−1)) dr = O(h2s).

We therefore end up with

x∗(ti+1)− x0
π(ti+1) = O(h2s). (5.90)
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In particular, we observe consistency of order p = 2s−1 at least in the linear case.
In the following, we now transfer this result to the nonlinear case.

Denoting the stage values in the solution of (5.58) by X∗1, . . . , X∗s and defining
x∗π ∈ Ps+1 by

x∗π(t) =
s∑

l=0

X∗l Ll

(
t − t̂l

h

)
, (5.91)

where X∗0 = x∗(ti), the derived consistency estimate, which also holds for the part
of the variables associated with x2 in the numerical solution, gives

x∗(t̂j )− x∗π(t̂j ) = O(hs+1), ẋ∗(t̂j )− ẋ∗π(t̂j ) = O(hs).

Hence, using F̂ (t̂j , x
∗(t̂j ), ẋ∗(t̂j )) = 0, we obtain that

0 = F̂ (t̂j , x
∗
π(t̂j ), ẋ

∗
π(t̂j ))

= F̂ (t̂j , x
∗(t̂j )+ (x∗π(t̂j )− x∗(t̂j )), ẋ∗(t̂j )+ (ẋ∗π(t̂j )− ẋ∗(t̂j )))

= Ê(t̂j )(ẋ
∗
π(t̂j )− ẋ∗(t̂j ))− Â(t̂j )(x

∗
π(t̂j )− x∗(t̂j ))+O(h2s).

Together with

Ê(t̂j )(ẋ
0
π(t̂j )− ẋ∗(t̂j ))− Â(t̂j )(x

0
π(t̂j )− x∗(t̂j )) = 0,

we get that

Ê(t̂j )(ẋ
∗
π(t̂j )− ẋ0

π(t̂j ))− Â(t̂j )(x
∗
π(t̂j )− x0

π(t̂j )) = O(h2s).

Since

x∗π(t̂j )− x0
π(t̂j ) = X∗j −X0

j , ẋ∗π(t̂j )− ẋ0
π(t̂j ) =

s∑
l=0

vjl(X
∗
l −X0

l ),

the first part of the quantities X∗j − X0
j , j = 1, . . . , s, associated with x1, solves

a linear system with the coefficient matrix B defined in (5.68), implying that this
part is O(h2s+1). The second part, associated with x2, form the solution of a linear
system with a coefficient matrix of O(1) and right hand side of O(h2s). Therefore,
we get that X∗j −X0

j = O(h2s), j = 1, . . . , s. In particular,

x∗(ti+1)− x∗π(ti+1)+ x0
π(ti+1)− x∗(ti+1) = O(h2s),

and (5.90) yields
x∗(ti+1)− x∗π(ti+1) = O(h2s). (5.92)

Since we have already shown stability of the methods, the consistency of order
p = 2s−1 implies convergence with the same order. Hence, we have the following
theorem.
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Theorem 5.18. Choosing the nodes γj , j = 1, . . . , s, in (5.51) such that (5.87)
holds, the corresponding collocation Runge–Kutta methods defined by (5.58) and
xi+1 = Xi,s are convergent of order p = 2s − 1.

One can show that the methods that are covered by Theorem 5.18 are just the
Radau IIA methods that we have introduced in the beginning of this section, see
[108]. In this way, we have also verified the claimed order p = 2s − 1.

Remark 5.19. All presented convergence results are based on the assumption that
we use a constant stepsize. For real-life applications, however, a sophisticated
strategy for the adaption of the stepsize during the numerical solution of the problem
is indispensable. In the case of semi-explicit differential-algebraic equations of
index ν = 1 or regular strangeness-free problems (5.50), it is possible to use the
same techniques as in the case of ordinary differential equations, see, e.g., [106].
However, when discretizing higher index systems, changes of the stepsize may lead
to undesired effects, see Exercise 18.

In this section, we have only discussed a selected class of one-step methods
that are applicable for differential-algebraic systems. Further classes of one-step
methods include extrapolation methods, Rosenbrock methods, and methods that
utilize further structure of the given problem, see [108] and the bibliographical
remarks of this chapter.

5.3 Multi-step methods

It is the idea of multi-step methods to use several of the previous approximations
xi−1, . . . , xi−k for the computation of the approximation xi to the solution value
x(ti). Given real coefficients αl and βl for l = 0, . . . , k, a linear multi-step method
for the numerical solution of an ordinary differential equation ẋ = f (t, x) is given
by

k∑
l=0

αk−lxi−l = h

k∑
l=0

βk−lf (ti−l , xi−l). (5.93)

In order to fix xi at least for sufficiently small stepsizes h, we must require that
αk �= 0. In addition, we assume that α2

0+β2
0 �= 0 and speak of a k-step method. Of

course, we must provide x0, . . . , xk−1 to initialize the iteration. These are usually
generated via appropriate one-step methods or within a combined order and stepsize
control.

Since we can multiply (5.93) by any nonzero scalar without changing the nu-
merical method, we are allowed to assume that either αk = 1 or, in the case of
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implicit methods where βk �= 0, that βk = 1. For the moment, we suppose that
αk = 1.

The coefficients αl and βl define the so-called characteristic polynomials

 (λ) =
k∑

l=0

αlλ
l, σ (λ) =

k∑
l=0

βlλ
l (5.94)

of the multi-step method.
Setting

Xi =

⎡
⎢⎢⎢⎣
xi+k−1
xi+k−2

...

xi

⎤
⎥⎥⎥⎦ , X(ti) =

⎡
⎢⎢⎢⎣
x(ti+k−1)

x(ti+k−2)
...

x(ti)

⎤
⎥⎥⎥⎦ ,

we can treat multi-step methods in the context of general discretization methods as
discussed in Section 5.1. The multi-step (5.93) is called consistent of order p if

k∑
l=0

αk−lx(ti−l)− h

k∑
l=0

βk−l ẋ(ti−l) = O(hp+1) (5.95)

for all sufficiently smooth functions x with the constant involved in O(hp+1) being
independent of h. By the implicit function theorem, we can solve (5.93) for xi in
the form

xi = S(ti , xi−1, . . . , xi−k;h)
with

S(ti , xi−1, . . . , xi−k;h)+
k∑

l=1

αk−lxi−l

− hβkf (ti,S(ti , xi−1, . . . , xi−k;h))− h

k∑
l=1

βk−lf (ti−l , xi−l) ≡ 0.
(5.96)

If x solves the given ordinary differential equation, then we have that

S(ti , x(ti−1), . . . , x(ti−k);h)+
k∑

l=1

αk−lx(ti−l)

− hβkf (ti,S(ti , x(ti−1), . . . , x(ti−k);h))− h

k∑
l=1

βk−lf (ti−l , x(ti−l)) = 0.

Subtracting this from (5.95) gives

x(ti)− S(ti , x(ti−1), . . . , x(ti−k);h)
= hβk(f (ti , x(ti))− f (ti,S(ti , x(ti−1), . . . , x(ti−k);h)))+O(hp+1)
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or, for sufficiently small h,

‖x(ti)− S(ti , x(ti−1), . . . , x(ti−k);h)‖ ≤ C

1− h|βk|Lh
p+1,

where L is the Lipschitz constant of f with respect to the second argument. Intro-
ducing

F(ti ,Xi;h) =

⎡
⎢⎢⎢⎣

S(ti+k, xi+k−1, . . . , xi;h)
xi+k−1

...

xi+1

⎤
⎥⎥⎥⎦ ,

this estimate immediately leads to (5.3).
A multi-step method (5.93) is called stable if there exists a vector norm such

that in the associated matrix norm

‖Cα ⊗ In‖ ≤ 1, (5.97)

where

Cα =

⎡
⎢⎢⎢⎣
−αk−1 · · · −α1 −α0

1
. . .

1

⎤
⎥⎥⎥⎦

is the companion matrix of the characteristic polynomial  given by the coefficients
α0, . . . , αk−1, αk = 1. In view of (5.4), we must investigate

F(ti ,X(ti);h)− F(ti ,Xi;h)

=

⎡
⎢⎢⎢⎣

S(ti+k, x(ti+k−1), . . . , x(ti);h)− S(ti+k, xi+k−1, . . . , xi;h)
x(ti+k−1)− xi+k−1

...

x(ti+1)− xi+1

⎤
⎥⎥⎥⎦ .

Inserting (5.96) in the first block, we get

S(ti+k, x(ti+k−1), . . . , x(ti);h)− S(ti+k, xi+k−1, . . . , xi;h)

= −
k∑

l=1

αk−l(x(ti+k−l)− xi+k−l)

+ h

k∑
l=1

βk−l(f (ti+k−l , x(ti+k−l))− f (ti+k−l , xi+k−l))

+ hβk(f (ti+k,S(ti+k, x(ti+k−1), . . . , x(ti);h))
− f (ti+k,S(ti+k, xi+k−1, . . . , xi;h))).
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It then follows that

‖F(ti ,X(ti);h)− F(ti ,Xi;h)‖ ≤ 1

1− h|βk|L(‖Cα ⊗ In‖ + hK̃)‖X(ti)− Xi‖
≤ (1+ hK)‖X(ti)− Xi‖,

when we use the specific norms associated with the stability (5.97). Hence, (5.4)
holds and Theorem 5.4 yields convergence of multi-step methods that are consistent
and stable.

To check whether a multi-step methods is consistent and stable in terms of the
coefficients αl and βl , l = 1, . . . , k, we have the following results.

Theorem 5.20. If the coefficients αl and βl , l = 1, . . . , k, of the multi-step method
(5.93) satisfy the conditions

k∑
l=0

αll
q = q

k∑
l=0

βll
q−1, q = 0, . . . , p, (5.98)

with the convention that the right hand side vanishes for q = 0 and that 00 = 1,
then the method is consistent of order p.

Proof. Taylor expansion of the left hand side of (5.95) yields

k∑
l=0

(αlx(tl)− hβẋ(tl))

=
k∑

l=0

[
αl

p∑
q=0

(tl − t0)
q

q ! x(q)(t0)− hβl

p−1∑
q=0

(tl − t0)
q

q ! x(q+1)(t0)
]
+O(hp+1)

=
k∑

l=0

[
αl

p∑
q=0

lqhq

q ! x
(q)(t0)− hβl

p∑
q=1

lq−1hq−1

(q − 1) ! x
(q)(t0)

]
+O(hp+1)

=
p∑

q=0

[ k∑
l=0

αll
q − q

k∑
l=0

βll
q−1
]hq
q !x

(q)(t0)+O(hp+1).
�

In order to get consistency of order at least p = 1, we must therefore require
the characteristic polynomials (5.94) to satisfy

 (1) = 0,  ̇(1) = σ(1). (5.99)

For stability of the multi-step method, we have the following result.
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Theorem 5.21. Suppose that the characteristic polynomial  of the multi-step
method (5.93) satisfies the so-called root condition given by:

1. The roots of  lie in the closed unit disk.

2. The roots of  with modulus one are simple.

Then the multi-step method is stable.

Proof. With the normalization αk = 1, the matrix Cα from (5.97) is the com-
panion matrix to the characteristic polynomial  . In particular, the eigenvalues
λ1, . . . , λk ∈ C of Cα are just the roots of  . Due to the root condition, we may
assume that

1 = |λ1| = · · · = |λm| > |λm+1| ≥ · · · ≥ |λk|,
where the roots λ1, . . . , λm are simple. Setting ε = 1−|λm+1|, it follows that there
exists a nonsingular matrix T ∈ Ck,k such that Cα can be transformed to Jordan
canonical form given by

J = T −1CαT =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ1
. . .

λm
λm+1 εm+1

. . .
. . .

. . . εk−1
λk

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

with |εj | ≤ ε for j = m+ 1, . . . , k − 1. Hence, ‖J‖∞ ≤ 1, and the relation

‖X‖ = ‖(T −1 ⊗ In)X‖∞
defines a vector norm whose associated matrix norm satisfies

‖Cα ⊗ In‖ = ‖(T −1 ⊗ In)(Cα ⊗ In)(T ⊗ In)‖∞ = ‖J ⊗ In‖∞ ≤ 1. �

The general convergence result of Theorem 5.4 then yields the following suffi-
cient conditions for a multi-step method to be convergent.

Theorem 5.22. Suppose that the coefficients αl and βl , l = 1, . . . , k, of the multi-
step method (5.93) satisfy (5.98) and that the characteristic polynomial  satisfies
the root condition of Theorem 5.21. Then the multi-step method is convergent of
order p.
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In the context of differential-algebraic equations, the most popular linear multi-
step methods are the so-called BDF methods. The abbreviation BDF stands for
backward differentiation formulae. These methods are obtained by setting

β0 = · · · = βk−1 = 0, βk = 1, (5.100)

and choosing αl , l = 1, . . . , k, to satisfy (5.98) with p as large as possible. Since
(5.98) constitutes a linear system for the coefficients αl , with a Vandermonde matrix
as coefficient matrix, we can achieve p = k. See Table 5.3 for the resulting

Table 5.3. The simplest BDF methods

αk−l l = 0 l = 1 l = 2 l = 3 l = 4 l = 5 l = 6
k = 1 1 −1

k = 2 3
2 −2 1

2

k = 3 11
6 −3 3

2 − 1
3

k = 4 25
12 −4 3 − 4

3
1
4

k = 5 137
60 −5 5 − 10

3
5
4 − 1

5

k = 6 147
60 −6 15

2 − 20
3

15
4 − 6

5
1
6

coefficients αl , l = 1, . . . , k, of the simplest BDF methods. Recalling (5.95), the
BDF methods satisfy

ẋ(tk)− 1

h

k∑
l=0

αk−lx(ti−l) = O(hk). (5.101)

Thus, the BDF methods can be interpreted as discretization methods for ẋ = f (t, x)

in the following way. We evaluate the ordinary differential equation at tk obtain-
ing ẋ(tk) = f (tk, x(tk)) and simply replace ẋ(tk) by the backward differentiation
formula given in (5.101) and x(tl) by xl , l = 0, . . . , k. Obviously, this kind of
discretization can also be used in the same way for differential-algebraic equations.
However, since the BDF methods are constructed only with a large consistency
order in mind, we must still check their stability. Unfortunately, this leads to a
restriction of the possible order.

Theorem 5.23. The BDF methods are stable only for 1 ≤ k ≤ 6.

Proof. A nice proof can be found in the paper [107]. �

In the following, we discuss the properties of multi-step methods when employed
for differential-algebraic equations. We will mainly consider the BDF methods,
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which take the form

F(ti, xi,Dhxi) = 0, Dhxi = 1

h

k∑
l=0

αk−lxi−l . (5.102)

Again, (5.102) only presents a reasonable numerical method if we can show that it
defines a unique xi in the vicinity of xi−1 at least for sufficiently small stepsize h.

As in Section 5.2, we begin the analysis of the convergence properties with
the case of linear differential-algebraic equations with constant coefficients Eẋ =
Ax + f (t). Again, we assume that the pair (E,A) is regular such that the solution
is unique. We then obtain the following convergence result.

Theorem 5.24. Let (E,A) be regular with ν = ind(E,A). Then the BDF methods
(5.102) with 1 ≤ k ≤ 6, applied to the system Eẋ = Ax + f (t), x(t0) = x0, are
convergent of order p = k.

Proof. If we apply (5.102) to Eẋ = Ax + f (t), then we obtain

E
1

h

k∑
l=0

αk−lxi−l = Axi + f (ti). (5.103)

Since (E,A) is regular, we may assume for the analysis that the pair (E,A) is in
Weierstraß canonical form (2.7) such that the system decouples into two parts. The
first part represents the BDF method applied to an ordinary differential equation for
which Theorem 5.22 applies. We may therefore restrict our analysis without loss
of generality to systems of the form

N
1

h

k∑
l=0

αk−lxi−l = xi + f (ti). (5.104)

To analyze this system, we again take the formal approach of Lemma 2.8 using the
operator Dh of (5.102). Equation (5.104) then becomes

NDhxi = xi + f (ti).

Since Dh is a linear operator and commutes with N , we obtain

xi = −(I −NDh)
−1f (ti) = −

ν−1∑
j=0

NjD
j
hf (ti).

Using (5.101), we get the formal power series

Dhf (ti) = ḟ (ti)+
∑
q≥k

cq
hq

q! f
(q)(ti) = ḟ (ti)+O(hk)
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Applying Dh once more, we obtain

D2
hf (ti) = Dhḟ (ti)+

∑
q≥k

cq
hq

q!Dhf
(q)(ti)

= f̈ (ti)+
∑
q≥k

c̃q
hq

q! f
(q+1)(ti) = f̈ (ti)+O(hk).

Proceeding inductively, this gives

D
j
hf (ti)− f (j)(ti) = O(hk), j = 0, . . . , ν − 1

such that

x(ti)− xi = −
ν−1∑
j=0

Nj(f (j)(ti)−D
j
hf (ti)) = O(hk).

Hence, we have convergence of the BDF method of order p = k. �

Remark 5.25. If a BDF method with constant stepsize h is applied to a regular
linear differential-algebraic equation Eẋ = Ax + f (t) with constant coefficients
and constant inhomogeneity and if ν = ind(E,A) ≥ 2, then the numerical approx-
imations xi are consistent for i ≥ ν − 1, independent of the (possibly inconsistent)
starting values.

As for Runge–Kutta methods, the situation becomes more complex in the case
of linear differential-algebraic systems with variable coefficients. If we discretize
(3.1) by a BDF method, then we obtain

E(ti)
1

h

k∑
l=0

αk−lxi−l = A(ti)xi + f (ti),

or, equivalently, by collecting the terms in xi ,

(αkE(ti)− hA(ti))xi = hf (ti)− E(ti)

k∑
l=1

αk−lxi−l . (5.105)

It follows that a unique numerical solution xi exists if and only if the matrix
αkE(ti)−hA(ti) is invertible. This is only possible if the matrix pair (E(ti), A(ti))
is regular. Thus, in order to guarantee that BDF methods can be used, we would
need to assume that (E(t), A(t)) is regular for all t ∈ I. But we have already seen
in Chapter 3 that the pointwise regularity of (E,A) is not invariant under equiva-
lence transformations. Moreover, it is completely independent from the solvability
properties of the differential-algebraic equation.
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If we apply for example a BDF method (5.105) to Example 3.1, then, since
the pair (E(t), A(t)) is regular for all t ∈ I, the BDF method determines a unique
numerical solution, whereas the given differential-algebraic equation is not uniquely
solvable at all. On the other hand, if we apply a BDF method (5.105) to Example 3.2,
then, since the pair (E(t), A(t)) is singular for all t ∈ I, the linear system in (5.105)
is either not solvable or does not have a unique solution, whereas the given differ-
ential-algebraic equation is uniquely solvable.

These considerations lead to the conclusion that, as for one-step methods, we
need to restrict the class of problems in such a way that BDF methods and other
multi-step methods can be applied. It is clear that we must assume that the initial
value problem for the differential-algebraic equation itself is uniquely solvable.

Following the lines of Section 5.2, we first consider the class of semi-explicit
differential-algebraic equations of index ν = 1 given by (5.35). Again, we may
proceed in two ways to generalize multi-step methods for the solution of (5.35). In
the direct approach, we apply (5.93) to (5.36). Linear multi-step methods then take
the form

k∑
l=0

αk−lxi−l = h

k∑
l=0

βk−lf (ti−l , xi−l , yi−l),

ε

k∑
l=0

αk−lyi−l = h

k∑
l=0

βk−lg(ti−l , xi−l , yi−l).

(5.106)

Setting ε = 0 yields a method of the form

k∑
l=0

αk−lxi−l = h

k∑
l=0

βk−lf (ti−l , xi−l , yi−l),

0 = h

k∑
l=0

βk−lg(ti−l , xi−l , yi−l).

(5.107)

In the indirect approach, we simply replace the second part of (5.107) by
g(ti, xi, yi) = 0. Using the solvability of g(t, x, y) = 0 with respect to y, we
have that yi = R(ti , xi). If this also holds for i = 0, . . . , k − 1, i.e., if all the
starting values are consistent, then the indirect approach is equivalent to the so-
lution of the ordinary differential equation (5.45) by the given multi-step method
and setting yi = R(ti , xi). It is then clear that we obtain the same convergence
properties as for ordinary differential equations. In particular, we may even apply
explicit multi-step methods, i.e., methods of the form (5.93) with βk = 0. Thus,
for the analysis, it remains to look at the direct approach.
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Theorem 5.26. Consider an implicit multi-step method (5.93) of order p applied
to (5.35) as in (5.107). Suppose that  as well as σ satisfy the root condition. Then
the method is convergent of order p.

Proof. Since the multi-step method (5.93) is required to be implicit, we may assume
that the coefficients are scaled so that βk = 1. It then follows that there exists a
vector norm such that in the associated matrix norm

‖Cβ ⊗ In‖ ≤ 1, (5.108)

with the companion matrix

Cβ =

⎡
⎢⎢⎢⎣
−βk−1 · · · −β1 −β0

1
. . .

1

⎤
⎥⎥⎥⎦ .

The second equation of (5.107) yields

g(ti, xi, yi) = −
k∑

l=1

βk−lg(ti−l , xi−l , yi−l).

Setting ηi = g(ti, xi, yi) and

Yi =
⎡
⎢⎣ηi+k−1

...

ηi

⎤
⎥⎦ ,

this can be written as
Yi+1 = (Cβ ⊗ In)Yi .

Using the vector norm selected in (5.108) and the bound (5.6) for the initial values,
it follows that

‖Yi+1‖ ≤ ‖Yi‖ ≤ · · · ≤ ‖Y0‖ ≤ C̃hp.

Hence, we can solve ηi = g(ti, xi, yi) for yi whenever h is sufficiently small, and
we get that

yi = R(ti , xi)+O(hp).

Inserting this into the first equation of (5.107), we obtain

k∑
l=0

αk−lxi−l = h

k∑
l=0

βk−lf (ti−l , xi−l ,R(ti−l , xi−l))+O(hp+1).
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But this is a perturbed multi-step method applied to the ordinary differential equation
(5.45). Comparing with (5.93), we see that it is stable and consistent of order p.
Hence, it is convergent of order p by Theorem 5.4. From x(ti)− xi = O(hp), we
then get that

y(ti)− yi = R(ti , x(ti))−R(ti , xi)+O(hp) = O(hp). �

As a more general case, we discuss the application of BDF methods to regular
strangeness-free differential-algebraic equations of the form (5.50), i.e., we consider
the numerical methods given by

F̂1(ti , xi,Dhxi) = 0, F̂2(ti , xi) = 0. (5.109)

If the starting values x0, . . . , xk−1 satisfy the algebraic constraints, then we imme-
diately see that all numerical approximations xi satisfy the algebraic constraints as
well. We can therefore split xi into (xi,1, xi,2) and use

xi,2 = R(ti , xi,1) (5.110)

to eliminate xi,2 in the first equation of (5.109). Inserting the definition of Dh, we
obtain the nonlinear system

F̂1(ti , xi,1,R(ti , xi,1),
1

h

k∑
l=0

αk−lxi−l,1,
1

h

k∑
l=0

αk−lR(ti−l , xi−l,1)) = 0 (5.111)

as discretization of the ordinary differential equation (5.61).
To show that this is a reasonable numerical method, we must first show that

(5.111) uniquely determines the numerical approximation xi,1 when we are close to
the actual solution x∗1 (ti). To see this, we again discretize the linear problem (5.62)
with the exact solution x∗ by (5.109) to obtain

Ê(ti)
1

h

k∑
l=0

αk−lxi−l − Â(ti)xi = Ê(ti)ẋ
∗(ti)− Â(ti)x

∗(ti). (5.112)

Collecting the terms that include xi gives the linear system

(αkÊ(ti)−hÂ(ti))xi = h(Ê(ti)ẋ
∗(ti)−Â(ti)x∗(ti))−Ê(ti)

k∑
l=1

αk−lxi−l . (5.113)

Splitting (5.113) as (5.63) in the previous section and using the same notation, we
get

(αkÊ11(ti)− hÂ11(ti))xi,1 + (αkÊ12(ti)− hÂ12(ti))xi,2

= hf̂1(ti)− Ê1(ti)

k∑
l=1

αk−lxi−l
(5.114)
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and

− hÂ21(ti)xi,1 − hÂ22(ti)xi,2 = hf̂2(ti). (5.115)

Similar to (5.66), we then have that

xi,2 = R(ti)xi,1 + g(ti). (5.116)

Due to (5.6), we assume that xi−l = x∗(ti−l)+O(hk), l = 1, . . . , k. Using (5.101)
for x∗, this leads to

k∑
l=1

αk−lxi−l =
k∑

l=1

αk−lx∗i−l +O(hk)

=
k∑

l=0

αk−lx∗i−l − αkx
∗(ti)+O(hk)

= hẋ∗(ti)− αkx
∗(ti)+O(hk).

Inserting this into (5.114) and eliminating xi,2 with the help of (5.116) then gives

(αk(Ê11(ti)+ Ê12(ti)R(ti))− h(Â11(ti)+ Â12(ti)R(ti)))xi,1

= hf̂1(ti)− (αkÊ12(ti)− hÂ12(ti))g(ti)− Ê1(ti)

k∑
l=1

αk−lxi−l

= h(Ê1(ti)ẋ
∗(ti)− Â1(ti)x

∗(ti))− (αkÊ12(ti)− hÂ12(ti))g(ti)

− Ê1(ti)(hẋ
∗(ti)− αkx

∗(ti))+O(hk)

= (αkÊ11(ti)− hÂ11(ti))x
∗
1 (ti)+ (αkÊ12(ti)− hÂ12(ti))x

∗
2 (ti)

− (αkÊ12(ti)− hÂ12(ti))(x
∗
2 (ti)− R(ti)x

∗
1 (ti))+O(hk)

= (αk(Ê11(ti)+ Ê12(ti)R(ti))− h(Â11(ti)+ Â12(ti)R(ti)))x
∗
1 (ti)+O(hk).

Since the coefficient matrix αk(Ê11(ti)+ Ê12(ti)R(ti))−h(Â11(ti)+ Â12(ti)R(ti))

is bounded and boundedly invertible, we end up with x∗1 (ti) − xi,1 = O(hk) and
hence

x∗(ti)− xi = O(hk). (5.117)

In order to show that the nonlinear system (5.111) fixes a numerical solution xi,1
at least for sufficiently small h, we apply the Newton-like method (5.13), which
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here takes the form(α
h
(Ê11(ti)+ Ê12(ti)R(ti))− (Â11(ti)+ Â12(ti)R(ti))

)
(xm+1

i,1 − xmi,1)

= −F̂1

(
ti , x

m
i,1,R(ti , x

m
i,1),

1

h
(αkx

m
i,1 +

k∑
l=1

αk−lxi−l,1),

1

h

(
αkR(ti , x

m
i,1)+

k∑
l=1

αk−lR(ti−l , xi−l,1)
))
.

(5.118)

The iteration is started with the first part of the just constructed solution of (5.112),
which is therefore denoted by x0

i,1. Then (5.117) implies that

x∗1 (ti)− x0
i,1 = O(hk). (5.119)

For the first correction in the Newton-like iteration, we then compute

(α(Ê11(ti)+ Ê12(ti)R(ti))− h(Â11(ti)+ Â12(ti)R(ti)))(x
1
i,1 − x0

i,1)

= −hF̂1

(
ti , x
∗
1 (ti)+O(hk),R(ti , x

∗
1 (ti))+O(hk),

1

h

k∑
l=0

αk−lx∗1 (ti−l)+O(hk−1),
1

h

k∑
l=0

αk−lR(ti−l , x∗1 (ti−l))+O(hk−1)
)

= −hF̂1
(
ti , x
∗
1 (ti),R(ti , x

∗
1 (ti)),

ẋ∗1 (ti),Rt (ti , x
∗
1 (ti))+Rx1(ti , x

∗
1 (ti))ẋ

∗
1 (ti)

)+O(hk)

= O(hk),

since x∗1 solves (5.61). Thus, the assumptions of Theorem 5.7 are satisfied with

‖x1
i,1 − x0

i,1‖ ≤ α = Chk, β = Ch, γ = Ch−1,

with a suitable constant C independent of h. The same analysis as in Section 5.2
shows that the Newton-like process generates iterates xmi,1 that converge to a so-

lution x∗i,1 of (5.111) with x∗1 (ti) − x∗i,1 = O(hk). Setting x∗i,2 = R(ti , x
∗
i,1) then

yields a solution x∗i of (5.109) satisfying

x∗(ti)− x∗i = O(hk). (5.120)

In particular, we have shown that (5.111) locally defines a numerical solu-
tion x∗i,1, provided that the iterates xi−l,1, l = 1, . . . , k, are close to the solution.
Hence, writing (5.111) in a simplified form as

F̃1(ti , xi,1, xi−1,1, . . . , xi−k,1;h) = 0, (5.121)
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this equation is locally solved by

xi,1 = S(ti , xi−1,1, . . . , xi−k,1;h), (5.122)

dropping the superscript ∗. By definition, the function S then satisfies

F̃1(ti ,S(ti , xi−1,1, . . . , xi−k,1;h), xi−1,1, . . . , xi−k,1;h) ≡ 0. (5.123)

Our task now is to show that (5.122) constitutes a convergent discretization method
for the determination of the solution x∗1 of (5.111). To do so, we define

Xi =

⎡
⎢⎢⎢⎣
xi+k−1,1
xi+k−2,1

...

xi,1

⎤
⎥⎥⎥⎦ , X(ti) =

⎡
⎢⎢⎢⎣
x∗1 (ti+k−1)

x∗1 (ti+k−2)
...

x∗1 (ti)

⎤
⎥⎥⎥⎦ ,

together with

F(ti ,Xi;h) =

⎡
⎢⎢⎢⎣

S(ti+k, xi+k−1,1, . . . , xi,1;h)
xi+k−1,1

...

xi+1,1

⎤
⎥⎥⎥⎦ ,

and proceed as in the beginning of this section.
For consistency, we must study X(ti+1) − F(ti ,X(ti);h). Obviously, only the

first block is relevant. We therefore consider

x∗1 (ti)− S(ti , x
∗
1 (ti−1), . . . , x

∗
1 (ti−k);h).

Starting from

F̂1

(
ti , x
∗
1 (ti),R(ti , x

∗
1 (ti)),

1

h

k∑
l=0

αk−lx∗1 (ti−l),
1

h

k∑
l=0

αk−lR(ti−l , x∗1 (ti−l))
)

= F̂1(ti , x
∗
1 (ti),R(ti , x

∗
1 (ti)), ẋ

∗
1 (ti)+O(hk),

Rt (ti , x
∗
1 (ti))+Rx1(ti , x

∗
1 (ti))ẋ

∗
1 (ti)+O(hk)) = O(hk),

we consider (5.121) in the slightly more general form

F̃1(ti , xi,1, xi−1,1, . . . , xi−k,1;h) = ε.

For sufficiently small ε, this relation is still locally solvable for xi,1 according to

xi,1 = S̃(ti , xi−1,1, . . . , xi−k,1;h, ε)
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such that

F̃1(ti , S̃(ti , xi−1,1, . . . , xi−k,1;h, ε), xi−1,1, . . . , xi−k,1;h, ε) ≡ 0. (5.124)

Hence, we can write

x∗1 (ti) = S̃(ti , x
∗
1 (ti−1), . . . , x

∗
1 (ti−k);h, ε),

with ε = O(hk). It follows that

x∗1 (ti)− S(ti , x
∗
1 (ti−1), . . . , x

∗
1 (ti−k);h)

= S̃(ti , x
∗
1 (ti−1), . . . , x

∗
1 (ti−k);h, ε)− S̃(ti , x

∗
1 (ti−1), . . . , x

∗
1 (ti−k);h, 0).

In order to get a bound for this, we need a bound for the derivative S̃ε of S̃ with
respect to ε. Differentiating (5.124) and using (5.111), we get (omitting arguments)

(F̂1;x1 + F̂1;x2Rx1 + αk
h
F̂1;ẋ1 + αk

h
F̂1;ẋ2Rx1)S̃ε = I.

Hence, S̃ε = O(h) and S̃ is Lipschitz continuous with respect to ε with a Lipschitz
constant Lε = O(h). With this, we can estimate

‖x∗1 (ti)− S(ti , x
∗
1 (ti−1), . . . , x

∗
1 (ti−k);h)‖ ≤ Lεε = O(h)O(hk) = O(hk+1),

showing that the discretization method is consistent of order k.

For stability, we must study F(ti ,X(ti);h) − F(ti ,Xi;h). Looking again only
at the first block, we must consider

S(ti , x
∗
1 (ti−1), . . . , x

∗
1 (ti−k);h)− S(ti , xi−1,1, . . . , xi−k,1;h).

In this case, we need the derivatives Sxi−l,1 of S with respect to xi−l,1 for l =
1, . . . , k. Differentiating (5.123) and using (5.111), we get (omitting arguments)

(F̂1;x1+F̂1;x2Rx1+ αk
h
F̂1;ẋ1+ αk

h
F̂1;ẋ2Rx1)Sxi−l,1+ αk−l

h
F̂1;ẋ1+ αk−l

h
F̂1;ẋ2Rx1 = 0.

Hence, assuming again that the coefficients are scaled so that αk = 1, we have

Sxi−l,1 = −αk−lIn +O(h).
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In particular, we find

S(ti , x
∗
1 (ti−1), . . . , x

∗
1 (ti−k);h)− S(ti , xi−1,1, . . . , xi−k,1;h)

= S(ti , xi−1,1 + s(x∗1 (ti−1)− xi−1,1), . . . ,

xi−k,1 + s(x∗1 (ti−k)− xi−k,1);h)|s=1
s=0

=
∫ 1

0

k∑
l=1

Sxi−l,1(ti , xi−1,1 + s(x∗1 (ti−1)− xi−1,1), . . . ,

xi−k,1 + s(x∗1 (ti−k)− xi−k,1);h)(x∗1 (ti−l)− xi−l,1) ds

=
k∑

l=1

(−αk−lIn +O(h))(x∗1 (ti−l)− xi−l,1)

such that

F(ti ,X(ti);h)− F(ti ,Xi;h)

=

⎡
⎢⎢⎢⎣
∑k

l=1(−αk−lIn +O(h))(x∗1 (ti+k−l)− xi+k−l,1)
x∗1 (ti+k−1)− xi+k−1,1

...

x∗1 (ti+1)− xi+1,1

⎤
⎥⎥⎥⎦ .

This then leads to the estimate

‖F(ti ,X(ti);h)− F(ti ,Xi;h)‖ ≤ (‖Cα ⊗ In‖ +Kh)‖X(ti)− Xi‖.
Thus, the discretization method is stable if the underlying BDF method is stable.

Theorem 5.4 then yields convergence of order k of the discretization method
and hence of (5.111) to the first part x∗1 of the solution x∗ = (x∗1 , x∗2 ) of (5.50).
Convergence of the second part associated with x∗2 follows, since xi,2 = R(ti , xi,1)

together with x∗2 (ti) = R(ti , x
∗
1 (ti)) gives

‖x∗2 (ti)− xi,2‖ = ‖R(ti , x
∗
1 (ti))−R(ti , xi,1)‖ ≤ L‖x∗1 (ti)− xi,1‖ = O(hk)

for all i = 0, . . . , N , where L denotes the Lipschitz constant of R with respect to
the second argument. Thus, we have proved the following result.

Theorem 5.27. The BDF discretization (5.109) of (5.50) is convergent of order
p = k for 1 ≤ k ≤ 6 provided that the initial values x0, . . . , xk−1 are consistent.

Remark 5.28. As for Runge–Kutta methods, there are no difficulties to supply BDF
methods with a stepsize control if we restrict their application to semi-explicit dif-
ferential-algebraic equations of index ν = 1 or to regular strangeness-free problems
(5.50). Of course, we can also combine a stepsize control with an order control, as it
is typical in the context of multi-step methods. See [29] for more details. Compare
also with Remark 5.19 and Exercise 18.
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Bibliographical remarks

The analysis of Runge–Kutta methods for ordinary differential equations is a clas-
sical theme of numerical analysis. It can be found in most textbooks on this topic,
see, e.g., [11], [35], [38], [72], [106], [108], [210]. The direct application of implicit
Runge–Kutta methods to semi-explicit differential-algebraic equations was studied
in [36], [73], [100], [165], [194]. The existing results are summarized in [105],
[108]. Other one-step methods such as Rosenbrock methods or extrapolation meth-
ods for ordinary differential equations and their extensions to differential-algebraic
equations are discussed in [38], [72], [106], [108], [210].

Multi-step methods for differential-algebraic equations were first studied by
Gear [89]. Based on this work, several implementations of BDF methods were
presented in [28], [30], [164], [195], see also [29], [108]. Other multi-step methods
for semi-explicit or strangeness-free differential-algebraic equations are described
for example in [114], [115], [140], [204] and for multibody systems in [79], [181].

Using these methods for higher index problems, it was observed that difficulties
may arise, see, e.g., [126], [163], [203]. As we have shown, these difficulties
can be avoided by transforming the differential-algebraic equation to an equivalent
strangeness-free formulation, see also [125], [126], [127], [128], [132].

Exercises

1. Verify the claims of Lemma 5.5.

2. Show that ‖A⊗ I‖∞ = ‖A‖∞ for arbitrary matrices A ∈ Cm,n.

3. Assume that (E,A) with E,A ∈ Cn,n is a singular matrix pair. Prove with the help of
Theorem 2.3 that then In ⊗E − hA⊗A is singular as well, independent of the choice
of A ∈ Cn,n.

4. Show that for the Gauß method with s = 2, see Table 5.1, we have that κ1 = 2 and
κ2 = 2 as defined in Theorem 5.10.

5. Show that for the Radau IIA method with s = 2, see Table 5.2, we have that κ1 = ∞
and κ2 = 2 as defined in Theorem 5.10.

6. Implement the Gauß method with s = 2 from Table 5.1 using a constant stepsize. Use
Newton’s method and finite differences to approximate the Jacobians for the solution of
the arising nonlinear systems. Apply your program to the problem (5.26), where N is a
single nilpotent Jordan block with ind(N, I) = 2 and f (t) = [ 0 exp(t) ]T , and verify
the corresponding claim of Theorem 5.10. Explain why this method is not covered by
Theorem 5.12.

7. Implement the Radau IIA method with s = 2 from Table 5.2 using a constant stepsize.
Use Newton’s method and finite differences to approximate the Jacobians for the solution
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of the arising nonlinear systems. Apply your program to the problem (5.26), where N
is a single nilpotent Jordan block with ind(N, I) = 2 and f (t) = [ 0 exp(t) ]T , and
verify the corresponding claims of Theorem 5.10 and Theorem 5.12.

8. Apply your program of Exercise 7 to the problem (5.26) where N is a single nilpotent
Jordan block with ind(N, I) = ν, ν = 2, 3, 4, and f (t) = [ 0 · · · 0 exp(t) ]T , and
determine the resulting orders of convergence.

9. Show that the matrix Ẽ−hÃ in Example 5.14 is invertible and that the condition number
is

‖Ẽ − hÃ‖∞‖(Ẽ − hÃ)−1‖∞ = O(h−2).

10. Apply the Radau IIA method with s = 2 given in Table 5.2 to (5.33) as well as to
the transformed system (5.34) and to the associated reduced problem (3.60). Give a
theoretical analysis and compare the numerical results.

11. Apply the programs developed in Exercises 6 and 7 to the problem of Example 3.1[−t t2

−1 t

]
ẋ =

[−1 0
0 −1

]
x, x(0) =

[
0
1

]
.

Do the methods recognize that the solution is not unique?

12. Show that if the conditions B(p) and C(q) in (5.22) are satisfied, then the quadrature
rules given by the coefficients (βj , γj )j=1,...,s for intervals [ti , ti+1], j = 1, . . . , s and
by the coefficients (αjl, γl)l=1,...,s for intervals [ti , ti+γjh], j = 1, . . . , s, are of orderp
and q, respectively, i.e., show that (5.48) holds.

13. Show that the Gauß method with s = 1 given in Table 5.1 satisfies B(p) and C(q) of
(5.22) with p = 2 and q = 1 as best choice. Determine the value  of Theorem 5.16
and verify the claimed order by numerical experiments.

14. Show that the Gauß method with s = 2 given in Table 5.1 satisfies B(p) and C(q) of
(5.22) with p = 4 and q = 2 as best choice. Determine the value  of Theorem 5.16
and verify the claimed order by numerical experiments.

15. Let x ∈ C1(I,R) with a compact interval I be sufficiently smooth. Show that x(t) =
O(hk+1) for all t ∈ I implies that ẋ(t) = O(hk+1) for all t ∈ I.

16. Let φ ∈ C(I,R) with a compact interval I be sufficiently smooth. Furthermore, assume
that φ has the pairwise distinct zeros tj ∈ I, j = 0, . . . , k. Show that there exists a
smooth function ω ∈ C(I,R) such that φ has the representation

φ(t) = ω(t)

k∏
j=0

(t − tj )

for all t ∈ I.

17. Apply the program developed in Exercise 7 to the regular strangeness-free problem[
1 1
0 0

]
ẋ =

[
0 0
0 −1

]
x +

[
exp(t)+ cos(t)

exp(t)

]
, x(0) =

[
0
1

]
.

Compare the results with the claim of Theorem 5.18.
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18. Consider the differential-algebraic equation⎡
⎣0 1 0

0 0 1
0 0 0

⎤
⎦
⎡
⎣ẋ1

ẋ2

ẋ3

⎤
⎦ =

⎡
⎣1 0 0

0 1 0
0 0 1

⎤
⎦
⎡
⎣x1

x2

x3

⎤
⎦−

⎡
⎣ 0

0
u(t)

⎤
⎦

with some sufficiently smooth u ∈ C(I,R). Let ti ∈ I, i = 0, . . . , N , be given with
t0 < t1 < t2 < · · · < tN , hi = ti−ti−1, i = 1, . . . , N . Furthermore, let [x1,i x2,i x3,i ]T ,
i = 0, . . . , N , be the numerical approximations to the solution obtained by the implicit
Euler method.

Show that the numerical approximations with i ≥ 2 are independent of the choice of the
initial values. Furthermore, show that for constant stepsize the implicit Euler method is
convergent of order one. Finally, show that convergence is lost if the stepsize is changed.

19. Prove the claim of Remark 5.25.

20. Implement the BDF methods with k = 1, . . . , 6, see Table 5.3, using a constant step-
size. Use Newton’s method and finite differences to approximate the Jacobians for the
solution of the arising nonlinear systems. Apply the program to the problem (5.26)
where N is a single nilpotent Jordan block with ind(N, I) = ν, ν = 2, 3, 4, and
f (t) = [ 0 · · · 0 exp(t) ]T , using exact initial values. Compare with the claim of
Theorem 5.24.

21. Apply the program developed in Exercise 20 to the problem of Example 3.1[−t t2

−1 t

]
ẋ =

[−1 0
0 −1

]
x, x(0) =

[
0
1

]
.

Do the BDF methods recognize that the solution is not unique?

22. Apply the program developed in Exercise 20 to the regular strangeness-free problem[
1 1
0 0

]
ẋ =

[
0 0
0 −1

]
x +

[
exp(t)+ cos(t)

exp(t)

]
, x(0) =

[
0
1

]
,

using exact initial values. Compare the results with the claim of Theorem 5.27.

23. Apply the programs developed in Exercise 7 and Exercise 20 to the regular strangeness-
free problem

ẋ1 = x4, ẋ4 = −2x1x7,

ẋ2 = x5, ẋ5 = −2x2x7,

0 = x2
1 + x2

2 − x3,

0 = 2x1x4 + 2x2x5 − x6,

0 = 2x2
4 − 4x2

1x7 + 2x2
5 − 4x2

2x7 − x7 + 1 = 0.



Chapter 6

Numerical methods for index reduction

In Chapter 5, we have seen that stiffly accurate Runge–Kutta methods and BDF
methods are well-suited for the numerical solution of semi-explicit differential-al-
gebraic equations of index ν = 1 or, more general, of regular strangeness-free
differential-algebraic equations, while difficulties may arise for systems of higher
index. An immediate idea for higher index problems is to use index reduction by
differentiation, cp. Theorem 4.26, to turn the problem into one of index ν = 1 or
even into an ordinary differential equation. Although this seems very appealing
and actually was the common approach until the early seventies, there are major
disadvantages to this approach.

The algebraic equations typically represent constraints or conservation laws.
Using differentiation as in Theorem 4.26 to reduce the index, these algebraic equa-
tions are not present any more during the numerical integration, and hence dis-
cretization and roundoff errors may lead to numerical results that violate the con-
straints. This was already observed in the context of mechanical multibody systems
and led to several stabilization techniques, like in [24], [94]. These techniques are
incorporated in many solution methods, see, e.g., [79], [108], [181], [201].

Another way out of this dilemma is to not replace the algebraic equations by
their differentiated versions but to simply add these to the system, thus creating
an overdetermined system that includes all the algebraic equations as well as all
the necessary information from the derivatives. This approach was examined in
[23], [85], [86] and for the derivative arrays (3.28) or (4.11) in [48], [49], [58].
The disadvantage of this approach is that it typically leads to a larger system and,
in particular, that it requires special solution methods for the linear and nonlinear
systems at every integration step to take care of the overdetermined systems.

An interesting variation of this approach was presented in [154] and modified
in [130]. There new variables, so called dummy derivatives, are introduced to
make these overdetermined systems regular and strangeness-free. The necessary
information which variables have to be introduced is obtained in [154] from the cal-
culation of the structural or generic index as defined in [161], [162]. Unfortunately,
it was shown in [189] that the structural index may not give the correct informa-
tion about the properties of the system, which makes this approach mathematically
doubtful. In the case of structured problems like those discussed in Section 4.2 this
information can be obtained differently, see Section 6.4 below.

There are also many other approaches for index reduction that we will not
discuss in detail here. These include matrix chains as introduced in [100], projection



274 6 Numerical methods for index reduction

methods which repeatedly project the numerical solution onto the constraints, see,
e.g., [7], [9], [108], [143], the differential-geometric approach presented in [169],
and tangent space parameterization [169], [228].

In view of the discussion in Chapters 3 and 4, for general high index problems,
however, it seems more promising to discretize the reduced differential-algebraic
equations (3.60) in the linear case or (4.23) in the nonlinear case. Recall that these
reduced equations possess the same solutions as the original differential-algebra-
ic equation. Moreover, due to Chapter 5, a number of numerical discretization
schemes are available to integrate such systems. The only problem that we are
faced with is that the reduced equations are defined implicitly and are therefore not
available in a numerical procedure. However, for the use within a discretization
method, we only must be able to evaluate the reduced equations at distinct points. In
the following, we will discuss how this can be done. We will treat the linear and the
nonlinear case separately. For ease of presentation, we will restrict ourselves to the
BDF discretization. For a discretization with Runge–Kutta type methods, see the
results of Section 7.3, which in a similar way also hold for the Radau IIA methods,
cp. [208]. In addition, we will address here the problem of the computation of
consistent initial values.

6.1 Index reduction for linear problems

Let us first discuss linear differential-algebraic systems with variable coefficients
that satisfy Hypothesis 3.48. In this case, the constructed strangeness-free system
is given by (3.60) and the initial value problem that has to be solved has the form

Ê(t)ẋ = Â(t)x + f̂ (t), x(t0) = x0, (6.1)

where

(Ê, Â) =
([

Ê1
0

]
,

[
Â1

Â2

])
, f̂ =

[
f̂1

f̂2

]
. (6.2)

The coefficients are obtained from the derivative array

Mμ(t)żμ = Nμ(t)zμ + gμ(t), (6.3)

where in contrast to (3.28) we have omitted the hat of μ̂, via

Ê1 = ZT
1 E, Â1 = ZT

1 A, f̂1 = ZT
1 f,

Â2 = ZT
2 Nμ[ In 0 · · · 0 ]T , f̂2 = ZT

2 gμ.
(6.4)

The (smooth) functions Z1, Z2 pointing to the differential and algebraic part of the
given differential-algebraic equation, respectively, are defined in Hypothesis 3.48
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as follows, again omitting hats. Since Mμ has constant rank, there exists a smooth
matrix function Z2 of size (μ+ 1)n× a and pointwise maximal rank satisfying

ZT
2 Mμ = 0, rank(ZT

2 Nμ[ In 0 · · · 0 ]T ) = a. (6.5)

Then, there exists a smooth matrix function T2 of size n× d , d = n− a, satisfying

ZT
2 Nμ[ In 0 · · · 0 ]T T2 = 0, rank(ET2) = d. (6.6)

Finally, there exists a smooth matrix function Z1 of size n × d and pointwise
maximal rank satisfying

rank(ZT
1 ET2) = d. (6.7)

For numerical purposes, we may even assume thatZ1,Z2, and T2 possess pointwise
orthonormal columns, cp. Theorem 3.9.

When we discretize (6.1) by a BDF method, then the approximations xi to the
values x(ti) are the solutions of the discrete problem

Ê(ti)Dhxi = Â(ti)xi + f̂ (ti), (6.8)

withDhxi = 1
h

∑k
l=0 αk−lxi−l . Hence, in order to compute xi , we must evaluate Ê,

Â, and f̂ at ti . For this purpose, we need Z1(ti) and Z2(ti).
Considering the definition of Z1 and Z2, we are able to compute a matrix Z̃2 ∈

R(μ+1)n,a with orthonormal columns satisfying

Z̃T
2 Mμ(ti) = 0, rank(Z̃T

2 Nμ(ti)[ In 0 · · · 0 ]T ) = a, (6.9)

say with the help of a singular value decomposition, a rank-revealing QR decom-
position, or a URV decomposition of Mμ(ti), see, e.g., [99], [206]. Using the same
techniques, we can then determine a matrix T̃2 ∈ Rn,d with orthonormal columns
such that

Z̃T
2 Nμ(ti)[ In 0 · · · 0 ]T T̃2 = 0, rank(E(ti)T̃2) = d. (6.10)

Similarly, we finally get a matrix Z̃1 ∈ Rn,d , again possessing orthonormal columns,
with

rank(Z̃T
1 E(ti)T̃2) = d. (6.11)

Since Z̃1, Z̃2, and T̃2 have orthonormal columns which can be chosen such that
these columns span the same subspaces as the columns ofZ1(ti), Z2(ti), and T2(ti),
respectively, there exist unitary matrices U1 and U2 satisfying

Z̃1 = Z1(ti)U1, Z̃2 = Z2(ti)U2. (6.12)
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Thus, in the numerical method we do not evaluate smooth functions Z1 and Z2,
which we know to exist by theory, at a given point ti , but only matrices Z̃1 and Z̃2
with (6.12). However, since (6.8), written in more detail as

Z1(ti)
T E(ti)Dhxi = Z1(ti)

T A(ti)x + Z1(ti)
T f1(ti),

0 = Z2(ti)
T Nμ(ti)x + Z2(ti)

T gμ(ti),
(6.13)

is equivalent to

Z̃T
1 E(ti)Dhxi = Z̃T

1 A(ti)x + Z̃T
1 f1(ti),

0 = Z̃T
2 Nμ(ti)x + Z̃T

2 gμ(ti)
(6.14)

as a system of linear equations that determines xi , it is sufficient to solve (6.14) in
order to compute xi .

In principle, singular value decomposition and rank-revealing QR decompo-
sitions can be modified to evaluate smooth functions Z1 and Z2, see [31], [122],
[227]. But during the integration procedure such computations would be too costly.
As we have seen by the above discussion, this does not present any difficulties as
long as the numerical integration method that we are using is invariant under trans-
formations with unitary matrix functions form the left. All the methods that we
have discussed in Chapter 5 fulfill this property.

Remark 6.1. During the integration process, the determination ofZ1 andZ2 allows
us simultaneously to check whether the quantities a and d stay constant. If this is
not the case, then we must distinguish two cases. If a+d = n still holds, then there
is a change in the number of constraints. In such a case, it is important to locate
the point where the change in the values a and d occurs. Moreover, if the value
of a is increasing, then we must check the consistency of the actual solution value
before we may continue the integration. If on the other hand a+ d < n holds, then
the value μ may be too small. Hence, we must increase μ and check if then the
corresponding values a and d stay constant or not.

Example 6.2. A typical situation, where the effects described in Remark 6.1 may
occur, are hybrid (or switched) systems, see, e.g., [109], [110].

As a (nonlinear) example, consider a pendulum of length l and massm under the
influence of gravityG = −mg and assume that the pendulum is tangentially acceler-
ated by a (linearly) increasing force. Using the classical Euler–Lagrange formalism
[79], [108] in Cartesian coordinates [x1 x2 ]T = [x y ]T and velocities [x3 x4 ]T =
[ ẋ ẏ ]T and the acceleration forces f (t, x1, x2) = [ f1(t, x1, x2) f2(t, x1, x2) ]T ,
one obtains the differential-algebraic equation

ẋ1 = x3,

ẋ2 = x4,
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mẋ3 = −2x1λ+ f1(t, x1, x2),

mẋ4 = −mg − 2x2λ+ f2(t, x1, x2),

0 = x2
1 + x2

2 − l2.

Now suppose that, when a certain centrifugal force is reached, the system changes
from a pendulum to an flying mass point, i.e., the rope or rod is cut. In this case the
system is not constrained anymore and the equations of motion are given by

ẋ1 = x3,

ẋ2 = x4,

mẋ3 = 0,

mẋ4 = −mg.
If we consider the complete system, then it consists of two (operating) modes and
it switches once between them. A typical task would be to determine the switching
point, to simulate the movement of the mass point, or to control the switching and
the successive flight. Since we have a change from a system with characteristic
values μ = 2, a = 3, and d = 2 to a system with characteristic values μ = 0,
a = 0, and d = 5, when we add the equation λ̇ = 0 for the no longer needed
Lagrange multiplier, there are no problems with the consistency of the solution of
the first system with respect to the second system at the switching point. Of course,
we do not need to consider λ when we solve the second system numerically.

Remark 6.3. For linear differential-algebraic equations with constant coefficient
systems the functions Z1 and Z2 can be chosen to be constant in the whole interval.
In this case, we only need to compute Z̃1 and Z̃2 at the initial point t0 and can use
them during the whole integration process.

Remark 6.4. If we are in the case of an over- or underdetermined system with
well-defined strangeness index as introduced in Section 3.1, then we can achieve
the more general reduced differential-algebraic equation (3.44) with (3.41). As we
have discussed in Section 3.1, it is not clear how the inhomogeneity f̂3 belonging
to the third block of equations can be chosen in an invariant way.

From the point of view of numerical methods, this is not a severe problem,
since a nonzero f̂3 just indicates that the given differential-algebraic equation has
no solution due to an inconsistent inhomogeneity. In order to check this, we may
simply omit that part of the system such that we are (after possibly fixing some
free solution components) back in the case (6.2). Having then computed an xi , we
can test whether the residual E(ti)Dhxi − A(ti)xi − f (ti) in the original system
is significantly larger than the expected discretization error. If this is the case, it
indicates that the given differential-algebraic equation is not solvable, which usually
means that the underlying mathematical model should be modified.
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Having discussed how we can integrate a given differential-algebraic equati-
on, there is still one problem that must be considered. Before we can start the
integration, we must guarantee that the given initial value x0 is consistent. In
general, the computation of consistent initial values for higher index differenti-
al-algebraic equations is a difficult problem, see [82], [214]. In the case of a
strangeness-free reduced differential-algebraic equation (6.1), however, where the
algebraic equations are displayed directly, the computation of consistent initial
values is straightforward. Since the condition for x0 to be consistent is simply
given by

0 = Â(t0)x0 + f̂2(t0), (6.15)

it is easy to check whether the given x0 is consistent or not. In the case that a
given x̃0 is not consistent, we may use (6.15) to determine a related consistent x0.
One way to do this is to set x̃0 = x0+δ and to determine the correction δ by solving
the minimization problem

‖δ‖2 = min! , (6.16)

subject to the constraint

‖Â2(t0)δ − f̂2(t0)− Â2(t0)x̃0‖2 = min! . (6.17)

The solution of this least-squares problem is given by

δ = Â2(t0)
+(Â2(t0)x̃0 + f̂2(t0)), (6.18)

where Â2(t0)
+ is the Moore–Penrose pseudoinverse of Â2(t0).

Since Â2(t0) has full row rank a due to Hypothesis 3.48, it follows that
Â2(t0)Â2(t0)

+ = Ia , hence

Â2(t0)x0 + f̂2(t0) = Â2(t0)(x̃0 − δ)+ f̂2(t0)

= Â2(t0)x̃0 − (Â2(t0)x̃0 + f̂2(t0))+ f̂2(t0) = 0.

If we are interested in finding some consistent initial value x0, then this least-squares
approach is the easiest solution. But in some applications that lead to differential-
algebraic systems, one wants to prescribe initial values for the differential variables,
whereas initial values for the algebraic variables are not known. In such a situation,
we may proceed as follows. Partition (6.15) as

0 = [ Â21(t0) Â22(t0) ]
[
x1,0
x2,0

]
+ f̂2(t0).

Suppose that Â22(t0) has full row rank indicating that the quantities x1,0 belong to
the differential variables. If an estimate [x̃T1,0, x̃T2,0]T for a consistent initial value
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is given and if we want x̃1,0 to stay as it is, then we may determine a correction δ2
according to x̃2,0 = x2,0 + δ2 by solving the minimization problem

‖δ2‖2 = min! , (6.19)

subject to the constraint

‖Â22(t0)δ2 − Â2(t0)x̃0 − f̂2(t0)‖2 = min!, (6.20)

i.e.,
δ2 = Â+22(t0)(Â2(t0)x̃0 + f̂2(t0)). (6.21)

The same argument as for the first case shows that setting x1,0 = x̃1,0 and x2,0 =
x̃2,0 − δ2 yields a consistent initial value.

6.2 Index reduction for nonlinear problems

For general nonlinear initial value problems of the form

F(t, x, ẋ) = 0, x(t0) = x0, (6.22)

we proceed with the index reduction as suggested in Chapter 4. In particular, we
assume that Hypothesis 4.2 holds in a neighborhood of a path (t, x∗(t),P (t)), t ∈ I,
belonging to the unique solution x∗ ∈ C1(I,Rn) of (6.22). Following Section 4.1,
the function x∗ also (locally) solves the reduced problem

F̂ (t, x, ẋ) = 0, x(t0) = x0. (6.23)

Recall that F̂ has the special structure

F̂ (t, x, ẋ) =
[
F̂1(t, x, ẋ)

F̂2(t, x)

]
, (6.24)

where F̂1(t, x, ẋ) = Z̃T
1 F(t, x, ẋ) with an appropriate matrix Z̃1 that possesses

orthonormal columns and a function F̂2 defined by (4.22). In order to determine a
numerical approximation xi to x∗(ti), we apply a BDF method to (6.23) and obtain
the nonlinear system

F̂ (ti , xi,Dhxi) = 0. (6.25)

Whereas an appropriate Z̃1 can be obtained in the same way as in the linear case,
we are here faced with the problem that F̂2 is only defined implicitly by means of
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the implicit function theorem. In order to deal with F̂2 numerically, we therefore
must go back to its defining equation. According to (4.21), we (locally) have

Fμ(t, x, y) = 0 �⇒ y = H(t, x1, p), (6.26)

where the variables x1 out of x and p out of (ẋ, . . . , x(μ+1)) denote the selected
parameterization of Lμ. Accordingly to the splitting of x = (x1, x2), we also split
the numerical approximations as xi = (x1,i , x2,i ). As before, there is no danger of
mixing up the double meanings of x1, x2. Utilizing the splitting, we observe that

Fμ(ti, xi, yi) = 0 �⇒ yi = H(ti , x1,i , pi). (6.27)

In the construction of Section 4.1, it is possible to fix the parameters p to be pi
instead of p0. The corresponding definition of F̂2 then reads

F̂2(t, x1, x2) = ZT
2 Fμ(t, x1, x2,H(t, x1, pi)). (6.28)

If we replace F̂2 in (6.23) by this, then we have

Fμ(ti, xi, yi) = 0 �⇒ F̂2(ti , xi) = 0. (6.29)

Hence, instead of (6.25) we can consider

Z̃T
1 F(ti, xi,Dhxi) = 0, Fμ(ti, xi, yi) = 0, (6.30)

which is an underdetermined nonlinear system in the unknowns (xi, yi). Any so-
lution (xi, yi) yields an xi that can be interpreted as the unique solution of (6.25)
with an appropriately adapted part F̂2.

The standard method for the solution of underdetermined systems of nonlinear
equations F (z) = 0 as (6.30) is the Gauß–Newton method

zm+1 = zm − F +z (zm)F (zm), z0 given, (6.31)

where F +z (z) is the Moore–Penrose pseudoinverse of Fz(z). In order to have
(quadratic) convergence of the iterates zm to a solution of F (z) = 0, we must show
that the Jacobians Fz(z) possess full row rank at a solution and thus in a whole
neighborhood, see, e.g., [71], [160].

Theorem 6.5. Let F of (6.22) satisfyHypothesis 4.2. Then the Jacobian J of (6.30)
at a solution (xi, yi) has full row rank for sufficiently small h, provided that Z̃1 is
a sufficiently good approximation to Z1 of Hypothesis 4.2 corresponding to this
solution.

Proof. We have (without arguments)

J =
[
Z̃T

1

(
αk
h
Fẋ + Fx

)
0

−Nμ[In 0 · · · 0]T Mμ

]
.
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Hypothesis 4.2 implies that

rank J = (μ+ 1)n− a + rank

[
Z̃T

1

(
αk
h
Fẋ + Fx

)
Â2

]
= (μ+ 1)n+ rank

(
Z̃T

1

(
αk
h
Fẋ + Fx

)
T2
)
.

For sufficiently small h, we then obtain that

rank J = (μ+ 1)n+ rank(Z̃T
1 FẋT2).

For Z̃1 = Z1, this reduces to

rank J = (μ+ 1)n+ d,

and, hence, Z̃1 must approximateZ1 in such a way that Z̃T
1 FẋT2 keeps full rank. �

Remark 6.6. If the matrix function Z2 of Hypothesis 4.2 only depends on t , then
one can determine Z̃2 = Z2(ti) in the same way as Z2 in the linear case. The
discrete system (6.30) can then be reduced to

Z̃T
1 F(ti, xi,Dhxi) = 0, (6.32a)

Z̃T
2 Fμ(ti, xi, yi) = 0. (6.32b)

Due to Hypothesis 4.2, we have that Z̃T
2 Fμ;y(ti , x, y) = 0 independent of (x, y)

such that (6.32b) does not depend on yi . Hence, (6.32) can be seen as a nonlinear
system for xi only. In particular, this simplification applies to ordinary differential
equations where Z̃2 is an empty matrix and Z̃1 = In such that (6.32) becomes
the standard BDF method applied to an ordinary differential equation. Moreover,
this simplification also applies to linear systems of differential-algebraic equations,
where (6.32) becomes (6.14) such that the linear case can be seen as a special form
of the nonlinear case.

Remark 6.7. Looking at the presented index reduction procedure, it is clear that the
problem sizes that can be handled by this approach is limited, since we must perform
rank revealing factorizations of the full derivative array at every integration step.
Furthermore, the index reduction procedure heavily relies on rank decisions that
depend critically on the used method. To compute the rank of a matrix numerically
is an intrinsically difficult mathematical problem, see, e.g., [99]. In this respect,
the presented approach still needs a subtle error and perturbation analysis that is
currently not available. Only for the special case of constant coefficient systems
this analysis has been done partially in [153]. This analysis suggests a conservative
strategy which, in the case of an unclear rank decision, takes the decision to rather
use a higher value μ.
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In order to compute consistent initial values, we recall that in Chapter 4 it has
been shown that every (x0, y0) in a neighborhood of (x∗(t0),P (t0)) can be locally
extended to a solution of (6.22). Thus, consistency of an initial value x0 at t0 means
that (t0, x0) is part of some (t0, x0, y0) ∈ Lμ. To determine a consistent initial value
or to check it for consistency, we must therefore solve the underdetermined system

Fμ(t0, x0, y0) = 0 (6.33)

for (x0, y0). Again, the method of choice is the Gauß–Newton method, started
with a sufficiently good guess (x̃0, ỹ0). As before, we can expect local quadratic
convergence due to the following theorem.

Theorem 6.8. Let F of (6.22) satisfy Hypothesis 4.2. Then the Jacobian J of
(6.33) at a solution (x0, y0) has full row rank.

Proof. Hypothesis 4.2 requires that Fμ;x and Fμ;y together have full row rank
on Lμ. Hence, J = [ Fμ;x Fμ;y ] has full row rank at a solution of (6.33). �

Remark 6.9. To determine the numerical solution of a differential-algebraic equa-
tion by means of the derivative array seems to be very expensive, especially if we
look at the size of the function Fμ which has values in R(μ+1)n. But there seems
to be no way to avoid this when the given differential-algebraic equation has no
special structure that we can utilize.

If, however, the differential-algebraic equation has further structure, as for ex-
ample in the case of multibody systems, then often a part Fμ,red of Fμ will be
sufficient for the computation. We only need that

Fμ,red(ti , xi, yi) = 0 �⇒ F̂2(ti , xi) = 0.

In the extreme case, Fμ,red just contains all algebraic constraints, see, e.g., the
formulation (4.44) for multibody systems. It is then obvious that we can just
replace Fμ by Fμ,red in (6.30) and (6.33) without changing the essential properties
of these systems. On the other hand, we may expect that the computational work to
solve the modified systems is drastically reduced. Of course, these observations also
apply to the linear case. See Section 6.4 for the construction of reduced derivative
arrays Fμ,red in special applications.

Remark 6.10. In the context of nonlinear differential-algebraic equations, it is
important to note that already for the computation of consistent initial values we
must know at least the value of μ. In the linear case, μ can be computed even when
we have no consistent value, because there the linearization does not depend on the
trajectory along which we linearize. But in the nonlinear case we must take into
consideration that we can computeμ (as well as a and d) only when we already have
a consistent value. This happens due to the fact that the quantities in Hypothesis 4.2
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may be different away from the manifold Lμ. In the case that the values of μ, a,
and d are not known in advance, the only possibility is to try to fix them during
the computation of a consistent initial value. In this situation, one may proceed as
follows. Set μ = 0, a = 0, and d = n−a. In each iteration step for solving (6.33),
we numerically check the ranks (omitting arguments)

corank Fμ;y ≤ a, (6.34a)

rank Z̃T
2 Fμ;x = a, (6.34b)

rank FẋT̃2 = d, (6.34c)

using say the singular value decomposition. Here Z̃2 denotes a matrix whose
orthonormal columns span the corange of Fμ;y perturbed to a matrix of corank a

and T̃2 denotes a matrix whose orthonormal columns span the kernel of Z̃T
2 Fμ;x

perturbed to a matrix of rank a. These perturbations can be easily obtained from the
singular value decomposition by neglecting the smallest (possibly nonzero) singular
values, i.e., expecting a certain rank r proposed by the current setting of a and d

according to (6.34), we simply set the (r + 1)-st and all following singular values
to zero. This corresponds to approximating the given matrix by the nearest matrix
(with respect to the Frobenius norm) of the required (lower) rank r , see e.g., [99].

A violation of the numerical rank check in (6.34a) then indicates that there may
be additional constraints and that the value of a should be increased by one (and
d decreased by one). A violation of (6.34b) indicates that local uniqueness may
not hold for the given problem and one should terminate. A violation of (6.34c)
indicates that one is near a higher index problem and the value of μ should be
increased by one.

The determination of the characteristic values μ, a, and d is successful if this
process ends with accepting a consistent initial value under the rank checks (6.34).
Note, however, that this procedure may not work if the given problem is not well
scaled or the initial guess is poor. A detailed perturbation analysis for this procedure
is a difficult open problem.

As in the linear case, it is possible to modify (6.33) when we want some compo-
nents of the initial guess x̃0 to be kept fixed in the determination of consistent initial
values. We only must guarantee that the remaining columns of the Jacobian still
have full row rank. This corresponds to the classification of a component of x to
be a differential variable by the requirement that eliminating the associated column
from the Jacobian does not lead to a rank deficiency.

Remark 6.11. In order to solve underdetermined nonlinear systems of equations
by the Gauß–Newton method, the most important property that is needed is full row
rank at the desired solution. This property then not only extends to a neighborhood
of the solution set and guarantees local and quadratic convergence to some solution,



284 6 Numerical methods for index reduction

but also allows for some techniques known from Newton’s method to improve the
efficiency of the method, such as the simplified Gauß–Newton method (fixing the
Jacobian) or the quasi-Gauß–Newton method (using Broyden rank one updates of
the Jacobian), see, e.g., [71], [160].

6.3 Index reduction via feedback control

In the context of control problems

F(t, x, u, ẋ) = 0, x(t0) = x0, (6.35)

possibly together with an output equation

y = G(t, x), (6.36)

see Section 4.4, different choices of the control u in (6.35) may lead to different
properties of the resulting controlled problem

F(t, x, u(t), ẋ) = 0, x(t0) = x0. (6.37)

In particular, the free system corresponding to the choice u = 0 may not even
satisfy Hypothesis 4.2. Section 4.4 gives several sufficient conditions when u can
be chosen as state or output feedback in such a way that the closed loop system is
regular and strangeness-free.

Let us first consider a system without the output equation (6.36). As we have
shown in Section 4.4, the regularization can be obtained by a piecewise linear
feedback of the form (4.63) with a suitable matrix K̃ , cp. Theorem 4.39 and Corol-
lary 4.40. Combining the analysis in Section 4.4 and the numerical procedures
introduced in Section 6.2, discretization of (4.59) with a BDF method leads to

F̂1(ti , xi, ui,Dhxi) = 0, F̂2(ti , xi, ui) = 0. (6.38)

The algebraic constraints can be replaced by

Fμ(ti, xi, ui, ẋi , u̇i , . . . , x
(μ+1)
i , u

(μ+1)
i ) = 0. (6.39)

Choosing a suitable feedback matrix K̃ which yields a regularizing state feedback,
we set

ui = K̃xi + wi. (6.40)

The vector wi should be chosen in such a way that ui is near the old value ui−1. We
therefore take wi = ui−1 − K̃xi−1. Together with a suitable matrix Z̃1, we thus
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obtain the problem

Z̃T
1 F(ti, xi, K̃xi + wi,Dhxi) = 0

Fμ(ti, xi, K̃xi + wi, ẋi , u̇i , . . . , x
(μ+1)
i , u

(μ+1)
i ) = 0

(6.41)

for (xi, ẋi , u̇i , . . . , x
(μ+1)
i , u

(μ+1)
i ). By construction, the value xi is the unique

solution of

F̂1(ti , xi, K̃xi + wi,Dhxi) = 0, F̂2(ti , xi, K̃xi + wi) = 0. (6.42)

Under the assumptions of Theorem 6.5, the Gauß–Newton method applied to (6.41)
will again show quadratic convergence for sufficiently small h.

To obtain consistent initial values, we accordingly must solve

Fμ(t0, x0, u0, ẋ0, u̇0, . . . , x
(μ+1)
0 , u

(μ+1)
0 ) = 0 (6.43)

for (x0, u0, ẋ0, u̇0, . . . , x
(μ+1)
0 , u

(μ+1)
0 ). Similar to Theorem 6.8, we expect

quadratic convergence of the corresponding Gauß–Newton method.
If the output equation is included, then we must discretize (4.65). Applying a

BDF method yields

F̂1(ti , xi, ui,Dhxi) = 0, F̂2(ti , xi, ui) = 0, yi = G(ti, xi). (6.44)

The algebraic constraints (without the output relation) can again be replaced by
(6.39). Choosing a suitable feedback matrix K̃ which yields a regularizing output
feedback, we set

ui = K̃yi + wi (6.45)

and choose wi = ui−1− K̃yi−1. Together with a suitable matrix Z̃1, we obtain the
problem

Z̃T
1 F(ti, xi, K̃yi + wi,Dhxi) = 0,

Fμ(ti, xi, K̃yi + wi, ẋi , u̇i , . . . , x
(μ+1)
i , u

(μ+1)
i ) = 0,

yi −G(ti, xi) = 0

(6.46)

for (xi, yi, ẋi , u̇i , . . . , x
(μ+1)
i , u

(μ+1)
i ). Because of the explicit form of the output

equation, we can eliminate yi . It then remains to solve

Z̃T
1 F(ti, xi, K̃G(ti, xi)+ wi,Dhxi) = 0,

Fμ(ti, xi, K̃G(ti, xi)+ wi, ẋi , u̇i , . . . , x
(μ+1)
i , u

(μ+1)
i ) = 0

(6.47)

for (xi, ẋi , u̇i , . . . , x
(μ+1)
i , u

(μ+1)
i ). By construction, the value xi is the unique

solution of

F̂1(ti , xi, K̃G(ti, xi)+wi,Dhxi) = 0, F̂2(ti , xi, K̃G(ti, xi)+wi) = 0. (6.48)
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Still, due to Theorem 6.5, we expect quadratic convergence of the Gauß–Newton
method for sufficiently small h.

Concerning consistency, there is no difference to the case of state feedback,
since we work with the same derivative array. Hence, we also solve (6.43) with
quadratic convergence of the related Gauß–Newton method.

Having performed an integration step, we always end up with a new consistent
value in Lμ, since in both cases the equation Fμ(zμ) = 0 is part of the numerical
procedure. Thus, we can iteratively proceed with the integration and obtain at least
piecewise smooth regularizing controls and associated solutions.

6.4 Index reduction by minimal extension

As we have already discussed in Section 6.2, the general approach which works with
full derivative arrays may be limited by memory requirements and by the fact that
the quantitiesZ1, Z2, T2 of Hypothesis 4.2 have to be computed in every integration
step. However, in important applications like multibody systems ([79], [201]) or
circuit simulation problems ([103], [104], [214]), the differential-algebraic equati-
on has extra structure that can be used to determine the desired quantities without
this large computational effort and memory requirement.

As we have presented the general method, the complete derivative array is used
to determine an approximation Z̃1 to the projection Z1 at the actual point, and to
compute the next integration step in (6.30). If, however, the structure of the problem
allows to identify the equations that have to be differentiated, then we do not have to
work with the complete derivative array but with a (possibly much) smaller system
that replaces Fμ in (6.30). See Remark 6.9 on these so-called reduced derivative
arrays. Using a reduced derivative array does not only reduce the computational
effort in the solution of (6.30) but it also reduces the complexity of computing the
projector Z1 or an approximation to it, since we can replace the computation of Z2
and T2 from the Jacobian of Fμ by corresponding computations from the smaller
Jacobian of Fμ,red.

An optimally small reduced derivative array is obtained when we are able to
derive all hidden algebraic constraints of the given differential-algebraic equation
analytically. We then just add these hidden constraints to the original differenti-
al-algebraic equation. While the whole derivative array consists of (μ + 1)n + d

equations, the optimal reduced derivative array consists of at most 2n+d equations.
If the number of algebraic constraints is small compared to the size of the original
differential-algebraic equation, then this size is close to n.

But even with the reduction of computational work due to a reduced derivative
array, the computation of the projectors Z1, Z2, T2 may still be infeasible for large
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scale systems. In these cases, the only hope is that the whole reduced differential-
algebraic equation (6.23) can be obtained analytically.

In large scale applications, there may be another problem when dealing with
the reduced differential-algebraic equation. The successful numerical treatment of
large scale problems heavily relies on a utilizable structure of the arising linear
subproblems. This structure typically is lost when we go over to the reduced
problem. We are therefore interested in an index reduction method that allows
to conserve certain structural properties of the given problem. A possible approach
(at least for some important classes of applications) is based on the idea to achieve
an index reduction by introducing some new variables, thus ending up with an
extended system, i.e., with a system which contains more unknowns compared
with the original and the reduced system. Such an approach was first suggested
in [154] and modified to obtain a minimal extension in [130].

Since this approach must be adapted to the structure of the given problem, we
restrict ourselves to the discussion of two classes of problems which are important
in applications.

We first demonstrate this approach for mechanical multibody systems. The
classical first order form of a multibody system, see, e.g., [79], [181], [196], is

ṗ = v,

M(p)v̇ = f (p, v)− gp(p)
T λ,

g(p) = 0,

(6.49)

where p are the positions, v the velocities, M(p) is the mass matrix, g describes the
constraints andλ is the associated Lagrange multiplier. Under the usual assumptions
that M(p) is symmetric and positive definite and that the Jacobian gp(p) has full
row rank, this system has strangeness index μ = 2. In particular, it is a Hessenberg
system with index ν = 3, cp. Example 4.27.

A well-known index reduction technique is given by the Gear–Gupta–Leimkuhler
stabilization [94], that couples the time derivative of the constraint equations via
further Lagrange multipliers λ̃ into the dynamics according to

ṗ = v − gp(p)
T λ̃,

M(p)v̇ = f (p, v)− gp(p)
T λ,

0 = g(p),

0 = gp(p)v.

(6.50)

Thus, this stabilization introduces new variables and therefore yields an extended
system, but this extended system is not strangeness-free. We have to perform
one more differentiation of the constraint equations to obtain the optimal reduced
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derivative array

ṗ = v,

M(p)v̇ = f (p, v)− gp(p)
T λ,

0 = g(p),

0 = gp(p)v,

0 = gpp(p)(v, v)+ gp(p)v̇.

(6.51)

To obtain a minimally extended strangeness-free system, we (locally) determine an
orthogonal matrix U such that for the Jacobian matrix gp(p) we have

gp(p)U = [G1 G2 ], (6.52)

with G2 being square and nonsingular. We then partition

UT p =
[
p1
p2

]
, UT v =

[
v1
v2

]
conformably and replace every occurrence of ṗ2 by a new variable p̂2 and every
occurrence of v̇2 by a new variable v̂2. This gives the extended system

ṗ1 = v1, (6.53a)

p̂2 = v2, (6.53b)

M(p)U

[
v̇1
v̂2

]
= f (p, v)− gp(p)

T λ, (6.53c)

0 = g(p), (6.53d)

0 = gp(p)v, (6.53e)

0 = gpp(p)(v, v)+ gp(p)U

[
v̇1
v̂2

]
. (6.53f)

The following theorem shows that this system is strangeness-free.

Theorem 6.12. Consider a multibody system of the form (6.49) with M(p) sym-
metric and positive definite and suppose that gp(p) has full row rank. Then the
extended system (6.53) is strangeness-free.

Proof. Since G2 in (6.52) is square nonsingular, we can (locally) solve (6.53d) by
means of the implicit function theorem for p2 in terms of p1 and (6.53e) for v2 in
terms of p1 and v1. Since M(p) is symmetric and positive definite, we can solve
(6.53c) for v̇1 and v̂2. Moreover, W(p) = gp(p)M(p)−1gp(p)

T is symmetric and
positive definite due to the full row rank of gp(p). Hence, we can eliminate v̇1
and v̂2 from (6.53f) and solve for λ according to

λ = W(p)−1(gpp(p)(v, v)+ gp(p)M(p)−1f (p, v))
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and we end up with an ordinary differential equation in the unknowns p1 and v1.
Thus, the system has strangeness index μ = 0. �

Example 6.13. Consider a multibody system describing the movement of a mass
point restricted to a parabola under gravity from [190] given by

ṗ1 = v1, v̇1 = 2λp1,

ṗ2 = v2, v̇2 = 2λp2,

ṗ3 = v3, v̇3 = −λ− 1,

0 = p2
1 + p2

2 − p3.

Here the coupling between p3 and ṗ3 causes a higher index. Differentiating the
constraint once and eliminating the differentiated variables with the help of the
other equations yields

0 = 2p1v1 + 2p2v2 − v3.

The coupling between v3 and v̇3 still causes a higher index. Differentiating once
more and eliminating gives

0 = 2v2
1 + 4λp2

1 + 2v2
2 + 4λp2

2 + λ+ 1.

A minimally extended strangeness-free system is obtained by adding the two deriva-
tives of the constraint to the system and by replacing ṗ3 and v̇3 say by p̂3 and v̂3,
respectively. The system then reads

ṗ1 = v1, v̇1 = 2λp1,

ṗ2 = v2, v̇2 = 2λp2,

p̂3 = v3, v̂3 = −λ− 1,

0 = p2
1 + p2

2 − p3,

0 = 2p1v1 + 2p2v2 − v3,

0 = 2v2
1 + 4λp2

1 + 2v2
2 + 4λp2

2 + λ+ 1.

(6.54)

A reduced system is achieved by simply omitting the equations that involve the
variables p̂3 and v̂3 which gives

ṗ1 = v1, v̇1 = 2λp1,

ṗ2 = v2, v̇2 = 2λp2,

0 = p2
1 + p2

2 − p3,

0 = 2p1v1 + 2p2v2 − v3,

0 = 2v2
1 + 4λp2

1 + 2v2
2 + 4λp2

2 + λ+ 1.

(6.55)
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Numerical experiments show that working with the full derivative is about ten
times slower than solving the analytically determined reduced problem (6.55) while
solving the minimally extended system (6.54) is only about a factor two more
expensive than solving (6.55). Note, however, that this is only a small example,
where the utilization of the structure does not pay off so much.

A second class of structured problems, where the minimal extension approach
can be employed successfully, is the simulation of electrical circuit equations. It is
well-known which influence specific elements and their combination may have on
the index, for a survey see [103], [104]. Furthermore, in [83], [84], [214] topological
methods have been derived that analyze the network topology and show which
equations are responsible for higher index. These methods also allow to derive (in a
purely combinatorial way) projectors to filter out these equations from the system.
We will briefly review these results, so that we can produce a minimal extension.

Let us denote by e the node potentials, by jL and jV the currents through in-
ductances and voltage sources, respectively, by i and v the functions describing
the current and voltage sources, respectively, by r the function describing the re-
sistances, and finally by qC and φL the functions describing the charges of the
capacitances and the fluxes of the inductances, respectively. The modified nodal
analysis leads to a quasi-linear system of differential-algebraic equations of the
form

0 = AC
d
dt
qC(A

T
Ce, t)+ ARr(A

T
Re, t)+ ALjL

+ AV jV + AI i(A
T e, d

dt
qC(A

T
Ce, t), jL, jV , t),

0 = d
dt
φL(jL, t)− AT

Le,

0 = AT
V e − v(AT e, d

dt
qC(A

T
Ce, t), jL, jV , t),

(6.56)

where the matrix A that contains the information on the topology of the circuit is
split as [ AC AL AR AV AI ], with AC , AL, AR , AV and AI describing the
branch-current relation for capacitive, inductive, resistive branches and branches
for voltage sources and current sources, respectively.

In more detail, the matrix A is obtained in the following way. We first form
the incidence matrix Ã = [ãk,l] of the network graph, where the rows represent
the nodes and the columns represent the branches of the network graph. There
are exactly two nonvanishing entries in every column of Ã namely ãk1,l = 1 and
ãk2,l = −1 if the l-th branch connects node k1 with node k2. Thus, the network
graph is a directed graph, since we must define a positive direction for the currents.
The matrix A is then obtained by discarding the row of Ã associated with the zero
potential.

For the conventional modified nodal analysis, the vector of unknown variables
consists of all node potentials e and all branch currents jL, jV of current-controlled
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elements. Introducing new functions

C(u, t) = ∂
∂u
qC(u, t), L(j, t) = ∂

∂j
φL(j, t),

and forming the partial derivatives

qt (u, t) = ∂
∂t
qC(u, t), φt (j, t) = ∂

∂t
φL(j, t),

the system is reformulated as

0 = ACC(A
T
Ce, t)A

T
C

d
dt
e + ACqt (A

T
Ce, t)

+ ARr(A
T
Re, t)+ ALjL + AV jV

+ AI i(A
T e, C(AT

Ce, t)A
T
C

d
dt
e + ACqt (A

T
Ce, t), jL, jV , t),

0 = L(jL, t)
d
dt
jL + φt (jL, t)− AT

Le,

0 = AT
V e − v(AT e, C(AT

Ce, t)A
T
C

d
dt
e + ACqt (A

T
Ce, t), jL, jV , t).

(6.57)

In the charge/flux oriented modified nodal analysis, the vector of unknowns
is extended by the charges q of capacitances and the fluxes φ of inductances. In-
cluding the original voltage-charge and current-flux equations in the system yields
the differential-algebraic equation

0 = AC
d
dt
q + ARr(A

T
Re, t)+ ALjL

+ AV jV + AI i(A
T e, d

dt
q, jL, jV , t),

0 = d
dt
φ − AT

Le,

0 = AT
V e − v(AT e, d

dt
q, jL, jV , t),

0 = q − qC(A
T
Ce, t),

0 = φ − φL(jL, t).

(6.58)

Denote by the matrices QC , QV−C , QR−CV , and QV−C projections onto
kernelAT

C , kernelQT
CAV , kernelQT

V−CQT
CAR , and kernelAT

VQC , respectively,
and by QCRV a projection onto the intersection of the first three of these ker-
nels. These constant projection matrices can be obtained very cheaply by purely
topological analysis of the network. For the conventional modified nodal analysis
(6.57), the equations that are responsible for a nonvanishing strangeness index are
then given by the projected equations

0 = QT
CRV (ALjL + AI i(·)),

0 = QT
V−C(AT

V e − v(·)). (6.59)

It follows that the equations in (6.57) together with the derivatives of (6.59)

0 = QT
CRV (AL

d
dt
jL + AI

d
dt
i(·)),

0 = QT
V−C(AT

V
d
dt
e − d

dt
v(·)). (6.60)
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form a reduced derivative array.
To construct a minimal extension, we determine nonsingular matrices �j,�e

such that

QT
CRVAL�

−1
j = [ J1 0 ], QT

V−CAT
V�
−1
e = [ F1 0 ]

with J1, F1 square nonsingular. Since QT
CRVAL and QT

V−CAT
V are still only

incidence-like matrices (containing topological information on the circuit in form
of integers) the computation of�j,�e and their inverses is possible with very small
computational effort and very accurately. We partition

j̃L = �jjL =
[
j̃L1

j̃L2

]
, ẽL = �ee =

[
ẽ1
ẽ2

]
conformably and introduce new variables

ê1 = d
dt
ẽ1, ĵ1 = d

dt
j̃L1

. (6.61)

It has been shown in [130] that the minimally extended strangeness-free system for
the conventional modified nodal analysis is given by the system

0 = ACC(A
T
C�
−1
e ẽ, t)AT

C�
−1
e

[
ê1
d
dt
ẽ2

]
+ ACqt (A

T
C�
−1
e ẽ, t)

+ ARr(A
T
R�
−1
e ẽ, t)+ AL�

−1
j j̃L + AV jV + AI i(·),

0 = L(jL, t)�
−1
j

[
ĵ1

d
dt
j̃L2

]
+ φt (�

−1
j j̃L, t)− AT

L�
−1
e ẽ,

0 = AT
V�
−1
e ẽ − v(·),

0 = QT
CRV (AL�

−1
j

[
ĵ1

d
dt
j̃L2

]
+ d

dt
i(·)),

0 = QT
V−C(AT

V�
−1
e

[ ê1
d
dt
ẽ2

]
− d

dt
v(·)).

(6.62)

Remark 6.14. If the original system has size n and there are l equations in (6.59)
then the extended system has size n+ l. Since typically l is much smaller than n,
the extended system is only slightly larger than the original system.

For the charge/flux oriented modified nodal analysis (6.58), the equations that
are responsible for a nonvanishing strangeness are given by the projected equations
in (6.59) together with the last two equations in (6.58).

Using the replacements as in (6.61) and in addition

q̂ = d
dt
q, φ̂ = d

dt
φ, (6.63)
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we obtain the following minimally extended strangeness-free system.

0 = ACq̂ + ARr(A
T
R�
−1
e ẽ, t)+ AL�

−1
j j̃L + AV jV + AI i(·),

0 = φ̂ − AT
L�
−1
e ẽ,

0 = AT
V�
−1
e ẽ − v(·),

0 = q − qC(A
T
C�
−1
e ẽ, t),

0 = φ − φL(�
−1
j j̃L, t),

0 = QT
CRV (AL�

−1
j

[
ĵ1

d
dt
j̃L2

]
+ d

dt
i(·)),

0 = QT
V−C(AT

V�
−1
e

[
ê1
d
dt
ẽ2

]
− d

dt
v(·)),

0 = q̂ − C(AT
C�
−1
e ẽ, t)AT

C�
−1
e

[
ê1
d
dt
ẽ2

]
+ qt (A

T
C�
−1
e ẽ, t),

0 = φ̂ − L(�−1
j j̃L, t)�

−1
j

[
ĵ1

d
dt
j̃L2

]
+ φt (�

−1
j j̃L, t).

(6.64)

Obviously, we can use the last two relations to eliminate the just introduced vari-
ables q̂ and φ̂ obtaining just the minimally extended system (6.62) for the conven-
tional modified nodal analysis. Hence, system (6.64) is strangeness-free as well.
Moreover, from a numerical point of view the reduced problems and minimally ex-
tended systems belonging to the conventional and charge oriented modified nodal
analysis are the same or at least equivalent (in the sense that the common part of
the numerical solution would be same when using the same stepsizes and ignoring
roundoff errors). Concerning efficiency, however, it should be noted that in the
charge oriented modified nodal analysis the minimally extended strangeness-free
system is often significantly larger than the original system.

Remark 6.15. The presented minimal extensions allow to preserve certain sym-
metry properties of the original higher index formulation. This symmetry becomes
important when linear subproblems in large scale problems must be solved itera-
tively. See [17] for details.

Remark 6.16. Circuit simulation packages do not work directly with the equations
but rather with netlists that represent these equations. It has been shown in [18], [19]
how the equations (6.60) that are added to the system can be obtained by replacing
capacitances and inductances by new network elements, so that this process of
index reduction can be incorporated directly into existing packages. Using this
technique, it is furthermore possible to remove some equations and variables so
that the resulting strangeness-free system even has the same number of variables
and equations as the original system, see [18], [19] and the following example.
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Example 6.17. Consider the circuit in Figure 6.1 which has a loop that consists
of two capacitances and a voltage source. The equations of the modified nodal
analysis for this circuit with values R1 = R2 = 1 and C1 = C2 = 1 are given by

0 =
⎡
⎣−1 1 0

1 −2 0
0 0 0

⎤
⎦ d

dt

⎡
⎣e1
e2
jV

⎤
⎦+

⎡
⎣−1 0 −1

0 −1 0
−1 0 0

⎤
⎦
⎡
⎣e1
e2
jV

⎤
⎦+

⎡
⎣ 0

0
−v(t)

⎤
⎦ .

One can show that the strangeness index of this system is μ = 1, cp. Exercise 15,
and that the third equation is responsible for the higher index. Differentiating this

��
�	

C1

C2

R1

R2

−v(t)∼

•

•

• •

Figure 6.1. Circuit with strangeness-index μ = 1

equation, adding it to the system and introducing the new variable ê1 = d
dt
e1 yields

the minimally extended system

0 =

⎡
⎢⎢⎣

0 1 0 0
0 −2 0 0
0 0 0 0
0 0 0 0

⎤
⎥⎥⎦ d

dt

⎡
⎢⎢⎣
e1
e2
jV
ê1

⎤
⎥⎥⎦+

⎡
⎢⎢⎣
−1 0 −1 −1
0 −1 0 1
−1 0 0 0
0 0 0 −1

⎤
⎥⎥⎦
⎡
⎢⎢⎣
e1
e2
jV
ê1

⎤
⎥⎥⎦+

⎡
⎢⎢⎣

0
0
−v(t)
−v̇(t)

⎤
⎥⎥⎦ .

Carrying out the procedure described in [18], [19], which consists essentially in
eliminating again the newly introduced variable ê1 and dropping the last equation,
we obtain the system

0 =
⎡
⎣0 1 0

0 −2 0
0 0 0

⎤
⎦ d

dt

⎡
⎣e1
e2
jV

⎤
⎦+

⎡
⎣−1 0 −1

0 −1 0
−1 0 0

⎤
⎦
⎡
⎣e1
e2
jV

⎤
⎦+

⎡
⎣ v̇(t)

−v̇(t)
−v(t)

⎤
⎦

of the original size and with the original variables.
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Bibliographical remarks

Different methods for index computation and index reduction have been widely
studied in the literature. Before the work of Gear [90] and often still today, the
method to solve differential-algebraic equations was to use differentiation and trans-
formation to turn the system into a system of ordinary differential equations. For
linear constant coefficient systems this can be obtained via the computation of the
Kronecker canonical form or rather its variations under unitary transformations, see
[69], [70], [216], [226].

Approaches for index reduction without reducing to an ordinary differential
equation were introduced in [45], [91], [92], [145] using derivatives of the constraint
equations or in [100] using the concept of matrix chains. Index reduction for
multibody systems is studied in [3], [4], [24], [27], [55], [79], [94], [205], for
circuit simulation in [17], [18], [19], [63], [84], [103], [104], [130], [213], and for
chemical engineering in [20], [61], [162].

A breakthrough in index reduction methods came through the work on derivative
arrays [46], [48], [50], [51], [58]. This approach also forms the basis for the methods
that we have presented and that were derived in [126], [128] for regular systems
and extended to general over- and underdetermined systems and control systems
in [39], [40], [116], [117], [129], [132], [183]. These methods are also used for
symbolic computation [59], [134], [171], [172].

Index reduction by introducing dummy variables in derivative arrays has been
introduced in [154] and modified in [130]. It is often based on the computation of a
generic or structural index, see for example [76], [161], [188], [189]. Differential-
geometric approaches for index reduction and integration methods are discussed
for example in [166], [169], [170], [175], [178], [181], [182]. Regularization and
index reduction via feedback in control problems has been discussed for example
in [32], [33], [34], [62], [129], [132].

Exercises

1. Determine analytically an equivalent strangeness-free system for the differential-alge-
braic equation [

0 0
1 ηt

] [
ẋ1

ẋ2

]
=
[−1 −ηt

0 −(1+ η)

] [
x1

x2

]
+
[

sin(t)
exp(t)

]
.

What happens if we solve the so obtained problem by means of the implicit Euler method?
Compare with Example 5.15.

2. Implement the index reduction procedure of Section 6.1 in the following way. Suppose
that the characteristic values μ, a, and d as well as the functions Mμ, Nμ, and gμ are
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supplied. In order to compute suitable matrices Z̃2, T̃2, and Z̃1 for given ti , use an
appropriate QR-decomposition of the corresponding matrices. Test your program with
the help of the problem of Example 1.

3. Combine the implemented index reduction of Exercise 2 with the implicit Euler method
using a constant stepsize. Test your program with the help of the problem of Example 1.

4. Apply your program of Exercise 3 to the differential-algebraic equation[
0 t

0 0

] [
ẋ1

ẋ2

]
=
[

1 0
0 1

] [
x1

x2

]
+
[

0
sin(t)

]
.

5. Consider the problem[
1 0
0 0

] [
ẋ1

ẋ2

]
=
[

0 0
1 1

] [
x1

x2

]
,

[
x1(0)
x2(0)

]
=
[

1
1

]
.

Obviously, the given initial value is not consistent. Determine a consistent initial value
using (6.18) as well as (6.21), choosing in the latter case the part A22 of A2 as that
belonging to x2.

6. Implement the ordinary Gauß–Newton method for the solution of a given underdeter-
mined system Fμ(t0, x0, y0) = 0 with respect to (x0, y0). Use finite differences to
approximate the necessary Jacobians. Apply your program to the problem[

1 0
ẋ1 1

] [
ẋ2 − x1 − sin(t)
x2 − exp(t)

]
= 0.

with μ = 1 in order to determine consistent initial values.

7. Extend your program of Exercise 6 by the computation of a suitable matrix Z̃1 at a
computed solution of Fμ(t0, x0, y0) = 0, supposing that a and d are given. Test your
program with the help of the problem of Example 1.

8. Extend your program of Exercise 7 by the implicit Euler method according to (6.30),
using a constant stepsize. Test your program with the help of the problem of Example 1.

9. Apply your program of Exercise 8 to the differential-algebraic equation of Exercise 6.

10. Show that the differential-algebraic equation

ẋ1 = x2, ẋ2 = x1, x1ẋ4 + x3 = 1, x4 = 2

satisfies Hypothesis 4.2 with μ = 1, a = 2, and d = 2. Apply your program of
Exercise 8 for various initial guesses (x̃0, ỹ0) such as

x̃0 = (0, 0, 1, 2), ỹ0 = (0, 0, 0, 0, 0, 0, 0, 0),

or
x̃0 = (0, 1, 1, 2), ỹ0 = (1, 0, 0, 0, 0, 0, 0, 0).
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11. Show that the differential-algebraic equation

ẋ1 = 1, ẋ2 = (exp(x3 − 1)+ 1)/2, x2 − x1 = 0

satisfies Hypothesis 4.2 with μ = 1, a = 2, and d = 1. Apply your program of
Exercise 8.

12. Consider the control problem

IRϕ̈ = u,

mGz̈G + d1(żG − żZ)+ c1(zG − zZ) = λ,

mZz̈Z + d1(żZ − żG)+ c1(zZ − zG) = 0,

żG = vUϕ,

modeling a multibody system with generalized positions ϕ, zG, zZ and a non-holonomic
constraint, i.e., with a constraint that involves first derivatives of the generalized posi-
tions. Written as a first order system, the (scalar) unknowns are given by ϕ, zG, zZ , ϕ̇,
żG, żZ , λ, u, where λ is the Lagrange multiplier belonging to the constraint and u is the
control. Show that for any proportional state feedback the resulting closed loop system
satisfies Hypothesis 3.48 with μ = 1, a = 2, and d = 5.

13. Apply your program of Exercise 3 to the differential-algebraic equation of Exercise 12
choosing the control u according to u(t) = 0.001 and the parameters according to
IR = 0.002, mG = 3, mZ = 10, c1 = 250, d1 = 10, and vU = 2.8.

14. Derive a strangeness-free differential-algebraic equation that is equivalent to the problem
of Exercise 13 and apply your program of Exercise 3.

15. Show that the circuit problem in Example 6.17 possesses the strangeness index μ = 1.

16. Determine the analytic solution for the circuit problem in Example 6.17 for the choice
v(t) = sin(100t).

17. Derive a strangeness-free formulation of the form (5.50) for the circuit problem in
Example 6.17 and solve the problem numerically on the interval [0.0, 0.1] by one of the
implementations of Chapter 5 choosing v(t) = sin(100t) and consistent initial values
with e2(0) = 0.

18. Apply your program of Exercise 3 to the circuit problem in Example 6.17 in the original
formulation with μ = 1, d = 1, and a = 2, in the minimally extended strangeness-free
formulation with μ = 0, d = 1, and a = 3, and in the strangeness-free formulation of
Example 17 with μ = 0, d = 1, and a = 2. Compare the results.



Chapter 7

Boundary value problems

In this chapter, we study general nonlinear boundary value problems for differen-
tial-algebraic equations, i.e., problems of the form

F(t, x, ẋ) = 0, (7.1a)

b(x( t ), x( t )) = 0 (7.1b)

in an interval I = [ t, t ] ⊂ R. In view of Chapter 4, we assume that F : I ×
Dx × Dẋ → Rn with Dx,Dẋ ⊆ Rn open, satisfies Hypothesis 4.2. The boundary
conditions are described by a function b : Dx×Dx → Rd . In particular, the number
of (scalar) boundary conditions coincides with the numberd of differential equations
imposed by (7.1a). As in the previous chapters, we require that all involved functions
are sufficiently often continuously differentiable. For ease of notation, we write
tuples also as columns and vice versa. Again, we only discuss real problems, since
we can consider the real and imaginary part of a complex problem separately.

Example 7.1. In [108], the model of a periodically driven electronic amplifier is
given. The equations in the unknowns U1, . . . , U5 have the form

(UE(t)− U1)/R0 + C1(U̇2 − U̇1) = 0,

(UB − U2)/R2 − U2/R1 + C1(U̇1 − U̇2)− 0.01f (U2 − U3) = 0,

f (U2 − U3)− U3/R3 − C2U̇3 = 0,

(UB − U4)/R4 + C3(U̇5 − U̇4)− 0.99f (U2 − U3) = 0,

− U5/R5 + C3(U̇4 − U̇5) = 0,

with

UE(t) = 0.4 sin(200πt), UB = 6,

f (U) = 10−6(exp(U/0.026)− 1),

R0 = 1000, R1 = · · · = R5 = 9000,

C1 = 10−6, C2 = 2 · 10−6, C3 = 3 · 10−6.

The problem can be shown to satisfy Hypothesis 4.2 withμ = 0, a = 2, and d = 3.
If we ask for the periodic response of the amplifier, a possible set of boundary
conditions is given by

Ul(0) = Ul(0.01), l = 2, 3, 5.
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In the area of ordinary differential equations, there are two major approaches
to solve boundary value problems, namely shooting techniques and collocation
methods. In this chapter, we generalize both approaches to differential-algebraic
equations. But at first, we discuss existence and uniqueness of solutions of boundary
value problems for differential-algebraic equations.

7.1 Existence and uniqueness of solutions

In the context of general nonlinear problems, the existence of solutions is usually
shown via the application of fix point theorems or Newton–Kantorovich-like con-
vergence theorems for iterative methods. Typically, the assumptions that have to
be made are very strong and difficult to verify. A standard ingredient in the investi-
gation of numerical methods for boundary value problems is the assumption that a
solution of the given problem does exist. Let Fμ be the derivative array associated
with (7.1a). According to Remark 4.15, we therefore require that there exists a
sufficiently smooth solution x∗ ∈ C1(I,Rn) of (7.1) in the sense that

F(t, x∗(t), ẋ∗(t)) = 0 for all t ∈ I, (7.2a)

Fμ(t, x
∗(t),P (t)) = 0 for all t ∈ I, (7.2b)

b(x∗( t ), x∗( t )) = 0, (7.2c)

where P : I→ R(μ+1)n is some smooth function arising from the parameterization
of the solution set Lμ that coincides with ẋ∗ in the first n components.

Restricting the functions Z1, Z2 and T2 of Hypothesis 4.2 to the path
(t, x∗(t),P (t)), which lies in Lμ due to (7.2b), we obtain functions

Z1 : I→ R
n,d , Z2 : I→ R

(μ+1)n,a, T2 : I→ R
n,d , (7.3)

using the same notation for the restricted functions. Note that due to the constant
rank assumptions in Hypothesis 4.2, these functions can be chosen to be smooth on
the whole interval I. By definition, they satisfy

Z2(t)
T Fμ;ẋ,...,x(μ+1) (t, x

∗(t),P (t)) = 0 for all t ∈ I, (7.4a)

Z2(t)
T Fμ;x(t, x∗(t),P (t))T2(t) = 0 for all t ∈ I, (7.4b)

rank Z1(t)
T Fẋ(t, x

∗(t), ẋ∗(t))T2(t) = d for all t ∈ I. (7.4c)

In addition, there exist smooth functions

Z′2 : I→ R
(μ+1)n,(μ+1)n−a, T1 : I→ R

(μ+1)n,a,

T ′2 : I→ R
n,a, T ′1 : I→ R

(μ+1)n,(μ+1)n−a,
(7.5)
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such that the matrix valued functions [Z′2 Z2 ], [T ′1 T1 ], and [T ′2 T2 ] are pointwise
orthogonal and

Z′2(t)T Fμ;ẋ,...,x(μ+1) (t, x
∗(t),P (t))T1(t) = 0 for all t ∈ I. (7.6)

Following Section 4.1, we know that for every (t0, x0, y0) ∈ Lμ in a neigh-
borhood of (t0, x∗(t0),P (t0)), the differential-algebraic equation (7.1a) is locally
solvable and thus defines a function x from a neighborhood of t0 into Rn. This
solution can be extended until the boundary of the domain of Fμ is reached. Since

(t0, x
∗(t0),P (t0)) ∈ Lμ, t0 ∈ I

defines a solution on the whole interval I, the same holds for every (t0, x0, y0) ∈ Lμ

in a sufficiently small neighborhood of (t0, x∗(t0),P (t0)). Thus, the solution x of
(7.1a) can locally be seen as a function of (t0, x0, y0). In this way, the value x(t )
becomes a function of ( t, x, y) ∈ Lμ in a neighborhood of ( t, x∗(t ),P (t )). This
means that also the boundary condition of a boundary value problem becomes a
function of ( t, x, y).

To take the restriction of ( t, x, y) to Lμ and the non-uniqueness of the param-
eterization P into account, we locally define a (nonlinear) projection onto Lμ by
considering the nonlinear system

Fμ(t, x̂, ŷ) = 0, (7.7a)

T2(t )
T (x̂ − x) = 0, (7.7b)

T1(t )
T (ŷ − y) = 0, (7.7c)

in the unknowns (x, y, x̂, ŷ). If we write (7.7) as

H(x, y, x̂, ŷ) = 0, (7.8)

then a solution of this system is given by (x∗(t ),P (t ), x∗(t ),P (t )). Since the
Jacobian of H with respect to x̂, ŷ satisfies

rank Hx̂,ŷ(x
∗(t ),P (t ), x∗(t ),P (t ))

= rank

⎡
⎣Fμ;x(t, x∗(t ),P (t )) Fμ;y(t, x∗(t ),P (t ))

T2(t )
T 0

0 T1(t )
T

⎤
⎦

= rank

⎡
⎢⎢⎣
Z′2(t )T Fμ;x(t, x∗(t ),P (t )) Z′2(t )T Fμ;y(t, x∗(t ),P (t ))

Z2(t )
T Fμ;x(t, x∗(t ),P (t )) 0

T2(t )
T 0

0 T1(t )
T

⎤
⎥⎥⎦ ,
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and since by construction the matrices[
Z′2(t)T Fμ;y(t, x∗(t),P (t))

T1(t)
T

]
,

[
Z2(t)

T Fμ;x(t, x∗(t),P (t))

T2(t)
T

]

are nonsingular for all t ∈ I, it follows that Hx̂,ŷ(x
∗(t ),P (t ), x∗(t ),P (t )) is

nonsingular. We can therefore solve locally for (x̂, ŷ) and obtain a function S

according to
(x̂, ŷ) = S(x, y). (7.9)

Since Fμ(t, S(x, y)) = 0, we have that (t, S(x, y)) ∈ Lμ for every (x, y) in
a neighborhood of (x∗(t ),P (t )). Observing that the initial value problem for
(7.1a) together with (t, S(x∗(t ),P (t ))) ∈ Lμ is solvable on the whole interval I,
the initial value problem remains solvable on the whole interval I with an initial
condition given by (t, x, y) from a neighborhood V = Lμ ∩ Ṽ of (t, x∗(t ), P (t )),
cp. the notation of Section 4.1. Thus, the differential-algebraic equation defines a
flow

� : V→ R
n, (7.10)

that maps (t, x, y) ∈ V to the final value x(t ) of the solution x of the associated
initial value problem, cp. Figure 7.1. Since the value t is kept fixed during the
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(t, x∗(t),P (t))

(t, x∗(t),P (t))

(t, x̂, ŷ)

( t, x, y)

(t, x, y)

(x̂, ŷ) = S(x, y)

x = �(t, x̂, ŷ)

t

x

y

Figure 7.1. Construction of a (local) flow
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following discussion, we will, for convenience, no longer state t in the argument
list of �.

For later use, we will need the derivatives of S in (7.9) at (x∗(t ),P (t )). These
are given by the solution of the linear system

Hx̂,ŷ(x
∗(t ),P (t ), x∗(t ),P (t ))Sx,y(x

∗(t ),P (t ))

= −Hx,y(x
∗(t ),P (t ), x∗(t ),P (t )),

i.e., ⎡
⎣Fμ,x(t, x∗(t ),P (t )) Fμ;y(t, x∗(t ),P (t ))

T2(t )
T 0

0 T1(t )
T

⎤
⎦ Sx,y(x

∗(t ),P (t ))

=
⎡
⎣ 0 0
T2(t )

T 0
0 T1(t )

T

⎤
⎦ .

LetW be a matrix with orthonormal columns that span kernelFμ;x,y(t,x∗(t ),P (t )).
Setting

W̃ =
[
T2(t ) 0

0 T1(t )

]
, (7.11)

we see that W̃T W is nonsingular, sinceHx̂,ŷ(x
∗(t ),P (t ), x∗(t ),P (t )) is nonsin-

gular, and we get

Sx,y(x
∗(t ),P (t )) = W(W̃TW)−1W̃T . (7.12)

We then have the following theorem on the local uniqueness of solutions of
boundary value problems for differential-algebraic equations.

Theorem 7.2. The function x∗ in (7.2) is a locally unique solution of the boundary
value problem (7.1) in the sense that (x∗(t ),P (t )) is a solution of

Fμ(t, x, y) = 0, (7.13a)

T1(t )
T (y −P (t )) = 0, (7.13b)

b(x,�(S(x, y))) = 0, (7.13c)

with nonsingular Jacobian, if and only if

E = (C +D�x,y(x
∗(t ),P (t ))Sx(x

∗(t ),P (t ))
)
T2(t ) (7.14)

is nonsingular, where C = bxl (x
∗(t ), x∗(t )) and D = bxr (x

∗(t ), x∗(t )), the
subscripts xl and xr denoting differentiation of b with respect to its first and second
argument.
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Proof. Obviously, (x, y) = (x∗(t ),P (t )) is a solution of (7.13). Moreover, the
Jacobian J of (7.13) is given by

J =
⎡
⎣ Fμ;x Fμ;y

0 T T
1

C +D�x,ySx D�x,ySy

⎤
⎦ ,

where we have omitted the arguments (t, x∗(t ),P (t )). We then get that the rank
of J is equal to the rank of⎡

⎢⎢⎣
Z′T2 Fμ;xT ′2 Z′T2 Fμ;xT2 Z′T2 Fμ;yT ′1 0

ZT
2 Fμ;xT ′2 0 0 0

0 0 0 I

(C +D�x,ySx)T
′
2 (C +D�x,ySx)T2 D�x,ySyT

′
1 D�x,ySyT1

⎤
⎥⎥⎦ .

Since

Sx = W(W̃TW)−1
[
T T

2
0

]
, Sy = W(W̃TW)−1

[
0
T T

1

]
by (7.12), we have SxT

′
2 = 0 and SyT

′
1 = 0 from the definition of T ′1 and T ′2.

Moreover, ZT
2 Fμ;xT ′2 and Z′T2 Fμ;yT ′1 are nonsingular by construction. Thus, J is

nonsingular if and only if

E = (C +D�x,ySx)T2

is nonsingular. �

System (7.13) is a straightforward generalization of the so-called (single) shoot-
ing method known from the treatment of boundary value problems for ordinary
differential equations, see, e.g., [8]. The only difference is that here we must guar-
antee that initial conditions are consistent in order to fix a (unique) solution of the
differential-algebraic equation.

Example 7.3. The classical shooting problem was to fire a cannon at a given target.
The task then was to align the cannon in order to hit the target. Ignoring ballistic
effects, we can model this problem by

ẍ = 0, ÿ = −g,
where x, y are the Cartesian coordinates of the cannon ball and g is the gravity
constant. At the beginning, the cannon together with the cannon ball is assumed to
be located at the origin, whereas the target is located in a distance ofL at a heightH .
After an unknown flight time T , the cannon ball is wanted to be in the same place



304 7 Boundary value problems

as the target. Finally, the initial velocity of the cannon ball shall be known to be
some given v. This leads to the boundary conditions

x(0) = 0, y(0) = 0, ẋ(0)2 + ẏ(0)2 = v2,

x(T ) = L, y(T ) = H.

In the spirit of the shooting method, we solve the differential equations in terms of
the initial values

x(0) = x0, ẋ(0) = ẋ0, y(0) = y0, ẏ(0) = ẏ0.

We thus obtain

x(t) = x0 + ẋ0t, y(t) = y0 + ẏ0t − 1
2gt

2.

Utilizing these representations in the boundary conditions gives

x0 = 0, y0 = 0, ẋ2
0 + ẏ2

0 = v2,

x0 + ẋ0T = L, y0 + ẏ0T − 1
2gT

2 = H,

which constitutes a nonlinear system of equations for the determination of x0, ẋ0,
y0, ẏ0, T . Every regular solution of this system, i.e., every solution where the
Jacobian is nonsingular, provides a regular solution of the boundary value problem.

Of course, we would have had to transform the unknown interval [0, T ] to a
fixed interval [0, 1] by scaling time and to introduce a trivial differential equation
Ṫ = 0 in order to bring this example into the form (7.1a). But this would not have
essentially altered the shooting approach and the related computations.

Remark 7.4. In the case of linear boundary value problems, i.e., problems (7.1),
where F and b are linear, local existence and uniqueness immediately yields global
existence and uniqueness of the solution x∗, as it is typical in all (continuous) linear
problems.

7.2 Multiple shooting

Although the previous section was only intended to give sufficient conditions for a
solution of (7.1) to be locally unique, it also provides a possible numerical approach
by simply trying to solve (7.13). In this context, the evaluation of the function �,
which involves the solution of an initial value problem, is typically assumed to be
exact because we can (at least theoretically) keep the discretization errors as small as
we want by choosing sufficiently small stepsizes. Using the single shooting method,
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one is, however, faced with the difficulty that the arising initial value problems may
be unstable in the sense that small changes in the initial value may lead to large
changes in the solution. This may have the effect that the computed trajectories
become large even though the solution of the boundary value problem is nicely
bounded. Even worse, it may happen that the trajectories do not extend until t due
to errors in the initial guess.

Example 7.5. It is well-known that a linear initial value problem

ẋ = A(t)x + f (t), x(t0) = x0,

withA ∈ C([t0,∞),Rn,n) andf ∈ C([t0,∞),Rn) always possesses a unique solu-
tion x ∈ C1([t0,∞),Rn). If we, however, consider the (scalar) nonlinear initial
value problem

ẋ = x2, x(0) = x0 > 0,

the situation is different. Still, there exists a unique solution locally in a neighbor-
hood of t0 due to the theorem of Picard and Lindelöf [220]. This local solution can
be determined by separation of the variables. From∫ t

0

ẋ(s)

x(s)2
ds =

∫ t

0
s ds,

we obtain that
1

x(0)
− 1

x(t)
= t,

hence
x(t) = x0

1− x0t
.

Obviously, the solution cannot be extended up to t = 1/x0.

To overcome these difficulties, the solution interval I is split beforehand into
smaller subintervals according to

t = t0 < t1 < · · · < tN−1 < tN = t, N ∈ N. (7.15)

Given initial guesses

(xi, yi) ∈ R
(μ+2)n, i = 0, . . . , N, (7.16)

for points (ti , x̂i , ŷi) ∈ Lμ, the idea of multiple shooting for differential-algebraic
equations then is to project (ti , xi, yi) onto Lμ and to solve the associated initial
value problems on the smaller intervals [ti , ti+1], requiring additionally that the
pieces match to a continuous function on the whole interval and that the boundary
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condition is satisfied. In order to develop a method which can actually be imple-
mented, it is not possible to use functions such as Z1, Z2, or T2 in the definition
of the procedure. Instead, we must look for computationally available quantities.
Note that this is in contrast to the previous section which was merely dedicated to
a theoretical investigation.

Given (ti , xi, yi) as initial guess for a point on the set Lμ, we can solve
Fμ(ti, x, y) = 0 by the Gauß–Newton method to obtain (ti , x̃i , ỹi) ∈ Lμ. Of
course, we must require that the guess (ti , xi, yi) is sufficiently accurate to guar-
antee convergence. Applying Hypothesis 4.2, we can then compute matrices Z̃2,i
and T̃2,i , so that the columns form orthonormal bases of corangeFμ;y(ti , x̃i , ỹi)
and kernel Z̃T

2,iFμ;x(ti , x̃i , ỹi), respectively. Subsequently, we can determine ma-

trices Z̃′2,i and T̃ ′2,i so that the columns complement the columns of Z̃2,i and T̃2,i

to bases of the full space. Analogous to (7.5) and (7.6), we finally can define T̃1,i
and T̃ ′1,i .

Similar to (7.7), the system

Fμ(ti, x̂i , ŷi) = 0, (7.17a)

T̃ T
2,i (x̂i − xi) = 0, (7.17b)

T̃ T
1,i (ŷi − yi) = 0 (7.17c)

locally defines functions Si according to

(x̂i , ŷi) = Si(xi, yi) (7.18)

in such a way that (ti , Si(xi, yi)) ∈ Lμ. Defining Wi to have columns that form an
orthonormal basis of kernelFμ;x,y(ti , x̂i , ŷi) with (ti , x̂i , ŷi) ∈ Lμ and setting

W̃i =
[
T̃2,i 0
0 T̃1,i

]
, (7.19)

we obtain
Si;x,y(x̂i , ŷi) = Wi(W̃

T
i Wi)

−1W̃T
i (7.20)

similar to (7.12), as long as W̃T
i Wi is invertible. In the same way as with� in (7.10),

we define flows �i that map initial values (ti , x̂i , ŷi) ∈ Lμ to the value x(ti+1) of
the solution x of the corresponding initial value problem. As for �, we here omit
the argument ti of �i for simplicity. Again, we assume that we can evaluate �i

exactly, i.e., without discretization errors.
The multiple shooting method is then given by

Fμ(ti, xi, yi) = 0, i = 0, . . . , N, (7.21a)

T̃ T
2,i+1(xi+1 −�i(Si(xi, yi))) = 0, i = 0, . . . , N − 1, (7.21b)

b(x0, xN) = 0. (7.21c)
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Comparing with the single shooting method of Section 7.1, the condition (7.13a) is
now required in (7.21a) at all mesh points ti with corresponding unknowns (xi, yi).
Besides the boundary condition (7.21c), we impose continuity conditions for the
differential components in (7.21b). Condition (7.13b), which was responsible for
local uniqueness of the solution in (7.13), cannot be used here because it involves
knowledge of the actual solution. Thus, in the present form, system (7.21) is
underdetermined. To solve this system, we apply the following Gauß–Newton-
like method, where in the course of the presentation, we will select a suitable
generalized inverse of the Jacobian by additional conditions that will turn out to be
the appropriate replacement for (7.13b).

Given approximations (xi, yi), the Gauß–Newton-like method is defined by the
corrections (�xi,�yi) that are added to (xi, yi) to get updated approximations.
In the (underdetermined) ordinary Gauß–Newton method, these corrections satisfy
the linearized equations

Fμ;x(ti , xi, yi)�xi + Fμ;y(ti , xi, yi)�yi = −Fμ(ti, xi, yi), (7.22a)

T̃ T
2,i+1(�xi+1 −�i;x,y(Si(xi, yi))(Si;x(xi, yi)�xi + Si;y(xi, yi)�yi))
= −T̃ T

2,i+1(xi+1 −�i(Si(xi, yi))),
(7.22b)

bxl (x0, xN)�x0 + bxr (x0, xN)�xN = −b(x0, xN). (7.22c)

For an efficient numerical method, however, the structure and the properties of the
Jacobian should be utilized. In the following, we will perturb the coefficient matrix
in such a way that the system decouples into smaller systems of reasonable size. In
particular, we will choose perturbations that tend to zero when the (xi, yi) converge
to a solution of (7.21). This property then implies that the resulting Gauß–Newton-
like process will show superlinear convergence, see, e.g., [71].

Definition 7.6. Let zm,m ∈ N0, from some normed vector space form a convergent
sequence with limit point z∗. We say that the zm converge superlinearly to z∗, if
there exist ζm > 0, m ∈ N0, with ζm → 0 and m∗ ∈ N0 such that ‖zm+1 − z∗‖ ≤
ζm‖zm − z∗‖ for m ≥ m∗.

In a solution of (7.21), the matrices Fμ;y(ti , xi, yi) will have rank deficiency a.
We therefore perturb Fμ;y(ti , xi, yi) to matrices M̃i with rank deficiency a. The
only condition that we must require is that these perturbations tend to zero when the
matrices Fμ;y(ti , xi, yi) tend to matrices with rank deficiency a. One possibility to
achieve this is to replace Fμ;y(ti , xi, yi) by the nearest matrix of rank deficiency a,
by neglecting the a smallest singular values of Fμ;y(ti , xi, yi), see, e.g., [99]. The
equations (7.22a) are thus replaced by

Fμ;x(ti , xi, yi)�xi + M̃i�yi = −Fμ(ti, xi, yi). (7.23)
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Let the columns ofZ2,i form an orthonormal basis of corange M̃i and let [Z′2,i Z2,i ]
be orthogonal. Relation (7.23) then splits into

Z′T2,iFμ;x(ti , xi, yi)�xi + Z′T2,iM̃i�yi = −Z′T2,iFμ(ti , xi, yi), (7.24a)

ZT
2,iFμ;x(ti , xi, yi)�xi = −ZT

2,iFμ(ti , xi, yi). (7.24b)

Requiring in addition that
T̃ T

1,i�yi = 0 (7.25)

as substitute for (7.13b) and observing that[
Z′T2,iM̃i

T̃ T
1,i

]

is nonsingular for sufficiently good initial guesses (xi, yi), it follows that we can
solve (7.24a) with (7.25) for �yi in terms of �xi .

Let the columns of the matrix T2,i form an orthonormal basis of the space
kernelZT

2,iFμ;x(ti , xi, yi). For sufficiently good initial guesses (xi, yi) also T̃ T
2,iT2,i

is nonsingular. Thus, there exists a matrix T ′2,i such that [ T ′2,i T2,i ] is nonsingular
and

T̃ T
2,iT

′
2,i = 0. (7.26)

Defining �v′i and �vi by the relation

�xi = T ′2,i�v′i + T2,i�vi, (7.27)

equation (7.24b) becomes

ZT
2,iFμ;x(ti , xi, yi)T ′2,i�v′i = −ZT

2,iFμ(ti , xi, yi). (7.28)

Since ZT
2,iFμ;x(ti , xi, yi)T ′2,i is nonsingular by construction, (7.28) can be solved

for �v′i .
Turning to (7.22b), we know that at a solution of (7.22) the relations

Si;x(xi, yi)�xi = Wi(W̃
T
i Wi)

−1
[
T̃ T

2,i
0

]
T2,i�vi = Si;x(xi, yi)T2,i�vi, (7.29a)

Si;y(xi, yi)�yi = Wi(W̃
T
i Wi)

−1
[

0
T̃ T

1,i

]
�yi = 0 (7.29b)

hold because of (7.25) and (7.26). Thus, we replace (7.22b) by

T̃ T
2,i+1T2,i+1�vi+1 − T̃ T

2,i+1�i;x,y(Si(xi, yi))Si;x(xi, yi)T2,i�vi

= −T̃ T
2,i+1(xi+1 −�i(Si(xi, yi))),

(7.30)
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which is again a perturbation that tends to zero when the iteration converges. Due
to (7.30) we only need the derivative �i;x,y(Si(xi, yi))Si;x(xi, yi) in the direction
of the d columns of T2,i . In particular, if we use numerical differentiation to
approximate this derivative, then we only need to solve d initial value problems.

Finally, we write (7.22c) in the form

bxl (x0, xN)T2,0�v0 + bxr (x0, xN)T2,N�vN

= −b(x0, xN)− bxl (x0, xN)T
′
2,0�v

′
0 − bxr (x0, xN)T

′
2,N�v

′
N.

(7.31)

Setting

Gi = T̃ T
2,i+1�i;x,y(Si(xi, yi))Si;x(xi, yi)T2,i , i = 0, . . . , N − 1, (7.32a)

Ji = T̃ T
2,iT2,i , i = 1, . . . , N, (7.32b)

C̃ = bxl (x0, xN)T2,0, D̃ = bxr (x0, xN)T2,N , (7.32c)

the remaining linear system that we have to solve for the unknowns �vi has the
shooting-like coefficient matrix

ẼN =

⎡
⎢⎢⎢⎢⎢⎣

−G0 J1
−G1 J2

. . .
. . .

−GN−1 JN

C̃ D̃

⎤
⎥⎥⎥⎥⎥⎦ . (7.33)

This system can be solved by standard methods such as Gauß elimination with
pivoting. Since the blocks Ji are invertible for sufficiently good initial guesses
(xi, yi), it follows that the matrix ẼN is nonsingular if and only if the condensed
matrix

EN = C̃ + D̃(J−1
N GN−1)(J

−1
N−1GN−2) . . . (J

−1
2 G1)(J

−1
1 G0) (7.34)

is nonsingular. Thus, for the method to work locally, it suffices to show that this is
the case at least at the solution and therefore in some neighborhood of it.

At a solution (xi, yi) = (x∗(ti), y∗i ), the matrix EN takes the form

EN = CT2,0 +DT2,N

i=0∏
i=N−1

[
(T̃ T

2,i+1T2,i+1)
−1T̃ T

2,i+1

·�i;x,y(Si(xi, yi))Si;x(xi, yi)T2,i

]
.

(7.35)

To take into account that �i(Si(x, y)) is consistent at ti+1 for (x, y) in a neighbor-
hood of (xi, yi) as the value of a solution of the differential-algebraic equation on
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[ti , ti+1], we consider the nonlinear system

Fμ(ti, x, ŷ)+ Z2,iα = 0, (7.36a)

T̃ T
1,i (ŷ − yi) = 0. (7.36b)

Writing this as
Hi(x, ŷ, α) = 0, (7.37)

we know that Hi(xi, yi, 0) = 0. Since

rank Hi;ŷ,α(xi, yi, 0)

= rank

[
Fμ;y(ti , xi, yi) Z2,i

T̃ T
1,i 0

]
= rank

⎡
⎣Z′T2,iFμ;y(ti , xi, yi) 0

0 I

T̃ T
1,i 0

⎤
⎦ ,

the construction of Z′2,i and T̃1,i guarantees that the matrix Hi;ŷ,α(xi, yi, 0) is non-
singular. Thus, via the implicit function theorem, (7.36) locally defines functionsKi

and Li according to
ŷ = Ki(x), α = Li(x). (7.38)

For all x with Li(x) = 0, we have Fμ(ti, x,Ki(x)) = 0 and x is consistent at ti .
Furthermore, differentiating

Fμ(ti, x,Ki(x))+ Z2,iLi(x) = 0

with respect to x, evaluating at xi , and multiplying by ZT
2,i yields

Li;x(xi) = −ZT
2,iFμ;x(ti , xi, yi).

Hence, Li;x has full row rank in a neighborhood of xi and the set of solutions of
Li(x) = 0 forms a manifold of dimension d = n − a, which is a submanifold of
the manifold of consistent values at point ti . Due to the results of Section 4.1, the
consistency of x is locally described by the condition F̂2(t, x) = 0 in (4.23) which
fixes a manifold of dimension d. The submanifold of the solutions of Li(x) = 0
must therefore coincide with the manifold of consistent values at ti .

Thus, given an x that is consistent at ti , the function Ki yields a ŷ such that
(ti , x, ŷ) ∈ Lμ, while Li(x) = 0. In particular,

Fμ(ti+1,�i(Si(x, y)),Ki+1(�i(Si(x, y)))) = 0 (7.39)

holds in a neighborhood of (xi, yi). Differentiating this relation with respect to
(x, y) and setting (x, y) = (xi, yi), we obtain

Fμ;x(ti+1, xi+1, yi+1)�i;x,y(Si(xi, yi))Si;x,y(xi, yi)
+ Fμ;y(ti+1, xi+1, yi+1)Ki+1;x(xi+1)�i;x,y(Si(xi, yi))Si;x,y(xi, yi) = 0.
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Multiplying with ZT
2,i+1 from the left finally yields

ZT
2,i+1Fμ;x(ti+1, xi+1, yi+1)�i;x,y(Si(xi, yi))Si;x,y(xi, yi) = 0. (7.40)

Hence, the columns of �i;x,y(Si(xi, yi))Si;x,y(xi, yi) lie in the kernel of the matrix
ZT

2,i+1Fμ;x(ti+1, xi+1, yi+1), which in turn is spanned by the columns of T2,i+1.

Since the expression T2,i+1(T̃
T
2,i+1T2,i+1)

−1T̃ T
2,i+1 is a projector onto this kernel,

we have

T2,i+1(T̃
T
2,i+1T2,i+1)

−1T̃ T
2,i+1�i;x,y(Si(xi, yi))Si;x,y(xi, yi)

= �i;x,y(Si(xi, yi))Si;x,y(xi, yi).
(7.41)

Thus, (7.35) reduces to

EN = CT2,0 +D
( i=0∏
i=N−1

�i;x,y(Si(xi, yi))Si;x(xi, yi)
)
T2,0. (7.42)

Finally, defining
�i(x) = (x,Ki(x)) (7.43)

and using T̃ T
1,iKi;x(xi) = 0 which holds due to (7.36b), we find that

Si;x,y(xi, yi)�i;x(xi) = Wi(W̃
T
i Wi)

−1

[
T̃ T

2,i 0
0 T̃ T

1,i

][
I

Ki;x(xi)

]

= Wi(W̃
T
i Wi)

−1
[
T̃ T

2,i
0

]
= Si;x(xi, yi).

Hence, (7.42) becomes

EN = CT2,0 +D
( i=0∏
i=N−1

�i;x,y(Si(xi, yi))Si;x,y(xi, yi)�i;x(xi)
)
T2,0. (7.44)

Comparing with (7.14), the term

i=0∏
i=N−1

�i;x,y(Si(xi, yi))Si;x,y(xi, yi)�i;x(xi)

in (7.44) is nothing else than the derivative �x,yS̃x of � � S̃ decomposed according
to

� � S̃ = (�N−1 � SN−1) � (�N−1 ��N−2 � SN−2) � · · · � (�1 ��0 � S0), (7.45)
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where S̃ differs fromS by replacingT1(t ), T2(t )with T̃1,0, T̃2,0 in (7.7). This means
that for sufficiently good initial guesses, the matrix EN in (7.44) is nonsingular
when E of (7.14) is nonsingular, i.e., when there exists a locally unique solution of
the boundary value problem in the sense of Theorem 7.2.

Summarizing the obtained results, we have the following convergence theorem.

Theorem 7.7. Suppose that the boundary value problem (7.1) satisfies Hypothe-
sis 4.2 and that (7.1) has a locally unique solution according to Theorem 7.2. Then,
for sufficiently good initial guesses, the iterates of the Gauß–Newton-like procedure
developed in the course of this section converge superlinearly to a solution of (7.21).

Proof. Writing the Gauß–Newton-like procedure for (7.21) in the form

zm+1 = zm −M−mF (zm),

where Mm is the chosen perturbation of Fz(z
m) and M−m denotes the chosen pseu-

doinverse due to (7.25), we have

MmM−m = I,

since multiplication with M−m yields a solution of the perturbed linear system. Thus,
we get

zm+1 − zm = −M−mF (zm)

= −M−m[F (zm)− F (zm−1)−Mm−1(z
m − zm−1)]

= −M−m
[
F (zm−1 + s(zm − zm−1))|s=1

s=0 − Fz(z
m−1)(zm − zm−1)

− (Mm−1 − Fz(z
m−1))(zm − zm−1)

]
= −M−m

[ ∫ 1

0
(Fz(z

m−1+ s(zm−zm−1))−Fz(z
m−1))(zm−zm−1) ds

− (Mm−1 − Fz(z
m−1))(zm − zm−1)

]
.

Introducing constants β, γ , and δm according to

‖M−m‖ ≤ β, ‖Fz(u)− Fz(v)‖ ≤ γ ‖u− v‖, ‖Mm − Fz(z
m)‖ ≤ δm

for some vector norm and its associated matrix norm, recalling that we assume
sufficient smoothness for the data, we obtain the estimate

‖zm+1 − zm‖ ≤ 1
2βγ ‖zm − zm−1‖2 + βδm−1‖zm − zm−1‖. (7.46)

For a sufficiently good initial guess z0, we have that

1
2βγ ‖z1 − z0‖ + βδ0 ≤ L < 1.
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Due to the construction of Mm, we may assume that δm ≤ δ0 for zm ∈ S(z0, ρ),
ρ = 1

1−L , where S(z0, ρ) denotes the closed ball of radius ρ around z0. It follows
then by induction that

‖zm+1 − zm‖ ≤ L‖zm − zm−1‖
and that

‖zm − z0‖ ≤ 1
1−L‖z1 − z0‖.

Hence, we stay in S(z0, ρ). Moreover, since

‖zm+k − zm‖ ≤ Lm

1−L‖z1 − z0‖,

the iterates zm form a Cauchy series and thus converge to a z∗ ∈ S(z0, ρ). Since
the iterates satisfy Mm(z

m+1 − zm) = −F (zm) where the left hand side tends to
zero, we get F (zm)→ 0 and the continuity of F yields F (z∗) = 0.

By assumption, we now can utilize that δm → 0 in order to show superlinear
convergence. We first observe that (7.46) then says that

‖zm+1 − zm‖ ≤ εm−1‖zm − zm−1‖, εm−1 = 1
2βγ ‖zm − zm−1‖ + βδm−1

with εm→ 0. This gives the estimate

‖zm+1 − z∗‖ ≤ 1

1− L
‖zm+2 − zm+1‖ ≤ εm

1− L
‖zm+1 − zm‖

≤ εm

1− L
(‖zm+1 − z∗‖ + ‖zm − z∗‖).

Since 1−L− εm is positive for sufficiently large m, we obtain for such values of m
that

‖zm+1 − z∗‖ ≤ ζm‖zm − z∗‖, ζm = εm

1− L− εm

with ζm → 0. This finally proves superlinear convergence of the given Gauß–
Newton-like method. �

Remark 7.8. The main difficulty in the construction of multiple shooting methods
for differential-algebraic equations is to deal with inconsistent iterates. In the
method presented here, we have used (locally defined) nonlinear projections on Lμ

to get consistent initial values. A second possibility would have been to shift the
manifold Lμ in such a way that the given inconsistent iterate then lies in the shifted
manifold. In the case of single shooting, we could define

L̂μ = {(t, x, y) ∈ R
(μ+2)n+1 | Fμ(t, x − x0 + x̂, y − y0 + ŷ) = 0}

with (x̂, ŷ) = S(x0, y0) and solve the arising initial value problem with respect
to L̂μ. The same idea is used in [197] in the form of so-called relaxed algebraic
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constraints when these are explicitly available. One can show that using the tech-
nique of shifting the manifold would yield a method with the same properties as the
method that we have presented here. However, the method of shifting the manifold
has the disadvantage that it requires to modify Fμ for the use in the initial value
solver.

Remark 7.9. In the case of linear boundary value problems

E(t)ẋ = A(t)x + f (t), Cx(t )+Dx(t ) = w,

we can work with the reduced differential-algebraic equation (3.60). In particular,
we can directly parameterize the space of consistent values xi at a point ti by

xi = −Â2(ti)
+f̂2(ti)+ T2(ti)vi, vi ∈ R

d .

Thus, in this case there is no need of a projection to obtain consistent initial values.
Moreover, no values yi are needed in order to integrate a linear differential-algebra-
ic equation. Hence, in the linear case we can omit (7.21a) and rewrite (7.21b) and
(7.21c) in terms of the unknowns v0, . . . , vN . Since the given problem is linear,
(7.21b) and (7.21c) then constitute a linear system for v0, . . . , vN whose coefficient
matrix has the form (7.33).

7.3 Collocation

The multiple shooting method replaces the boundary value problem by a sequence
of initial value problems. But it is well-known already from the case of ordinary
differential equations, see, e.g. [8], that a boundary value problem may be well
conditioned while the corresponding initial value problems are not. In such cases,
multiple shooting is not an adequate approach.

Example 7.10. Consider the (scalar) boundary value problem

ẍ = λ2x, x(0) = 1, x(1) = 1.

withλ > 0. Introducing x1 = x and x2 = ẋ, we can rewrite the differential equation
of second order as a system of differential equations of first order according to[

ẋ1
ẋ2

]
=
[

0 1
λ2 0

] [
x1
x2

]
, x1(0) = 1, x1(1) = 1.

All solutions of the differential equation have the form

x(t) = c1

[
exp(λt)
λ exp(λt)

]
+ c2

[
exp(−λt)
−λ exp(−λt)

]
,
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with c1, c2 ∈ R.
If we provide (nontrivial) initial values x1(0) = δ1, x2(0) = δ1, we get the

conditions
c1 + c2 = δ1, λc1 − λc2 = δ2,

which yield

c1 = λδ1 + δ2

2λ
, c2 = λδ1 − δ2

2λ
.

The corresponding solution x given by

x(t) = λδ1 + δ2

2λ

[
exp(λt)
λ exp(λt)

]
+ λδ1 − δ2

2λ

[
exp(−λt)
−λ exp(−λt)

]
can be seen as a perturbation of the solution of the given boundary value problem
with respect to perturbations of the initial values. Thus, using the maximum norm
in R2 and the related norm in C([0, 1],R2), the quotient ‖x‖/‖δ‖ behaves like
λ exp(λ) for λ→∞. The same holds by symmetry if we provide initial values at
t = 1.

Considering on the other hand the (nontrivial) boundary conditions x1(0) = δ1,
x1(1) = δ2, we get the conditions

c1 + c2 = δ1, exp(λ)c1 + exp(−λ)c2 = δ2,

which yield

c1 = δ2 − exp(−λ)δ1

exp(λ)− exp(−λ), c2 = exp(λ)δ1 − δ2

exp(λ)− exp(−λ) .

The corresponding solution x given by

x(t) = δ2 − exp(−λ)δ1

exp(λ)− exp(−λ)
[

exp(λt)
λ exp(λt)

]
+ exp(λ)δ1 − δ2

exp(λ)− exp(−λ)
[

exp(−λt)
−λ exp(−λt)

]
can be seen as a perturbation of the solution of the given boundary value problem
with respect to perturbations of the boundary values. In this case, the quotient
‖x‖/‖δ‖ behaves like λ for λ→∞.

Since the numbers ‖x‖/‖δ‖ describe how errors in the initial condition or in the
boundary condition are amplified, they represent corresponding condition numbers.
If we choose for example λ = 100, then we get λ exp(λ) > 1045 and we cannot
expect to get reasonable results when we solve the corresponding initial value
problems numerically. The boundary value problem on the other hand possesses a
nicely bounded condition number.

An alternative class of methods is given by so-called collocation methods. In
contrast to multiple shooting methods, for collocation methods an approximate
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solution is sought in a finite dimensional subspace of C(I,Rn) in such a way that it
satisfies the given equation at selected points. The preferred spaces in this context
are spaces of piecewise polynomial functions with respect to a prescribed mesh.

In order to formulate and investigate collocation methods for (7.1), we first
assume that it has the special form

F̂1(t, x, ẋ) = 0, (7.47a)

F̂2(t, x) = 0 (7.47b)

according to (4.23). The results for the general case then follow from the local
transformation to the form (7.47) that we have presented in Section 4.1.

For the analysis, it is convenient to write (7.1) as an operator equation. For the
choice of the correct spaces, we must not only observe that (7.47a) and (7.47b) have
different smoothness properties but also that the collocation solution is required to
be piecewise polynomial and globally continuous. Given a mesh

π : t = t0 < t1 < · · · < tN−1 < tN = t, N ∈ N,

hi = ti+1 − ti , h = max
i=0,...,N−1

hi, h ≤ K min
i=0,...,N−1

hi,
(7.48)

whereK > 0 is some fixed constant when we consider h→ 0, we define the spaces

X = C1
π(I,R

n) ∩ C0(I,Rn), (7.49a)

Y = C0
π(I,R

d)× C1
π(I,R

a) ∩ C0(I,Ra)× R
d . (7.49b)

The subscript π indicates that we have the stated smoothness only piecewise with
respect to the mesh with one-sided limits. This leads to an ambiguity of the corre-
sponding function values at the mesh points, which, however, is not crucial in the
following analysis.

If we equip the spaces in (7.49) with the norms

‖x‖X = max
t∈I ‖x(t)‖∞ + max

i=0,...,N−1
{ max
t∈[ti ,ti+1]

‖ẋ(t)‖∞}, (7.50a)

|(f1, f2, w)‖Y = max
i=0,...,N−1

{ max
t∈[ti ,ti+1]

‖f1(t)‖∞} +max
t∈I ‖f2(t)‖∞

+ max
i=0,...,N−1

{ max
t∈[ti ,ti+1]

‖ḟ2(t)‖∞} + ‖w‖∞,
(7.50b)

where for t = ti , ti+1 the value ẋ(t) and similar quantities denote one-sided limits
taken within [ti , ti+1], then the spaces X and Y become Banach spaces.

The boundary value problem (7.1) then takes the form of an operator equation

L(x) = 0, (7.51)
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with

L : X→ Y, (7.52a)

x �→
⎡
⎣F̂1(t, x(t), ẋ(t))

F̂2(t, x(t))

b(x(t ), x(t ))

⎤
⎦ . (7.52b)

Since x∗ solves (7.1) according to (7.2), we have L(x∗) = 0. In the construction
of a Newton-like method for the solution of (7.51), we will later need the Fréchet
derivative DL[z] of L at z ∈ X, which is given by

DL[z] : X→ Y, (7.53a)

x �→
⎡
⎣F̂1;x(t, z(t), ż(t))x(t)+ F̂1;ẋ (t, z(t), ż(t))ẋ(t)

F̂2;x(t, z(t))x(t)
bxl (z(t ), z(t ))x(t )+ bxr (z(t ), z(t ))x(t )

⎤
⎦ . (7.53b)

In order to select a finite dimensional version of (7.51), we introduce the finite
dimensional spaces

Xπ = Pk+1,π ∩ C0(I,Rn), (7.54a)

Yπ = R
kNd × R

(kN+1)a × R
d, (7.54b)

where Pk+1,π denotes the space of piecewise polynomials of maximal degree k, or,
synonymously, of maximal order k + 1. Observe that Yπ is chosen such that

dim Xπ = (k + 1)Nn− (N − 1)n = (kN + 1)n = dim Yπ .

Hence, we must require (kN + 1)n scalar conditions in order to fix a unique ap-
proximate solution in Xπ . For collocation methods, these conditions (besides the
boundary conditions) are of the form that the given differential-algebraic equation
is satisfied at some selected points. In view of (7.47), the choice of the points should
reflect the different smoothness properties of (7.47a) and (7.47b). Moreover, we
want the approximations at the mesh points to be consistent, i.e., to satisfy the alge-
braic constraints. We therefore use a Gauß-type scheme for the differential part and
a Lobatto-type scheme for the algebraic part. These schemes are given by nodes

0 <  1 < · · · <  k < 1, (7.55a)

0 = σ0 < · · · < σk = 1, k ∈ N, (7.55b)

respectively, and define the collocation points

tij = ti + hi j , j = 1, . . . , k, (7.56a)

sij = ti + hiσj , j = 0, . . . , k. (7.56b)
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Observe that if it is desired that the resulting method is symmetric with respect to
time reversion, then we must choose the nodes to lie symmetric in [0, 1].

The collocation discretization of (7.51) is then given by the nonlinear (discrete)
operator equation

Lπ(xπ) = 0, (7.57)

with

Lπ : X→ Yπ , (7.58a)

x �→
⎡
⎣F̂1(tij , x(tij ), ẋ(tij ))

F̂2(sij , x(sij ))

b(x(t ), x(t ))

⎤
⎦ , (7.58b)

and we seek a solution xπ ∈ Xπ . For ease of notation, we have omitted in (7.58b)
that the indices i and j must run over the values i = 0, . . . , N − 1, j = 1, . . . , k
in the first component and i = 0, . . . , N − 1, j = 1, . . . , k together with i = 0,
j = 0 in the second component. Note that in the second component the indices
i = 1, . . . , N−1, j = 0 must be omitted, since the space Xπ includes continuity of
the solution. We will use this kind of abbreviation in the remainder of this section.

We will also need the Fréchet derivative DLπ [z] of the discretized operator Lπ

at z ∈ X, which is given by

DLπ [z] : X→ Yπ , (7.59a)

x �→
⎡
⎣F̂1;x(tij , z(tij ), ż(tij ))x(tij )+ F̂1;ẋ (tij , z(tij ), ż(tij ))ẋ(tij )

F̂2;x(sij , z(sij ))x(sij )
bxl (z(t ), z(t ))x(t )+ bxr (z(t ), z(t ))x(t )

⎤
⎦ .

(7.59b)

Note that we have defined Lπ on the larger space X and not only on Xπ ⊆ X.
Because of this inclusion, we use the norm of X also for Xπ . For Yπ , we take the

∞-norm. Finally, we need the restriction operator

Rπ : Y→ Yπ , (7.60a)⎡
⎣f1
f2
w

⎤
⎦ �→

⎡
⎣f1(tij )

f2(sij )

w

⎤
⎦ . (7.60b)

Observe that Lπ = RπL and DLπ [z] = RπDL[z].
Example 7.11. Consider the model of a physical pendulum

ṗ1 = v1, v̇1 = −2p1λ,

ṗ2 = v2, v̇2 = −2p2λ− g,

p2
1 + p2

2 = 1,
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where g = 9.81 is the gravity constant, cp. Example 1.3. According to Exam-
ple 4.27, it satisfies Hypothesis 4.2 with characteristic values μ = 2, a = 3, and
d = 2. We are thus allowed to impose two scalar boundary conditions. Following
[137], we take

v2(0) = 0, p1(0.55) = 0.

To get the hidden constraints, we differentiate the given constraint twice and elim-
inate the arising derivatives with the help of the other equations. In this way, we
obtain

2p1v1 + 2p2v2 = 0

and
2v2

1 − 4p2
1λ+ 2v2

2 − 4p2
2λ− 2gp2 = 0.

Obviously, the latter constraint can always be solved forλ. The two other constraints
possess the Jacobian [2p1 2p2 ]with respect to p1, p2 in the first case and v1, v2 in
the second case. The kernel vector [−p2 p1 ]T can then be used to select a suitable
differential part. This leads to a possible reduced differential-algebraic equation of
the form

p1ṗ2 − p2ṗ1 = p1v2 − p2v1,

p1v̇2 − p2v̇1 = −gp1,

p2
1 + p2

2 = 1,

2p1v1 + 2p2v2 = 0,

2v2
1 − 4p2

1λ+ 2v2
2 − 4p2

2λ− 2gp2 = 0.

Renaming the variables according to

(x1, x2, x3, x4, x5) = (p1, p2, v1, v2, λ),

this system, after some trivial simplifications, can be written as

x1(ẋ2 − x4)− x2(ẋ1 − x3) = 0,

x1ẋ4 − x2ẋ3 + gx1 = 0,

x2
1 + x2

2 − 1 = 0,

x1x3 + x2x4 = 0,

x2
3 + x2

4 − gx2 − 2x5 = 0.

Hence, the corresponding boundary value problem has the form L(x) = 0 with

L(x) =
⎡
⎣f1
f2
w

⎤
⎦ ,
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where

f1(t) =
[
x1(t)(ẋ2(t)− x4(t))− x2(t)(ẋ1(t)− x3(t))

x1(t)ẋ4(t)− x2(t)ẋ3(t)+ gx1(t)

]
,

f2(t) =
⎡
⎣ x1(t)

2 + x2(t)
2 − 1

x1(t)x3(t)+ x2(t)x4(t)

x3(t)
2 + x4(t)

2 − gx2(t)− 2x5(t)

⎤
⎦ ,

w =
[

x4(0)
x1(0.55)

]
.

The Fréchet derivativeDL[z] ofL at some z can be obtained via its defining relation

L(z+ x) = L(z)+DL[z]x + R(x), R(x)/‖x‖ → 0 for ‖x‖ → 0.

In the first component we thus get (omitting the argument t)

(z1 + x1)((ż2 + ẋ2)− (z4 + x4))

− (z2 + x2)((ż1 + ẋ1)− (z4 + x3))− z1(ż2 − z4)+ z2(ż1 − z3)

= z1(ẋ2 − x4)+ x1(ż2 − z4)− z2(ẋ1 − x3)− x2(ż1 − z3)+O(‖x‖2).
Treating the other parts in the same way, we get

DL[z](x) =
⎡
⎣f̃1

f̃2
w̃

⎤
⎦ ,

where

f̃1(t) =
⎡
⎣z1(t)(ẋ2(t)− x4(t))+ x1(t)(ż2(t)− z4(t))−

−z2(t)(ẋ1(t)− x3(t))− x2(t)(ż1(t)− z3(t))

z1(t)ẋ4(t)+ x1(t)ż4(t)− z2(t)ẋ3(t)− x2(t)ż3(t)+ gx1(t)

⎤
⎦ ,

f̃2(t) =
⎡
⎣ 2z1(t)x1(t)+ 2z2(t)x2(t)

z1(t)x3(t)+ x1(t)z3(t)+ z2(t)x4(t)+ x2(t)z4(t)

2z3(t)x3(t)+ 2z4(t)x4(t)− gx2(t)− 2x5(t)

⎤
⎦ ,

w̃ =
[

x4(0)
x1(0.55)

]
.

A representation of the collocation operator Lπ and its Fréchet derivative DLπ [z]
can then simply be obtained by utilizingLπ = RπL andDLπ [z] = RπDL[z]with
(7.60).

The first step in the analysis of collocation methods is to show that if x∗ satisfies
some regularity condition that guarantees that x∗ is locally unique, then equation
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(7.57) is solvable in Xπ at least for sufficiently small h. In addition, we derive
orders of convergence for h→ 0.

To do so, we follow [8, pp. 222–226], where a corresponding result is shown in
the case of ordinary differential equations. In the context of differential-algebraic
equations, we consider the iterative process

xm+1
π = xmπ −DLπ [x∗]−1Lπ(x

m
π ) (7.61)

and prove that under suitable assumptions it generates a sequence {xmπ } in Xπ that
converges to a solution of (7.57). Note that the iteration (7.61) is only a tool for
the theoretical analysis. It cannot be used as a numerical method, since the value
of the Fréchet derivative at the exact solution x∗ is not available.

Recall the basic properties of the iterative process (7.61) given in Theorem 5.7.
In the present context, however, we are interested in properties of (7.61) for h→ 0.
Thus, we must consider families of iterations (7.61) with the maximum mesh sizes
tending to zero. For these we must show that certain constants are independent of h.
Unfortunately, in the standard formulation of Theorem 5.7 and its proof this does
not hold for the constants β and γ . The main task of the following considerations
is therefore to replace the standard definition of β and γ in Theorem 5.7 by more
appropriate quantities and to show that then the crucial estimates in the proof of
Theorem 5.7 still hold. Since the modified quantities will play the same role as the
original constants β and γ , we will keep the same notation.

To derive these results, we first investigate in detail the linear boundary value
problem associated with the Fréchet derivativeDLπ [x∗]. Introducing the Jacobians

Ê1(t) = F̂1;ẋ (t, x∗(t), ẋ∗(t)), C = bxl (x
∗(t ), x∗(t )),

Â1(t) = −F̂1;x(t, x∗(t), ẋ∗(t)), D = bxr (x
∗(t ), x∗(t )),

Â2(t) = −F̂2;x(t, x∗(t)),
(7.62)

we have that

DL[x∗] : X→ Y, (7.63a)

x �→
⎡
⎣Ê1(t)ẋ(t)− Â1(t)x(t)

−Â2(t)x(t)

Cx(t )+Dx(t )

⎤
⎦ (7.63b)

and DLπ [x∗] = RπDL[x∗].
Applying the transformation of Lemma 5.6 to the (linear) boundary value prob-

lem

Ê(t)ẋ = Â(t)x + f̂ (t), (7.64a)

Cx(t )+Dx(t ) = ŵ (7.64b)
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with some g = (f̂, ŵ) ∈ Y yields that[
Id 0
0 0

] [ ˙̃x1˙̃x2

]
=
[

0 0
0 Ia

] [
x̃1
x̃2

]
+
[
f̃1

f̃2

]
, (7.65a)

[
C1 C2

] [x̃1(t )

x̃2(t )

]
+ [D1 D2 ]

[
x̃1(t )

x̃2(t )

]
= ŵ, (7.65b)

where

x = Q

[
x̃1
x̃2

]
, P f̂ =

[
f̃1

f̃2

]
, CQ(t ) = [ C1 C2 ], DQ(t ) = [D1 D2 ].

The solutions of the differential-algebraic equation (7.65a) therefore have the form

x̃1(t) = x̃1(t )+
∫ s

t

f̃1(s) ds, x̃2(t) = −f̃2(t).

Inserting this into the boundary condition (7.65b) gives a linear equation for x̃1(t )

with coefficient matrix C1 + D1. We therefore have proved the following result,
compare with Theorem 7.2.

Lemma 7.12. The boundary value problem (7.64) is uniquely solvable if and only
if C1 +D1 ∈ Rd,d is nonsingular, with C1,D1 as defined in (7.65b).

Writing (7.64) in operator form asDL[x∗]x = g, the corresponding collocation
discretization reads DLπ [x∗]xπ = Rπg or

Ê1(tij )ẋπ (tij )− Â1(tij )xπ (tij ) = f̂1(tij ), (7.66a)

− Â2(sij )xπ (sij ) = f̂2(sij ), (7.66b)

Cxπ(t )+Dxπ(t ) = ŵ. (7.66c)

In order to determine a solution xπ ∈ Xπ of (7.66), we set xπ,i = xπ |[ti ,ti+1],
which is a polynomial of maximal degree k for i = 0, . . . , N − 1, and require the
continuity of xπ explicitly as xπ,i−1(ti) = xπ,i(ti) for i = 1, . . . , N − 1. This,
however, would lead to an overdetermined system when combined with (7.66b),
since it yields that

Â2(ti)(xπ,i−1(ti)− xπ,i(ti)) = 0, i = 1, . . . , N − 1,

because of si,0 = si−1,k = ti . Observe that[
Â2(ti)

T2(ti)
T

]
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is nonsingular for i = 0, . . . , N . It is therefore sufficient to require that
T2(ti)

T (xπ,i−1(ti) − xπ,i(ti)) = 0 for i = 1, . . . , N − 1. Hence, the collocation
method for a linear differential-algebraic equation consists in determining polyno-
mials xπ,i of maximal degree k that satisfy the linear system

Ê1(tij )ẋπ,i(tij )− Â1(tij )xπ,i(tij ) = f̂1(tij ), (7.67a)

− Â2(sij )xπ,i(sij ) = f̂2(sij ), (7.67b)

T2(ti)
T (xπ,i−1(ti)− xπ,i(ti)) = 0, (7.67c)

Cxπ(t )+Dxπ(t ) = ŵ. (7.67d)

Note that the indices i and j range over all those values such that (7.67a) and (7.67b)
are required for all collocation points and (7.67c) is required for all interior mesh
points t1, . . . , tN−1.

For the representation of the arising polynomials, we use Lagrange interpolation
with respect to both sets of nodes. In particular, we define the Lagrange interpolation
polynomials

Ll(ξ) =
k∏

j=0
j �=l

ξ − σj

σl − σj
, L̃l(ξ) =

k∏
m=1
m�=l

ξ −  m

 l −  m
. (7.68)

The polynomials xπ,i can then be written as

xπ,i(t) =
k∑

l=0

xi,lLl

(
t − ti

hi

)
, (7.69)

with xi,l = xπ,i(sil). Defining vjl = L̇l( j ) and ujl = Ll( j ) for l = 0, . . . , k,
j = 1, . . . , k, we get

ẋπ,i(tij ) = 1
hi

k∑
l=0

vjlxi,l, xπ,i(tij ) =
k∑

l=0

ujlxi,l .

If we set

wjl =
∫ σj

0
L̃l(ξ) dξ, j, l = 1, . . . , k, (7.70)

then we see that V = [vjl]j,l is nonsingular with V −1 = [wjl]j,l , cp. Exercise 7.
Finally, we introduce xN = xN,0 = xπ,N−1(tN ).
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Inserting the representation of xπ,i and ẋπ,i into (7.67), we get a linear system
for the values xi,j given by

1

hi

k∑
l=0

vjlÊ1(tij )xi,l −
k∑

l=0

ujlÂ1(tij )xi,l = f̂1(tij ), (7.71a)

− Â2(sij )xi,j = f̂2(sij ), (7.71b)

xi,k − xi+1,0 = 0, (7.71c)

Cx0,0 +DxN,0 = ŵ, (7.71d)

− Â2(t0)x0,0 = f̂2(t0), (7.71e)

with j = 1, . . . , k and i = 0, . . . , N − 1. Here, we have used the fact that the
matrix [

Â2(ti)

T2(ti)
T

]
is nonsingular and have combined the equations in (7.67b) for j = 0 with those in
(7.67c) to obtain (7.71c).

In order to prove that the collocation method is well defined, we have to show
that the linear system (7.71) has a unique solution. To do so, we proceed in two
steps. First we consider the local systems of the form

Bi

⎡
⎢⎣xi,1...
xi,k

⎤
⎥⎦ = aixi,0 + bi, i = 0, . . . , N − 1, (7.72)

which consist of the collocation conditions (7.71a) and (7.71b) for j = 1, . . . , k.
Their solvability is examined in Lemma 7.13.

Solving these systems in terms of the other variables and inserting the solution
into the other equations leads to relations

xi,k = [ 0 · · · 0 I ]B−1
i aixi,0 + [ 0 · · · 0 I ]B−1

i bi, (7.73)

which, together with (7.71c), can be written as

xi+1 = Wixi + gi. (7.74)

Representations for Wi and gi are given in Lemma 7.14.
In the second step, we consider the global system

Kh

⎡
⎢⎣x0

...

xN

⎤
⎥⎦ = gh, (7.75)
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representing the continuity conditions (7.71c), the boundary condition (7.71d), and
the consistency condition (7.71e), with the solutions (7.74) of the local systems
(7.72) already inserted. Its solvability is examined in Lemma 7.15.

Setting Ê1,j = Ê1(tij ), Â1,j = Â1(tij ), Â2,j = Â2(sij ), f̂1,j = f̂1(tij ) and
f̂2,j = f̂2(sij ) for selected fixed i, the local system (7.72) is given by

Bi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v11
hi
Ê1,1 − u11Â1,1

−Â2,1

v12
hi
Ê1,1 − u12Â1,1

0
· · ·

v1k
hi
Ê1,1 − u1kÂ1,1

0
v21
hi
Ê1,2 − u21Â1,2

0

v22
hi
Ê1,2 − u22Â1,2

−Â2,2
· · ·

v2k
hi
Ê1,2 − u2kÂ1,2

0
...

...
. . .

...
vk1
hi
Ê1,k − uk1Â1,k

0

vk2
hi
Ê1,k − uk2Â1,k

0
· · ·

vkk
hi
Ê1,k − ukkÂ1,k

−Â2,k

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and

ai =

⎡
⎢⎢⎢⎢⎢⎢⎣

− v10
hi
Ê1,1 + u10Â1,1

0
...

− vk0
hi
Ê1,k + uk0Â1,k

0

⎤
⎥⎥⎥⎥⎥⎥⎦ , bi =

⎡
⎢⎢⎢⎢⎢⎢⎣

f̂1,1

f̂2,1
...

f̂1,k

f̂2,k

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

where Bi ∈ Rkn,kn, ai ∈ Rkn,n, and bi ∈ Rkn. In the following lemma, we prove
the nonsingularity ofBi for sufficiently small hi , using multiplications from the left
and from the right, respectively, with block matrices

TP = diag

([
P11(tij ) P12(sij )

0 P22(sij )

])
j=1,...,k

, TQ = diag
(
Q(sij )

)
j=1,...,k

,

where P,Q transform the differential-algebraic equation into the canonical form
(5.11). We also need to reorder block rows and columns with the help ofUk ∈ Rkn,kn

given by

Uk =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Id 0
0 Ia

Id 0
0 Ia

. . .
. . .

Id 0
0 Ia

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (7.76)

For the following estimates, we use the 
∞-norm and the associated matrix norm.
Recall again that we assume all functions to be sufficiently smooth.



326 7 Boundary value problems

Lemma 7.13. Consider the block matrix

�i =
[
�1
i �2

i

0 0

]
(7.77)

with

�s
i =

[
hi

k∑
l=1

wjlG
s
lm

]
j,m=1,...,k

, s = 1, 2,

and

[G1
lm G2

lm ] =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(vll(σl −  l)− 1)(P11Ê1Q̇)(til)

−(ull − 1)(P11Â1Q)(til)+O(hi), l = m,

vlm(σm −  l)(P11Ê1Q̇)(til)

− ulm(P11Â1Q)(til)+O(hi), l �= m,

for m = 0, . . . , k and l, j = 1, . . . , k. Then the representation

Bi = T −1
P Uk

[ 1
hi
V ⊗ I 0

0 −I
]
(I +�i)U

T
k T
−1
Q (7.78)

holds and, for sufficiently small hi , the matrix Bi is nonsingular with

B−1
i = TQUk(I −�i +O(h2

i ))

[
hiV

−1 ⊗ I 0
0 −I

]
UT
k TP . (7.79)

Proof. Taylor expansion yields

Q(sim) = Q(til)+ hi(σm −  l)Q̇(til)+O(h2
i ) = Q(til)+O(hi)

and

(P12Â2Q)(sil) = (P12Â2Q)(til)+O(hi) = (P11Ê1Q̇− P11Â1Q)(til)+O(hi).

This leads to

[ P11(til) P12(sil) ]
[
vlm
hi
Ê1,l − ulmÂ1,l

0

]
Q(sim)

= vlm

hi
(P11Ê1)(til)Q(sim)− ulm(P11Â1)(til)Q(sim)

= vlm

hi
(P11Ê1Q)(til)+ vlm(σm −  l)(P11Ê1Q̇)(til)

− ulm(P11Â1Q)(til)+O(hi)

= vlm

hi
[ I 0 ] + [G1

lm G2
lm ]
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for m �= l. Analogously, we get

[ P11(til) P12(sil) ]
[
vlm
hi
Ê1,l − ulmÂ1,l

−Â2,l

]
Q(sil)

= vll

hi
(P11Ê1)(til)Q(sil)− ull(P11Â1)(til)Q(sil)− (P12Â2Q)(sil)

= vll

hi
(P11Ê1Q)(til)+ vll(σl −  l)(P11Ê1Q̇)(til)

− ull(P11Â1Q)(til)− (P11Ê1Q̇− P11Â1Q)(til)+O(hi)

= vll

hi
[ I 0 ] + [G1

ll G
2
ll ].

Multiplying Bi with TP from the left and TQ from the right and reordering the rows
and columns using Uk as in (7.76), we obtain that

UT
k TPBiTQUk =

[ 1
hi
V ⊗ I 0

0 −I
]
+
[
G1 G2

0 0

]
,

with Gs = [Gs
lm]l,m. Since V is nonsingular with V −1 = [wjl]j,l , we have[

hiV
−1 ⊗ I 0
0 −I

]
UT
k TPBiTQUk = I +�i, (7.80)

with �i as defined in (7.77). Multiplication with the inverses yields the desired
representation of Bi .

Since the matrices Gs
lm stay bounded for all l, m and s = 1, 2 when hi → 0,

we have ‖�i‖ = O(hi). Thus, I + �i is nonsingular for sufficiently small hi
with the inverse satisfying (I + �i)

−1 = I − �i + O(h2
i ). By this and (7.80),

we see that Bi is nonsingular for sufficiently small hi and that B−1
i has the stated

representation. �

Having shown that the local systems (7.72) are uniquely solvable at least for
sufficiently small hi , we now derive representations for Wi and gi in (7.74).

Lemma 7.14. In equation (7.74), the coefficients Wi, gi have the representations

Wi = Q(ti+1)

[
I − Fi1 −Fi2

0 0

]
Q(ti)

−1, (7.81)

with Fi1 = O(h2
i ), Fi2 = O(hi), and

gi = Q(ti+1)

[
ci

−(P22f̂2)(ti+1)

]
, (7.82)

where ci = O(hi).
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Proof. Using the representation of B−1
i given in Lemma 7.13, we compute

WiQ(ti) = [ 0 · · · 0 I ]B−1
i aiQ(ti).

With Q(ti) = Q(til)+O(hi) = Q(til)−  lhiQ̇(til)+O(h2
i ), we have

[ P11(til) P12(sil) ]
[ − vl0

hi
Ê1,l + ul0Â1,l

0

]
Q(ti)

= −vl0
hi

(P11Ê1Q)(til)+ vl0 l(P11Ê1Q̇)(til)+ ul0(P11Â1Q)(til)+O(hi)

= −vl0
hi
[ I 0 ] − [G1

l0 G2
l0 ].

Hence, we have

UT
k TP ai Q(ti) = − 1

hi

[
v0 ⊗ I 0

0 0

]
−
[
G1

0 G2
0

0 0

]
,

with v0 = [vl0]l=1,...,k and Gs
0 = [Gs

l0]l=1,...,k for s = 1, 2.

Applying the next factor in the representation of B−1
i and using v0 = −V e with

e = [ 1 · · · 1 ]T , we get[
hiV

−1 ⊗ I 0
0 −I

]
UT
k TP ai Q(ti)

=
[
hiV

−1 ⊗ I 0
0 −I

]([ 1
hi
V e ⊗ I 0

0 0

]
−
[
G1

0 G2
0

0 0

])

=
[
e ⊗ I 0

0 0

]
−
[
hiV

−1 ⊗G1
0 hiV

−1 ⊗G2
0

0 0

]
.

The next factor that has to be applied due to the representation of B−1
i is given by

I −�i +O(h2
i ) =

[
I 0
0 I

]
−
[
�1
i �2

i

0 0

]
+O(h2

i ).

Setting

Hi =
([

I 0
0 I

]
−
[
�1
i �2

i

0 0

]
+O(h2

i )

)

·
([

e ⊗ I 0
0 0

]
−
[
hiV

−1 ⊗G1
0 hiV

−1 ⊗G2
0

0 0

])
,
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and observing that �s
j0 = hi

∑k
l=1 wjlG

s
l0 = O(hi) according to Lemma 7.13, we

obtain that

Hi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I 0
...

...
...

...

I 0
0 0
...

...

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�1
1,0 �2

1,0
...

...
...

...

�1
k,0 �2

k,0
0 0
...

...

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑k
m=0 �

1
1,m 0

...
...

...
...∑k

m=0 �
1
k,m 0

0 0
...

...

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

O(h2
i ) O(h2

i )
...

...
...

...

O(h2
i ) O(h2

i )

0 0
...

...

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Thus,

Hi =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∗ ∗
...

...

∗ ∗
I − Fi,1 −Fi,2

0 0
...

...

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

with Fi1 =∑k
m=0 �

1
k,m +O(h2

i ), Fi2 = �2
k,0 +O(h2

i ).

Altogether, we obtain

WiQ(ti) = [ 0 · · · 0 I ]B−1
i aiQ(ti) = [ 0 · · · 0 I ] diag(Q(sij ))UkHi

and hence, since sik = ti+1, we have

Wi = Q(ti+1)

[
I − Fi1 −Fi2

0 0

]
Q(ti)

−1.

In order to show that Fi1 = O(h2
i ), we use interpolation of the polynomials

p(t) = 1, q(t) = t at the points σ0, . . . , σk to obtain

k∑
m=0

Lm( l) = 1,
k∑

m=0

L̇m( l) = 0,
k∑

m=0

L̇m( l)σm = 1.
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By inserting the terms defined in Lemma 7.13, we see that

k∑
m=0

�1
km =

k∑
m=0

hi

k∑
l=1

wklG
1
lm

= hi

k∑
l=1

wkl

( k∑
m=0
m�=l

[
vlm(σm −  l)(P11Ê1Q̇1)(til)− ulm(P11Â1Q1)(til)

]

+ (vll(σl −  l)− 1)(P11Ê1Q̇1)(til)− (ull − 1)(P11Â1Q1)(til)+O(hi)
)

= hi

k∑
l=1

wkl

([ k∑
m=0

L̇m( l)(σm −  l)− 1
]
(P11Ê1Q̇1)(til)

−
[ k∑
m=0

Lm( l)− 1
]
(P11Â1Q1)(til)+O(hi)

)
= O(h2

i )

and therefore

Fi1 =
k∑

m=0

�1
km +O(h2

i ) = O(h2
i ).

Looking at the definition of �2
k0, it is obvious that Fi2 = O(hi).

Analogously, we insert the representation for B−1
i given in Lemma 7.13 into

gi = [ 0 · · · 0 I ]B−1
i bi . We first observe that

UT
k TP bi = UT

k

[[
(P11f̂1)(tij )+ (P12f̂2)(tij )

(P22f̂2)(tij )

]
j=1,...,k

]

=
[[
(P11f̂1)(tij )+ (P12f̂2)(tij )

]
j=1,...,k[

(P22f̂2)(tij )
]
j=1,...,k

]
.

Applying then the remaining factors of the representation of B−1
i gives

gi = [ 0 · · · 0 I ]TQUk(I −�i +O(h2
i ))

[
hiV

−1 ⊗ I 0
0 −I

]
UT
k TP bi

= [ 0 · · · 0 Q(sik) ]Uk(I −�i +O(h2
i ))

[
O(hi)[−(P22f̂2)(tij )

]
j=1,...,k

]

= [ 0 · · · 0 Q(ti+1) ]Uk

[
O(hi)[−(P22f̂2)(tij )

]
j=1,...,k

]

= Q(ti+1)

[
ci

−(P22f̂2)(ti+1)

]
,
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with ci as in (7.82). �

The global system (7.75) is given by Kh ∈ R(N+1)n,(N+1)n and gh ∈ R(N+1)n,
where

Kh =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

C D

−Â2(t0)

W0 −I
. . .

. . .

. . .
. . .

WN−1 −I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
, gh =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

ŵ

f̂2(t0)

−g0
...
...

−gN−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (7.83)

To prove that Kh is nonsingular and that K−1
h gh is bounded for h→ 0, we multiply

from the left and from the right, respectively, with

Tl = diag(I, P22(t0),Q(t1)
−1, . . . ,Q(tN)

−1), Tr = diag(Q(t0)), . . . ,Q(tN)),

where P , Q are given by Lemma 5.6. We also use UN ∈ R(N+1)n,(N+1)n, which is
defined analogously to Uk in (7.76), to reorder rows and columns. Finally, we set

Mh =

⎡
⎢⎢⎢⎣
C1 D1
I −I

. . .
. . .

I −I

⎤
⎥⎥⎥⎦ , Nh =

⎡
⎢⎢⎢⎣

C2 D2
−F0,2 0

. . .
. . .

−FN−1,2 0

⎤
⎥⎥⎥⎦ ,

Dh =

⎡
⎢⎢⎢⎣

0
−F0,1 0

. . .
. . .

−FN−1,1 0

⎤
⎥⎥⎥⎦ ,

with C1, C2, D1, D2 given in (7.65b) and Fi1, Fi2 given in Lemma 7.14, and define

Ah =
[
Mh Nh

0 −I
]
, �h =

[
Dh 0
0 0

]
.

Lemma 7.15. The matrix Kh of the global system (7.75) given in (7.83) has the
representation

Kh = T −1
l UN (Ah +�h)U

T
N T −1

r . (7.84)

For a uniquely solvable boundary value problem (7.64), the matrix Kh is invertible
for sufficiently small h, with

K−1
h = T −1

r UN(I − A−1
h �h +O(h2))A−1

h UT
N Tl . (7.85)
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Proof. Multiplying with Tl from the left and Tr from the right, we get blockwise[
I 0
0 P22(t0)

] [
C

−Â2(t0)

]
Q(t0) =

[
C1 C2
0 −I

]
,[

I 0
0 P22(t0)

] [
D

0

]
Q(tN) =

[
D1 D2
0 0

]
,

Q(ti+1)
−1WiQ(ti) =

[
I − Fi1 −Fi2

0 0

]
,

if we use the representation of Wi given in Lemma 7.14. Reordering of the rows
and columns yields

UT
N Tl Kh Tr UN = Ah +�h

and thus (7.84).
By Lemma 7.12, the matrix S = C1+D1 is regular. Hence, Mh is regular with

inverse

M−1
h =

⎡
⎢⎣S
−1

. . .

S−1

⎤
⎥⎦
⎡
⎢⎢⎢⎢⎣
I D1 · · · D1
... −C1

. . .
...

...
...

. . . D1
I −C1 · · · −C1

⎤
⎥⎥⎥⎥⎦ .

Using Lemma 7.14, it follows that

‖M−1
h Dh‖∞ ≤ ‖S−1‖∞max

{‖C1‖∞, ‖D1‖∞
}N−1∑
i=0

‖Fi1‖∞ = O(h).

Since Mh is nonsingular, the same holds for Ah. In particular, we obtain

‖A−1
h �h‖∞ = ‖M−1

h Dh‖∞ = O(h).

Thus, Ah +�h is invertible for sufficiently small h and

(Ah +�h)
−1 = (I − A−1

h �h +O(h2))A−1
h .

This proves the invertibility of Kh and the representation of K−1
h . �

We then combine Lemmas 7.12, 7.14, and 7.15 to investigate the solvability of
the linear collocation system (7.66).

Theorem 7.16. Let the boundary value problem (7.64) be uniquely solvable. Then,
for sufficiently small h, there exists a unique solution xπ ∈ Xπ of (7.66). Moreover,
writing (7.66) in the form DLπ [x∗]xπ = Rπg, the estimate

‖xπ‖X ≤ β‖g‖Y (7.86)

holds, where β does not depend on g and h.
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Proof. Using (7.82) and observing that ci = O(hi) andFi2 = O(hi)by Lemma 7.14,
the representations of K−1

h and M−1
h yield that

A−1
h UT

N Tl gh =
[
M−1

h M−1
h Nh

0 −I
]
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ŵ

−c0
...

−cN−1

(P22f̂2)(t0)
...

(P22f̂2)(tN )

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡
⎢⎢⎢⎣

M−1
h dh

−(P22f̂2)(t0)
...

−(P22f̂2)(tN )

⎤
⎥⎥⎥⎦

with

dh =

⎡
⎢⎢⎢⎣
d0
d1
...

dN

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣
ŵ + C2(P22f̂2)(t0)+D2(P22f̂2)(tN )

−c0 − F0,2(P22f̂2)(t0)
...

−cN−1 − FN−1,2(P22f̂2)(tN−1)

⎤
⎥⎥⎥⎦ .

In particular, ‖di‖∞ = O(h) for i = 1, . . . , N . Hence, with S = C1 + D1 we
obtain that

‖M−1
h dh‖∞ ≤ ‖S−1‖∞

(
‖d0‖∞ +max

{‖C1‖∞, ‖D1‖∞
} N∑
i=1

‖di‖∞
)
,

and therefore

‖K−1
h gh‖∞ ≤ ‖TrUN(I − A−1

h �h +O(h2))A−1
h UT

NTlgh‖∞
≤ ‖TrUN(I − A−1

h �h +O(h2))‖∞
·max

{‖M−1
h dh‖∞, ‖(P22f̂2)(t0)‖∞, . . . , ‖(P22f̂2)(tN )‖∞

}
.

Recalling the definition of the quantity ci in the proof of Lemma 7.14, we have that
‖ci‖∞ ≤ βhi‖g‖Y, i = 0, . . . , N −1, where β does not depend on hi and i. Then,
the quantities di , i = 0, . . . , N , are also bounded according to ‖di‖∞ ≤ βhi‖g‖Y
with possibly increased constant β. Thus, we get

max
i=0,...,N

‖xi‖∞ = ‖K−1
h gh‖∞ ≤ β‖g‖Y,

again with possibly increased constant β. The relations (7.72) and (7.69) then show
that a similar estimate holds for all values xi,j and hence uniformly on I. In this
way, we get

max
t∈I ‖xπ(t)‖∞ ≤ β‖g‖Y

with a (possibly increased) constant β which does not depend on h.
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To get the estimate for the derivative ẋπ on [ti , ti+1] involved in (7.86), we
observe that

Ê1(tij )ẋπ (tij ) = Â1(tij )xπ (tij )+ f̂1(tij ), j = 1, . . . , k,

0 = Â2(sij )xπ (sij )+ f̂2(sij ), j = 0, . . . , k.

Since xπ ∈ Pk+1,π , we can write xπ as

xπ(t) =
k∑

l=0

xπ(sil)Ll

(
t − ti

hi

)
,

compare (7.69). Hence,

Â2(tij )ẋπ (tij ) =
k∑

l=0

Â2(tij )xπ (sil)L̇l

(
tij − ti

hi

)
1

hi

=
k∑

l=0

(Â2(sil)+O(h))xπ (sil)L̇l( j )
1

hi

=
k∑

l=0

O(h) · xπ(sil)L̇j ( j )
1

hi
−

k∑
l=0

f̂2(sil)L̇l( j )
1

hi

=
k∑

l=0

O(h) · xπ(sil)L̇l( j )
1

hi
−

k∑
l=0

(f̂2(sil)− f̂2(ti))L̇l( j )
1

hi
,

where the latter identity follows from

k∑
l=0

L̇l

(
t − ti

hi

)
= 0

for all t ∈ [ti , ti+1]. Since f̂2 is continuously differentiable on [ti , ti+1], there exist
points θij ∈ [ti , ti+1] which satisfy

f̂2(sil)− f̂2(ti) = hiσl
˙̂
f 2(θij ).

Therefore, possibly increasing the constant β, we have that

‖Â2(tij )ẋπ (tij )‖∞ ≤ β1‖g‖Y + β2 max
t∈[ti ,ti+1]

‖ ˙̂f 2(t)‖∞ ≤ β‖g‖Y.

Together with
‖Ê1(tij )ẋπ (tij )‖∞ ≤ β‖g‖Y,
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it then follows that
‖ẋπ (tij )‖∞ ≤ β‖g‖Y,

since [
Ê1

Â2

]
is a (smooth) pointwise nonsingular matrix function, compare Lemma 5.6. Using
Lagrange interpolation of ẋπ at the points tij with L̃j as in (7.68), we have

ẋπ (t) =
k∑

l=1

ẋπ (til)L̃l

(
t − ti

hi

)
.

Thus, it follows that
max

t∈[ti ,ti+1]
‖ẋπ (t)‖∞ ≤ β‖g‖Y

and finally
‖xπ‖X ≤ β‖g‖Y

with possibly increased constantβ. Observing that the choice ofβ does only depend
on the problem data involved in DL[x∗], but not on the selected inhomogeneity
g ∈ Y nor on h, the claim follows. �

Remark 7.17. Theorem 7.16 shows that the collocation discretization given by
DLπ [x∗] is stable in the sense that the operator norm of the linear operator
DLπ [x∗]−1Rπ : Y→ X is bounded according to

‖DLπ [x∗]−1Rπ‖X←Y ≤ β (7.87)

with β independent of h.

The next question then is how good the collocation solution approximates the
true solution. Recall again that we assume that all coefficient functions and hence
the solution are sufficiently smooth.

Theorem 7.18. Let x be the unique solution of the boundary value problem (7.64)
and let h be sufficiently small. Then the collocation solution xπ ∈ Xπ of (7.66)
satisfies

‖x − xπ‖X ≤ �hk, (7.88)

where the constant � is independent of h.

Proof. Interpolation of x analogous to (7.69) yields

x(t) =
k∑

l=0

x(sil)Ll

(
t − ti

hi

)
+ ψi(t), ψi(t) = x(k+1)(θi(t))

(k + 1)!
k∏

j=0

(t − sij )

(7.89)
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with θi(t) ∈ [ti , ti+1]. Inserting this representation into the differential-algebraic
equation and evaluating at the collocation points tij and sij gives

Bi

⎡
⎢⎣x(si1)...

x(sik)

⎤
⎥⎦ = aix(ti)+ bi −

⎡
⎢⎣τi,1...
τi,k

⎤
⎥⎦ , τi,j =

[
(Ê1ψ̇i − Â1ψi)(tij )

0

]
,

compare (7.72). Obviously, we have ψi(tij ) = O(hk+1
i ) and ψ̇i(tij ) = O(hki ), thus

τi,j = O(hki ). Since the collocation problem is uniquely solvable for sufficiently
small h, it follows that the matrix Bi is nonsingular and that we can solve for
x(sik) = x(ti+1) to get

x(ti+1) = Wix(ti)+ gi − τi, τi = [ 0 · · · I ]B−1
i

⎡
⎢⎣τi,1...
τi,k

⎤
⎥⎦ ,

compare (7.74). This then yields the representation

τi = Q(ti+1)

[
ϕi
0

]
, ϕi = O(hk+1

i )

of the local error τi analogously to that of gi given in Lemma 7.14. The continuity,
boundary and consistency conditions for x lead to the global system

Kh

⎡
⎢⎣x(t0)...
x(tN )

⎤
⎥⎦ = gh + τh, τh =

⎡
⎢⎢⎢⎣

0
τ0
...

τN−1

⎤
⎥⎥⎥⎦ ,

compare (7.75). Due to the unique solvability of the collocation problem for suf-
ficiently small h, the matrix Kh is nonsingular and the difference of the global
systems for x and xπ , respectively, gives

Kh

⎡
⎢⎣ x(t0)− x0

...

x(tN )− xN

⎤
⎥⎦ = τh. (7.90)

Replacing gh by τh in the proof of Lemma 7.15 and observing that τh = O(hk+1),
we have K−1

h τh = O(hk), i.e.,

max
i=0,...,N

‖x(ti)− xi‖∞ = O(hk).
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Similarly, we obtain⎡
⎢⎣x(si1)− xi,1

...

x(sik)− xi,k

⎤
⎥⎦ = B−1

i ai(x(ti)− xi)− B−1
i

⎡
⎢⎣τi,1...
τi,k

⎤
⎥⎦ = O(hk)+O(hki ) (7.91)

for the difference in the local systems. Thus, we have shown that

max
j=0,...,k

‖x(sij )− xi,j‖∞ = O(hk).

Looking at the differences of the interpolation representations for x and xπ , respec-
tively, we then find that

max
t∈[ti ,ti+1]

‖x(t)− xπ(t)‖∞ ≤ �hk.

To get an estimate for the derivative ẋ − ẋπ on [ti , ti+1], we observe that

Ê1(tij )(ẋ(tij )− ẋπ (tij )) = Â1(tij )(x(tij )− xπ(tij )), j = 1, . . . , k,

0 = Â2(sij )(x(sij )− xπ(sij )), j = 0, . . . , k.

Applying Lagrange interpolation of x − xπ at the points sij = ti + hiσj gives

x(t)− xπ(t) =
k∑

l=0

(x(sil)− xπ(sil))Ll

(
t − ti

hi

)
+O(hk+1).

Since
(
d
dt

)k+1
xπ = 0 on [ti , ti+1], it follows that the constant involved in O(hk+1)

does not depend on h. Thus, we have

Â2(tij )(ẋ(tij )− ẋπ (tij ))

= Â2(tij )

k∑
l=0

(x(sil)− xπ(sil))L̇l

(
tij − ti

hi

)
1

hi
+O(hk)

=
k∑

l=0

(Â2(sil)+O(h))(x(sil)− xπ(sil))L̇l( j )
1

hi
+O(hk)

=
k∑

l=0

(0+O(h) ·O(hk)) ·O(1) ·O(h−1)+O(hk)

= O(hk),

where all constants do not depend on h. Together with the relation

Ê1(tij )(ẋ(tij )− ẋπ (tij )) = O(hk),
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this implies
‖ẋ(tij )− ẋπ (tij )‖∞ ≤ �hk,

possibly increasing the constant�. Lagrange interpolation of ẋ−ẋπ at the points tij
gives

ẋ(t)− ẋπ (t) =
k∑

l=1

(ẋ(til)− ẋπ (til))L̃l

(
t − ti

hi

)
+O(hk).

Again, since
(
d
dt

)k
ẋπ = 0 on [ti , ti+1], it follows that the constant involved in O(hk)

does not depend on h. Thus, we finally have

max
t∈[ti ,ti+1]

‖ẋ(t)− ẋπ (t)‖∞ ≤ �hk,

possibly increasing again the constant �. �

Having performed the detailed analysis for the linear boundary value problems
associated with the Fréchet derivative DLπ [x∗], we return to the nonlinear case.
As already mentioned, we want to apply Theorem 5.7, but we must replace the
constants β and γ by quantities which do not depend on the maximal mesh width h.
With the interpretation of the constant β from (7.86) according to Remark 7.17,
we already have an appropriate substitute for the constant β. In order to obtain a
corresponding replacement for γ , we must consider the dependence of the opera-
tor DL[z] on z.

Lemma 7.19. LetL from (7.51) be defined on a convex and compact neighborhood
D ⊆ X of x∗. Then there exists a constant γ that is independent of h such that

‖L(x)−L(y)−DL[z](x − y)‖Y ≤ 1
2γ ‖x − y‖X(‖x − z‖X+‖y − z‖X) (7.92)

for all x, y, z ∈ D.

Proof. Let x, y, z ∈ D, set g = (f1, f2, w) = L(x)− L(y)−DL[z](x − y), and
introduce the convex combination u(t; s) = y(t)+ s(x(t)− y(t)) with s ∈ [0, 1].
For the first component f1 we have

‖f1(t)‖∞
= ‖F̂1(t, x(t), ẋ(t))− F̂1(t, y(t), ẏ(t))

− F̂1;x(t, z(t), ż(t))(x(t)− y(t))− F̂1;ẋ (t, z(t), ż(t))(ẋ(t)− ẏ(t))‖∞
= ‖F̂1(t, u(t; s), u̇(t; s))|s=1

s=0

− F̂1;x(t, z(t), ż(t))(x(t)− y(t))− F̂1;ẋ (t, z(t), ż(t))(ẋ(t)− ẏ(t))‖∞
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=
∥∥∥ ∫ 1

0
[(F̂1;x(t, u(t; s), u̇(t; s))− F̂1;x(t, z(t), ż(t)))(x(t)− y(t))

+ (F̂1;ẋ (t, u(t; s), u̇(t; s))− F̂1;ẋ (t, z(t), ż(t)))(ẋ(t)− ẏ(t))]ds
∥∥∥∞

≤
∫ 1

0
[(γ1‖u(t; s)− z(t)‖∞ + γ2‖u̇(t; s)− ż(t)‖∞)‖x(t)− y(t)‖∞
+ (γ3‖u(t; s)− z(t)‖∞ + γ4‖u̇(t; s)− ż(t)‖∞)‖ẋ(t)− ẏ(t)‖∞]ds

≤ γ ‖x − y‖X
∫ 1

0
‖u( · ; s)− z‖Xds,

with all the constants γ1, . . . , γ4 and γ being independent of t, x, y, z, and h.
Analogously, we get for the second component f2

‖f2(t)‖∞ = ‖F̂2(t, x(t))− F̂2(t, y(t))− F̂2;x(t, z(t))(x(t)− y(t))‖∞
= ‖F̂2(t, u(t; s))|s=1

s=0 − F̂2;x(t, z(t))(x(t)− y(t))‖∞
=
∥∥∥ ∫ 1

0
(F̂2;x(t, u(t; s))− F̂2;x(t, z(t)))(x(t)− y(t))ds

∥∥∥∞
≤ γ ‖x − y‖X

∫ 1

0
‖u( · ; s)− z‖Xds,

possibly increasing γ . Furthermore,

‖ḟ2(t)‖∞ =
∥∥∥ ∫ 1

0
[(F̂2;tx(t, u(t; s))+ F̂2;xx(t, u(t; s))(u̇(t; s))

− F̂2;tx(t, z(t))− F̂2;xx(t, z(t))(ż(t)))(x(t)− y(t))

+ (F̂2;x(t, u(t; s))− F̂2;x(t, z(t)))(ẋ(t)− ẏ(t))]ds
∥∥∥∞

≤
∫ 1

0
[(γ1‖u(t; s)− z(t)‖∞ + γ2‖u(t; s)− z(t)‖∞
+ γ3‖u̇(t; s)− ż(t)‖∞)‖x(t)− y(t)‖∞
+ γ4‖u(t; s)− z(t)‖∞‖ẋ(t)− ẏ(t)‖∞]ds
≤ γ ‖x − y‖X

∫ 1

0
‖u( · ; s)− z‖Xds,

again possibly increasing γ . Finally, for w we get

‖w‖∞ = ‖b(x(t ), x(t ))− b(y(t ), y(t ))− bxl (z(t ), z(t ))(x(t )

− y(t ))− bxr (z(t ), z(t ))(x(t )− y(t ))‖∞
= ‖b(u(t; s), u(t; s))|s=1

s=0

− bxl (z(t ), z(t ))(x(t )− y(t ))− bxr (z(t ), z(t ))(x(t )− y(t ))‖∞
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=
∥∥∥ ∫ 1

0
[(bxl (u(t; s), u(t; s))− bxl (z(t ), z(t )))(x(t )− y(t ))

+ (bxr (u(t; s), u(t; s))− bxr (z(t ), z(t )))(x(t )− y(t ))]ds
∥∥∥∞

≤
∫ 1

0
[(γ1‖u(t; s)− z(t )‖∞ + γ2‖u(t; s)− z(t )‖∞)‖x(t )− y(t )‖∞
+ (γ3‖u(t; s)− z(t )‖∞ + γ4‖u(t; s)− z(t )‖∞)‖x(t )− y(t )‖∞]ds

≤ γ ‖x − y‖X
∫ 1

0
‖u( · ; s)− z‖Xds,

and thus we have, again possibly increasing γ ,

‖g‖Y ≤ γ ‖x − y‖X
∫ 1

0
‖y + s(x − y)− z‖Xds

= γ ‖x − y‖X
∫ 1

0
‖s(x − z)+ (1− s)(y − z)‖Xds

≤ 1
2γ ‖x − y‖X(‖x − z‖X + ‖y − z‖X). �

With these modifications of the constants β and γ , we can show that the crucial
estimates in the proof of Theorem 5.7 still hold. In particular, we have

‖xm+1
π − xmπ ‖X
= ‖DLπ [x∗]−1[Lπ(x

m
π )− Lπ(x

m−1
π )−DLπ [x∗](xmπ − xm−1

π )]‖X
= ‖DLπ [x∗]−1Rπ [L(xmπ )− L(xm−1

π )−DL[x∗](xmπ − xm−1
π )]‖X

≤ 1
2βγ ‖xmπ − xm−1

π ‖X(‖xmπ − x∗‖X + ‖xm−1
π − x∗‖X),

as long as x0
π , . . . , x

m
π , x

∗ ∈ D, and similarly, for x∗∗π ∈ Xπ ∩D with Lπ(x
∗∗
π ) = 0,

‖xm+1
π − x∗∗π ‖X ≤ 1

2βγ ‖xmπ − x∗∗π ‖X(‖xmπ − x∗‖X + ‖x∗∗π − x∗‖X).
Thus, to apply Theorem 5.7, it only remains to discuss the assumptions con-

cerning the quantities α = ‖x1
π − x0

π‖X and τ̂ = −‖x0
π − x∗‖X. Both involve the

choice of the starting value x0
π of the iteration (7.61). To get an appropriate x0

π , we
consider the linear boundary value problem

DL[x∗]x = DL[x∗]x∗ (7.93)

and its collocation discretization

DLπ [x∗]x = DLπ [x∗]x∗. (7.94)
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Since (7.93) has the unique solution x∗ by construction, Theorem 7.88 yields that
(7.94) has a unique solution x0

π ∈ Xπ for sufficiently small h satisfying

‖x∗ − x0
π‖X ≤ �hk. (7.95)

In particular, we can choose h so small that

‖x∗ − x0
π‖X ≤

1

2βγ
, (7.96)

cp. Corollary 5.8. Moreover, because of

‖x1
π − x0

π‖X = ‖DLπ [x∗]−1Lπ(x
0
π)‖X

= ‖DLπ [x∗]−1RπL(x
∗ + (x0

π − x∗))‖X
≤ β‖L(x∗)+DL[x∗](x0

π − x∗)+O(‖x0
π − x∗‖2

X
)‖X

≤ β‖DL[x∗]‖Y←X ‖x0
π − x∗‖X +O(‖x0

π − x∗‖2
X
),

we have
‖x1

π − x0
π‖X ≤ �̃hk (7.97)

with �̃ independent of h, and we can choose h so small that

α = ‖x1
π − x0

π‖X ≤
1

9βγ
(7.98)

and that S(x0
π , 4α) ⊆ D. It follows then inductively, as in the proof of Theorem 5.7,

that (7.61) generates a sequence {xmπ } with

xmπ ∈ S(x0
π , 4α) ∩ Xπ . (7.99)

Since Xπ ⊆ X is closed, the sequence converges to an x∗π ∈ S(x0
π , 4α) ∩ Xπ

with Lπ(x
∗
π) = 0. Local uniqueness follows, since (7.96) and (7.98) imply that

ρ− < ρ+. Observing that

‖x∗ − x∗π‖X ≤ ‖x∗ − x0
π‖X + ‖x0

π − x∗π‖X ≤ �hk + 4�̃hk

by Corollary 5.8, we have shown the following result.

Theorem 7.20. Let x∗ ∈ X be a regular solution ofL(x) = 0. Then, for sufficiently
smallh, there exists a locally unique solutionx∗π ∈ Xπ ofLπ(xπ) = 0. In particular,
the estimate

‖x∗ − x∗π‖X ≤ �hk (7.100)

holds, with � independent of h.
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Hence, the proposed collocation discretization given by (7.57) represents a
method which is convergent of order k in the sense of (7.100), whenever we choose
the nodes according to (7.55).

It is well-known from the case of ordinary differential equations that special
choices of the nodes yield even higher order compared to (7.100) at least at the
mesh points ti . This effect is called superconvergence. In the following, we will
discuss this issue for the situation that we choose Gauß nodes for  1, . . . ,  k and
Lobatto nodes for σ0, . . . , σk . These are given by transforming the interval [0, 1]
to [−1, 1] and defining the modified Gauß nodes  ̃j = 2 j − 1, j = 1, . . . , k,
to be the zeros of the Legendre polynomial Pk and the modified Lobatto nodes
σ̃j = 2σj − 1, j = 1, . . . , k − 1, to be the zeros of Ṗk , respectively. Since the
Legendre polynomials form an orthogonal system in the space of polynomials, we
have ∫ 1

0
q(s)

k∏
j=1

(s −  j )ds = 0 for all q ∈ Pk , (7.101a)

∫ 1

0
q(s)

k∏
j=0

(s − σj )ds = 0 for all q ∈ Pk−1. (7.101b)

Moreover, the two sets of nodes are related by∫ σj

0

k∏
l=1

(s −  l)ds = 0, j = 0, . . . , k. (7.102)

See, e.g., [108, Ch. IV] for more details on this topic. For the cases k = 1, 2, 3, the
Gauß and Lobatto nodes are given in Tables 7.1 and 7.2, respectively.

We begin the analysis of the collocation methods belonging to this special choice
of the nodes again by studying the convergence order in the case of linear boundary
value problems.

Theorem 7.21. Consider Gauß nodes for  1, . . . ,  k and Lobatto nodes for
σ0, . . . , σk . For sufficiently small h, let xπ be the unique solution of the linear
boundary value problem (7.66). Then, for the resulting approximations xi = xπ(ti)

the estimate
max

i=0,...,N
‖x(ti)− xi‖∞ = O(h2k) (7.103)

holds.

Proof. Since xi is consistent, the initial value problem Êẏ = Ây + f , y(ti) = xi
is uniquely solvable and the solution y has a representation

(Q−1y)(t) =
[
[ I 0 ](Q(ti)

−1xi +
∫ t
ti
(P f̂ )(s)ds)

−(P22f̂2)(t)

]
,
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Table 7.1. Gauß nodes

 j j = 1 j = 2 j = 3
k = 1 1

2

k = 2 1
2 −

√
3

6
1
2 +

√
3

6

k = 3 1
2 −

√
15

10
1
2

1
2 +

√
15

10

Table 7.2. Lobatto nodes

σj j = 0 j = 1 j = 2 j = 3
k = 1 0 1

k = 2 0 1
2 1

k = 3 0 1
2 −

√
5

10
1
2 +

√
5

10 1

when we use the transformation (7.65) to canonical form. The approximation xπ
is the solution of the initial value problem

Êẏ = Ây + (Êẋπ − Âxπ ), y(ti) = xi,

and can therefore be written in the form

(Q−1xπ)(t) =
[
[ I 0 ](Q(ti)

−1xi +
∫ t
ti
(P (Êẋπ − Âxπ ))(s)ds)

(P22Â2xπ)(t)

]
.

Since xπ is consistent at the mesh point ti+1, the difference of these representations
at t = ti+1 gives

y(ti+1)− xi+1 = Q(ti+1)

[∫ ti+1
ti

φd(s)ds +
∫ ti+1
ti

φa(s)ds

0

]
, (7.104)

with functions

φd = P11(f̂1 − Ê1ẋπ + Â1xπ), φa = P12(f̂2 + Â2xπ).

Since xπ satisfies the collocation conditions, the collocation points ti1, . . . , tik are
zeros of φd and si0, . . . , sik are zeros of φa , respectively. Hence, there exist smooth
functions ωd and ωa with

φd(s) = ωd(s)

k∏
j=1

(s − tij ), φa(s) = ωa(s)

k∏
j=0

(s − sij ).
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Taylor expansion yields ωd = ψd +O(hki ), ωa = ψa +O(hk−1
i ) with polynomials

ψd ∈ Pk and ψa ∈ Pk−1, respectively. Inserting this into (7.104) and using the
orthogonality properties (7.101) of the Gauß and Lobatto schemes, we obtain∫ ti+1

ti

φd(s)ds =
∫ ti+1

ti

[ψd(s)

k∏
j=1

(s − tij )+O(h2k
i )]ds

= hk+1
i

∫ 1

0
ψd(ti + hiξ)

k∏
j=1

(ξ −  j )dξ +O(h2k+1
i ),

∫ ti+1

ti

φa(s)ds =
∫ ti+1

ti

[ψa(s)

k∏
j=0

(s − sij )+O(h2k
i )]ds

= hk+2
i

∫ 1

0
ψa(ti + hiξ)

k∏
j=0

(ξ − σj )dξ +O(h2k+1
i ).

Altogether, we then have that

τ̃i = y(ti+1)− xi+1 = Q(ti+1)

[∫ ti+1
ti

φd(s)ds +
∫ ti+1
ti

φa(s)ds

0

]
= O(h2k+1

i ).

Considering a fundamental solution W( · , ti), i.e., a solution of

ÊẆ = ÂW, W(ti, ti) = Q(ti)

[
I 0
0 0

]
Q(ti)

−1,

we see that x(t) − y(t) = W(t, ti)(x(ti) − y(ti)). Setting t = ti+1, we get in
particular that

W(ti+1, ti)(x(ti)− xi) = x(ti+1)− y(ti+1) = x(ti+1)− xi+1 − τ̃i

for i = 0, . . . , N − 1. This, together with the boundary condition and the consis-
tency condition in t0, gives the linear system⎡

⎢⎢⎢⎢⎢⎣
C D

−A2(t0) 0
W(t1, t0) −I

. . .
. . .

W(tN , tN−1) −I

⎤
⎥⎥⎥⎥⎥⎦
⎡
⎢⎣ x(t0)− x0

...

x(tN )− xN

⎤
⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

0
0
−τ̃0
...

−τ̃N−1

⎤
⎥⎥⎥⎥⎥⎦ ,

compare (7.90). Proceeding as in the proof of Theorem 7.18, we get

max
i=0,...,N

‖x(ti)− xi‖∞ = O(h2k),

since the inhomogeneity is of size O(h2k+1). �
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Corollary 7.22. Under the assumptions of Theorem 7.22, we have that

max
j=0,...,k

‖x(sij )− xij‖∞ = O(hk+2
i )+O(h2k) (7.105)

for i = 0, . . . , N − 1 if k ≥ 2, and

max
t∈I ‖x(t)− xπ(t)‖∞ = O(hk+1). (7.106)

Proof. Looking at (7.91) in the proof of Theorem 7.18 and usingx(ti)−xi = O(h2k)

due to Theorem 7.22, it is sufficient to show that B−1
i [τi,j ]j = O(hk+2

i ) in order
to prove the first assertion. Recall the definition of ψi in (7.89). Transformation to
the canonical form of Lemma 5.6 yields

P11(Ê1ψ̇i − Â1ψi) = (P11Ê1Q) d
dt
(Q−1ψi)− (P11Â1Q− P11Ê1Q̇)(Q−1ψi)

= [ I 0 ] d
dt
(Q−1ψi)+ (P12Â2Q)(Q−1ψi) = ϕ̇ +O(hk+1

i ),

when we define ϕ = [ I 0 ](Q−1ψi). By interpolation of ϕ̇ with respect to  l and
by Taylor expansion of the interpolation error, we obtain

k∑
l=1

L̃l

(
t−ti
hi

)
ϕ̇(til) = ϕ̇(t)− ϕ̇(k)(θ(t))

k!
k∏

l=1

(t − til)

= ϕ̇(t)−K

k∏
l=1

(t − til)+O(hk+1
i )

with K = 1
k!ϕ

(k+1)(ti). Inserting the definition of wjl given in (7.70) leads to

k∑
l=1

wjlϕ̇(til) =
∫ σj

0

k∑
l=1

L̃l(ξ)ϕ̇(til)dξ = 1
hi

∫ sij
ti

k∑
l=1

L̃l

(
t−ti
hi

)
ϕ̇(til)dt

= 1
hi

∫ sij
ti

ϕ̇(t)dt − K
hi

∫ sij
ti

k∏
l=1

(t − til)dt +O(hk+1
i )

= ϕ(sij )− ϕ(ti)

hi
−Khki

∫ σj

0

k∏
l=1

(ξ −  l)dξ +O(hk+1
i )

= O(hk+1
i ),

since sij , ti = si0 are zeros of ψi and thus of ϕ, and since the second term is zero
due to (7.102). Altogether, recalling that V −1 = [wjl]j,l , we have

UT
k TP [τi,j ]j =

[[
(P11(Ê1ψ̇i − Â1ψi))(tij )

]
j

0

]
=
[[
ϕ̇(tij )+O(hk+1

i )
]
j

0

]
,
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which implies that[
hiV

−1 ⊗ I 0
0 −I

]
UT
k TP [τi,j ]j = hi

[[∑k
l=1 wjlϕ̇(til)

]
j

0

]
+O(hk+2

i )

= O(hk+2
i )

and therefore

B−1
i [τi,j ]j = TQUk(I−�i+O(h2

i ))

[
hiV

−1 ⊗ I 0
0 −I

]
UT
k TP [τi,j ]j = O(hk+2

i ).

The convergence order k + 1 for any t ∈ I can now be proved by considering the
difference of the interpolation representations for x and xπ . �

In order to transfer the estimates of superconvergence from the linear to the
nonlinear case, we observe that

L(x∗π) = L(x∗ + (x∗π − x∗)) = L(x∗)+DL[x∗](x∗π − x∗)+O(‖x∗π − x∗‖2
X
).

Hence,

0 = Lπ(x
∗
π) = RπL(x

∗
π) = DLπ [x∗](x∗π − x∗)+ RπO(‖x∗π − x∗‖2

X
),

and it follows with (7.100) and (7.94) that

DLπ [x∗]x∗π = DLπ [x∗]x∗ + RπO(h2k) = DLπ [x∗]x0
π + RπO(h2k),

where once more the involved constants in the remainders are independent of h.
Application of (7.86) yields

x∗π = x0
π +O(h2k). (7.107)

In particular, we have

x∗π(t)− x∗(t) = (x∗π(t)− x0
π(t))+ (x0

π(t)− x∗(t))
= x0

π(t)− x∗(t)+O(h2k)
(7.108)

for all t ∈ I and the estimates (7.103), (7.105), and (7.106) applied to (7.94) carry
over to the nonlinear case. Thus, we have proved the following superconvergence
result.

Theorem 7.23. Let the assumptions of Theorem 7.20 hold and let  1, . . . ,  k and
σ0, . . . , σk be Gauß and Lobatto nodes, respectively. Then

max
i=0,...,N

‖x∗(ti)− x∗π(ti)‖∞ = O(h2k), (7.109a)

max
j=0,...,k

‖x∗(sij )− x∗π(sij )‖∞ = O(hk+2) for k ≥ 2, (7.109b)

max
t∈I ‖x

∗(t)− x∗π(t)‖∞ = O(hk+1), (7.109c)

with constants independent of h.
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Up to now, we have considered collocation only for the special case of boundary
value problems for nonlinear differential-algebraic equations of the form (7.47). To
transfer the problem Lπ(xπ) = 0, written in more detail as

F̂1(tij , xπ (tij ), ẋπ (tij )) = 0,

F̂2(sij , xπ (sij )) = 0,

b(xπ (t ), xπ (t )) = 0,

(7.110)

to a nonlinear problem (7.1), where F satisfies Hypothesis 4.2, we proceed as in
Section 6.2. The function F̂1 represents a suitable differential part of F , which we
must select depending on the collocation point tij . For this, we choose suitable
matrices Z̃1,ij ∈ Rn,d . The function F̂2 represents the algebraic constraints of the
differential-algebraic equation. Following Section 6.2, consistency of xπ(sij ) at sij
is given when there exists a yij such that (sij , xπ (sij ), yij ) ∈ Lμ. In summary, we
therefore replace (7.110) by

Z̃T
1,ijF (tij , xπ (tij ), ẋπ (tij )) = 0,

Fμ(sij , xπ (sij ), yij ) = 0,

b(xπ (t ), xπ (t )) = 0,

(7.111)

which constitutes an underdetermined nonlinear system in the unknowns

(xπ , yij ) ∈ Pk+1,π ∩ C0(I,Rn)× R
(Nk+1)(μ+1)n

with i = 0, . . . , N − 1, j = 1, . . . , k and i = 0, j = 0.
The iteration process of choice for the numerical solution of (7.111) is a Gauß–

Newton-like method of the form

zm+1 = zm −M+mF (zm), zm = (xmπ , y
m
ij ), (7.112)

when we write (7.111) as F (z) = 0. In contrast to the ordinary Gauß–Newton
method, we replace the Jacobian Fz(z

m) by a perturbed matrix Mm in order to get
a more efficient procedure. In particular, we determine Mm from Fz(zm) in such a
way that we replace the block entries Fμ;ẋ,...,x(μ+1) (sij , x

m
π (sij ), y

m
ij ) by matrices of

rank deficiency a, e.g., by ignoring the a smallest singular values. This decouples
the determination of�ymij = ym+1

ij −ymij for each i, j from the corrections for xmπ and
leaves a linear system, which has the same form as the linear system arising in the
case of a linear boundary value problem. Thus, we can use the presented technique
of solving first local systems of the form (7.72) and then a global system of the form
(7.75). Having computed the corrections for xmπ , it then remains the solution of the
decoupled underdetermined linear systems for the�ymij . Taking the Moore–Penrose
pseudoinverse to select a solution realizes the Moore–Penrose pseudoinverse of the
overall system due to the decoupling. Since the applied perturbations tend to zero
when zm converges to a solution, we get superlinear convergence as in Theorem 7.7.
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Theorem 7.24. Suppose that the boundary value problem (7.1) satisfies Hypoth-
esis 4.2 and that (7.1) has a locally unique solution according to Theorem 7.2.
Then, for sufficiently good initial guesses and sufficiently small h, the iterates of
the Gauß–Newton-like procedure developed in the course of this section converge
superlinearly to a solution of (7.111).

Remark 7.25. In contrast to multiple shooting where it was assumed that we can
solve initial value problems exactly and where we therefore did not need to consider
discretization errors, the error of the collocation solution depends on the quality of
the selected mesh. As in the solution of initial value problems, it is therefore
necessary for real-life applications to adapt the mesh during the numerical solution
of the problem. For strategies in the context of boundary value problems, see,
e.g., [8].

Bibliographical remarks

Boundary value problems for ordinary differential equations are well covered in
the literature, see for example [8]. For differential-algebraic equations, collocation
methods are studied for example in [10], [12], [13], [14], [15], [21], [111], [118], see
also [11]. Shooting methods for certain classes of differential-algebraic equations
were presented in [81], [137], [145], [197].

The results of this section are based on [136], [207], [208] in the linear case and
[130], [131] in the nonlinear case. The convergence analysis for Gauß–Newton-like
methods can be found in [71], [160].

Exercises

1. Show that the Radau IIA methods with s = 1 and s = 2, see Table 5.2, applied to (7.47)
can be written in the form

F̂1

(
ti +  jh, uj0xi +

k∑
l=1

ujlxi,j ,
1

h

(
vj0xi +

k∑
l=1

vjlxi,j

))
= 0,

F̂2(ti + σjh, xi,j ) = 0,

with j = 1, . . . , k and xi+1 = xi,k .

2. Since initial value problems are special boundary value problems, the collocation method
given byLπ(xπ ) = 0 defines a one-step method for the solution of (7.47). Using (7.69),
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this one-step method has the form

F̂1

(
ti +  jh, uj0xi +

k∑
l=1

ujlxi,j ,
1

h

(
vj0xi +

k∑
l=1

vjlxi,j

))
= 0,

F̂2(ti + σjh, xi,j ) = 0,

with j = 1, . . . , k and xi+1 = xi,k . Determine the coefficients when we choose Gauß
and Lobatto nodes for k = 1 and k = 2 according to Table 7.1 and Table 7.2.

3. Implement the methods of Exercise 1 and Exercise 2 for the solution of initial value
problems with a differential-algebraic equation of the form (7.47) using a constant
stepsize. Use Newton’s method and finite differences to approximate the Jacobians
for the solution of the arising nonlinear systems. Apply the program to the regular
strangeness-free problem[

1 1
0 0

]
ẋ =

[
0 0
0 −1

]
x +

[
exp(t)+ cos(t)

exp(t)

]
, x(0) =

[
0
1

]
,

and verify the claimed orders numerically.

4. Implement the single shooting method as special case of the multiple shooting method
forN = 1. Use the simplification that the differential-algebraic equation is already given
in the form (7.47) and that suitable matrices T̃1,0, T̃2,0 and a suitable function S0 are
available. Furthermore, set x1 = �0(S0(x0, y0)) such that only the unknowns (x0, y0)

must be considered. Take the program of Exercise 3 to solve the arising initial value
problems and use Newton’s method and finite differences to approximate the Jacobians
for the solution of the arising nonlinear systems. Write the problem of Exercise 3 as a
boundary value problem and determine suitable quantities T̃1,0, T̃2,0, and S0. Test your
implementation with the help of the so obtained problem.

5. Determine suitable quantities T̃1,0, T̃2,0, and S0 for the problem of Example 7.1 and
apply the program developed in Exercise 4.

6. Determine suitable quantities T̃1,0, T̃2,0, and S0 for the problem of Example 7.11 and ap-
ply the program developed in Exercise 4, using the initial guess (p1,0, p2,0, v1,0, v2,0) =
(1, 0, 0, 0).

7. Show that V = [vjl]j,l=1,...,k is nonsingular with V −1 = [wjl]j,l=1,...,k as in (7.70) by
verifying that V −1V = Ik .

8. Verify (7.101) and (7.102) for k = 1, 2, 3 using Tables 7.1 and 7.2.

9. Implement the collocation method of Section 7.3 using equidistant mesh points ti =
t0 + ih, i = 0, . . . , N , with h = ( t − t )/N , and Gauß and Lobatto nodes for k = 1.
Assuming that the differential-algebraic equation is already given in the form (7.47), the
collocation system can be written as

F̂1

(
ti + 1

2
h,

1

2
(xi + xi+1),

1

h
(xi+1 − xi)

)
= 0, i = 0, . . . , N − 1,

F̂2(ti , xi) = 0, i = 0, . . . , N,

b(x0, xN) = 0.
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Take the program of Exercise 3 to generate suitable initial guesses for xi , i = 0, . . . , N ,
and use Newton’s method and finite differences to approximate the Jacobians for the
solution of the arising nonlinear systems. Write the problem of Exercise 3 as a boundary
value problem and test your implementation with the help of the so obtained problem.

10. Apply the program developed in Exercise 9 to the problem of Example 7.1.

11. Apply the program developed in Exercise 9 to the problem of Example 7.11.

12. Apply the programs developed in Exercise 4 and in Exercise 9 to the linear problem
of Example 7.10. How large can you choose the parameter λ to still get a numerical
solution?

13. The simplest model for a predator-prey interaction is given by the so-called Lotka–
Volterra system

ẋ1 = αx1 − βx1x2, ẋ2 = −γ x2 + δx1x2,

where x1, x2 are measures for the population size of prey and predator, respectively, and
α, β, γ, δ > 0. Show that this system can be transformed by

x̃1(τ ) = ξ1x1(λτ), x̃2(τ ) = ξ2x2(λτ)

with appropriate constants λ, ξ1, ξ2 > 0 into

˙̃x1 = x̃1(1− x̃2), ˙̃x2 = −cx̃2(1− x̃1)

with some constant c > 0.

14. Consider the Lotka–Volterra system

ẋ1 = x1(1− x2), ẋ2 = −cx2(1− x1)

with a given constant c > 0.

(a) Show that the function H : D→ R with D = {(x1, x2) | x1, x2 > 0} and

H(x1, x2) = c(x1 − log x1)+ (x2 − log x2)

stays constant along every solution of the transformed system which starts in D.

(b) Show that H , restricted to the curve x2 = x
q
1 , q ∈ R, with the convention x1 = 1

for q = ±∞, has a minimum zmin at (x1, x2) = (1, 1) and assumes every value
z > zmin exactly twice. Prove on this basis that all solutions of the transformed
system with x1(t0), x2(t0) > 0 stay in D and are periodic.

15. In order to determine a periodic solution of the Lotka–Volterra system of Exercise 14,
we consider the boundary value problem

(1− x1)ẋ2 − c(1− x2)ẋ1 + cx2(1− x1)
2 + cx1(1− x2)

2 = 0,

c(x1 − log x1)+ (x2 − log x2)− z = 0,

x1(0) = x1(T ), x1(0) = 1,

where z is the desired level of the functionH and T is the unknown period of the solution.
The first boundary condition requires the solution to be periodic, whereas the second
boundary condition is used to fix the phase of the solution. The latter is necessary, since
shifting a solution of an autonomous problem in time yields again a solution.
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(a) Show that the given differential-algebraic equation satisfies Hypothesis 4.2, pro-
vided that we exclude the point (x1, x2) = (1, 1).

(b) Transform the given boundary value problem to the interval [0, 1] by scaling time
and using x3 = T as further unknown.

16. Determine suitable quantities T̃1,0, T̃2,0, and S0 for the problem of Exercise 15 and
apply the program developed in Exercise 4, using the initial guess (x1,0, x2,0, x3,0) =
(1.0, 0.6, 6.0).

17. Apply the program developed in Exercise 9 to the problem of Exercise 15.



Chapter 8

Software for the numerical solution of
differential-algebraic equations

Due to the great importance of differential-algebraic equations in applications, many
of the numerical techniques for differential-algebraic equations have been imple-
mented in software packages. In this section, we will give a survey over the available
codes and briefly describe their particular features.

Most of the available software packages for differential-algebraic equations are
FORTRAN or C subroutine libraries and can be found via the internet from software
repositories or homepages. We have listed all relevant web addresses in Table 8.1.

The most important software repositories for differential-algebraic equations are
the NETLIB server 
1 and the test set for initial value problems 
2 . Some solvers
are also commercially available from the NAG 
3 or IMSL library 
4 or in math-
ematical software environments like MATLAB 
5 , SCILAB 
6 or OCTAVE 
7 .
Special codes for multibody systems are available in commercial packages like
Simpack 
19 , ADAMS 
20 , or DYMOLA 
21 . Also some symbolic computation
packages such as MAPLE 
8 , MATHEMATICA 
9 contain routines for the solution
of differential-algebraic equations.

We will present now a brief overview over some of the existing non-commercial
codes.

For problems of the form

Eẋ = f (t, x), x(t0) = x0, (8.1)

where E is a constant square matrix, several alternative codes are available.
A generalized Adams Method is the code GAMD 
2 by Iavernaro and Mazzia

[114], [115]. Widely used are the 2-stage Radau IIA method, implemented in
RADAU5 
10 , a diagonally-implicit Runge–Kutta method of order 4, implemented in
SDIRK4 
10 , and a Rosenbrock method of order 4(3), implemented in RODAS 
10 ,
all due to Hairer and Wanner, see [108]. A BDF code for the same problem is
MEBDFDAE 
1 of Cash [60]. Some of these codes also contain variants that apply
to the more general problem

E(t, x)ẋ = f (t, x), x(t0) = x0, (8.2)

for which also an extrapolation code based on the linear-implicit Euler method
called LIMEX 
11 of Deuflhard, Hairer, and Zugck [73] is available. For (8.2) the
code MEBDFV 
12 , an extension of MEBDFDAE, was developed by Abdulla and



353


1 www.netlib.org NETLIB


2 pitagora.dm.uniba.it/ ˜testset/ IVP Testset

3 www.nag.co.uk/ NAG


4 http://absoft.com/ IMSL


5 www.mathworks.com/ MATLAB


6 scilabsoft.inria.fr/ SCILAB


7 www.octave.org/ OCTAVE


8 www.maplesoft.com/ MAPLE


9 www.wolfram.com/ MATHEMATICA


10 www.unige.ch/math/folks/hairer/ E. Hairer

11 www.zib.de/Software/ Zuse Inst. Berlin

12 www.ma.ic.ac.uk/ ˜jcash/ J. R. Cash

13 www.cwi.nl/cwi/projects/PSIDE PSIDE

14 www.math.tu-berlin.de/numerik/mt/NumMat/ TU Berlin

15 synmath.synoptio.de/ SynOptio

16 www.llnl.gov/CASC/sundials/ SUNDIALS


17 www1.iwr.uni-heidelberg.de/ IWR Heidelberg

18 www-m2.ma.tum.de/ ˜simeon/numsoft.html B. Simeon

19 www.simpack.de/ SIMPACK


20 www.mscsoftware.com/ ADAMS


21 www.dynasim.com/ DYMOLA

Table 8.1. Web pages

Cash. A further extension of MEBDFV is MEBDFI 
1 by the same authors for the
general implicit problem

F(t, x, ẋ) = 0, x(t0) = x0. (8.3)

An implementation of the 2-stage Radau IIA method for (8.3) is the code PSIDE 
13

of Lioen, Swart and van der Veen [141], [142] which is specifically designed for
the use on parallel computers.

For this general problem, the BDF code DASSL 
1 of Petzold [164] and several
of its variations and extensions (including root finding and iterative solution methods
for large scale problems) are all included in the code DASKR 
1 .

For different classes of quasilinear problems, a package DAESOLVE 
1 has
been implemented by Rheinboldt [181], [193].
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All the above listed codes have limitations to the index that they can handle,
which is typically a differentiation index of at most three.

For general linear problems with variable coefficients of arbitrary strangeness
index, i.e., for systems of the form

E(t)ẋ = A(t)x + f (t), x(t0) = x0, (8.4)

two versions of the code GELDA by the authors [133] are available. Version 1.0 
1
is for the square case and Version 2.0 
14 for general nonsquare problems. Both
versions use adaptations of the codes RADAU5 and DASSL as integrators.

A general nonlinear code GENDA 
14 for square problems of the form (8.3) of
arbitrary index has been developed by the authors [135]. A MATLAB 
5 interface
solvedae 
15 for both codes GELDA and GENDA including symbolic generation
of the derivative arrays is commercially available.

A very recent development is the SUite of Nonlinear and DIfferential/ALgebra-
ic equation Solvers SUNDIALS 
16 which builds on many of the existing methods
for ordinary differential equations and differential-algebraic equations and includes
serial and parallel versions and a MATLAB interface.

There are also many special algorithms that have been implemented for struc-
tured problems. These include the codes MEXAX 
11 of Lubich, Nowak, Pöhle
and Engstler [144], MBSSIM 
17 of von Schwerin and Winckler [218], ODASSL
of Führer [85] which is available from the author, see also [79], GEOMS 
14 of
Steinbrecher [205], and MBSpack 
18 of Simeon [201] for multibody systems.

Not much software has been developed for boundary value problems associated
with differential-algebraic equations. Essentially, the only code is COLDAE 
1 of
Ascher and Spiteri [12] for semi-explicit systems of index ν = 2 of the form

ẋ = f (t, x, y),

0 = g(t, x, y).

Remark 8.1. Several of the available codes are in a state of flux. This concerns,
in particular, better implementations on modern computer architectures, the use of
preconditioned iterative methods for the solution of the linear systems that arise
at every iteration step as well as the use of symbolic or automatic differentiation
packages to determine the necessary Jacobians and derivative arrays.

As is standard in the design of modern software packages, the implementation
of most of these codes is based on existing basic linear algebra subroutines BLAS,
see [75], [139], which are usually provided with the computer architecture, and
use high quality linear algebra packages such as LAPACK 
1 or SCALAPACK 
1 ,
see [1] and [26], respectively, for the solution of problems like the singular value
decomposition, linear system solution or the solution of least squares problems. A
possible solver for nonlinear problems is NLSCON 
11 , see [158].
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Furthermore, in the solution of the linear and nonlinear systems that arise in the
time stepping procedures, most of the methods need appropriate scaling routines
and the design of such routines is essential in getting the codes to work.

Remark 8.2. Almost all the available codes contain order and step size control
mechanisms. For BDF codes, order and stepsize control is described in detail in
[29] and for Runge–Kutta methods such techniques are discussed in [106], [108].

Bibliographical remarks

There is a multitude of numerical methods for differential-algebraic equations that
we have not described here. Several of these have also been implemented in software
that we have mentioned above. For more details on some of these methods, see,
e.g., [11], [29], [106], [108], [181] and the described web pages.

Exercises

1. Download and implement the codes DASSL, RADAU5, and GELDA. Check your imple-
mentation with the help of the problem[

1 1
0 0

]
ẋ =

[
0 0
0 −1

]
x +

[
exp(t)+ cos(t)

exp(t)

]
, x(0) =

[
0
1

]
.

2. Compare the behavior of the codes DASSL, RADAU5, and GELDA for the linear problem
with constant coefficients⎡

⎢⎢⎢⎢⎢⎢⎢⎣

0 2 1

0 1
. . .

. . .

. . .
. . .

. . . 1
. . .

. . . 2
0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
ẋ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

2 1

1
. . .

. . .

. . .
. . .

. . .

. . .
. . . 1
1 2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
x +

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−3t2 + 6t
−4t2 + 8t

...

−4t2 + 8t
−4t2 + 6t
−3t2 + 2t

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

x(0) = 0, in the interval [0, 1] with respect to accuracy and computing time.

3. Apply the codes DASSL, RADAU5, and GELDA to the problem of Example 3.1[−t t2

−1 t

]
ẋ =

[−1 0
0 −1

]
x, x(0) = 0

and analyze how the codes handle the nonuniqueness of the solution.
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4. Apply the codes DASSL, RADAU5, and GELDA to the problem of Example 3.2 with E,
A, and f given by

E(t) =
[

0 0
1 −t

]
, A(t) =

[−1 t

0 0

]
, f (t) =

[
sin(t)
exp(t)

]

and analyze how the codes handle the problem that the matrix pair (E(t), A(t)) is singular
for all t .

5. Apply the codes DASSL, RADAU5, and GELDA to the problem (5.33) as well as to the
transformed system (5.34) and to the equivalent strangeness-free system for various
choices of η and compare the numerical results.

6. Apply the codes DASSL, RADAU5, and GELDA to the regular strangeness-free problem[
1 1
0 0

]
ẋ =

[
0 0
0 −1

]
x +

[
exp(t)+ cos(t)

exp(t)

]
, x(0) =

[
0
1

]
and compare the numerical results.

7. Download and implement the code GENDA.

Check your implementation with the help of the problem of Exercise 1

8. Apply the codes DASSL, RADAU5, and GENDA to the problem[
1 0
ẋ1 1

] [
ẋ2 − x1 − sin(t)
x2 − exp(t)

]
= 0.

with μ = 1 and compare the numerical results.

9. Apply the codes DASSL, RADAU5, and GENDA to the problem

ẋ1 = x2, ẋ2 = x1, x1ẋ4 + x3 = 1, x4 = 2

with μ = 1, a = 2, and d = 2. Use the initial values x0 = (0, 0, 1, 2) and x0 =
(0, 1, 1, 2).

10. Apply the codes DASSL, RADAU5, and GENDA to the problem

ẋ1 = 1, ẋ2 = (exp(x3 − 1)+ 1)/2, x2 − x1 = 0

with μ = 1, a = 2, and d = 1.

11. Apply the codes DASSL, RADAU5, and GENDA to the various formulations of Exam-
ple 6.17.



Final remarks

With the current state of the theory of differential-algebraic equations and their
numerical treatment, this topic can now be covered in standard graduate courses.
This textbook is designed for such courses presenting a systematic analysis of initial
and boundary value problems for differential-algebraic equations, together with
numerical methods and software for the solution of these problems. In particular, it
covers linear and nonlinear problems, over- and underdetermined problems as well
as control problems and problems with structure.

Many important research topics concerning differential-algebraic equations,
however, are still in their infancy. These include for example the stability anal-
ysis of differential-algebraic equations, the study of optimal control problems and,
in particular, the coupling of differential-algebraic equations with other types of
equations, such as ordinary or partial differential equations, via complex networks.

We hope that this textbook will provide the basis for future research in these
topics.
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reduced, 162, 184, 193, 277, 287
regular, 154, 160, 273
semi-explicit, 168, 182, 237
semi-explicit of index ν = 1, 168,

237, 262, 273
semi-explicit of index ν = 2, 169
solvable, 6

differential-algebraic operator, 119, 154,
164

differentiation index, 7, 97, 98, 106–108,
112, 132, 147, 182

Dirac delta distribution, 37
direct approach, 238, 262
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discretization method, 218, 224, 245,
255, 267

consistent, 219
convergent, 219
stable, 219, 269

distribution, 33, 35
Dirac delta, 37
impulsive part, 39, 136
impulsive smooth, 39, 132, 136
regular, 36

distributional derivative, 37
distributional primitive, 37
Drazin inverse, 24
dummy derivative, 273

electrical circuit, 33, 48, 290
empty matrix, 59
equivalence

global, 57, 158
local, 58
strong, 13, 59

equivalence class, 196, 200
equivalence transformation, 75, 77,

78, 81, 98, 108, 141, 157
error

discretization, 273
global, 231, 239
local, 224, 228
roundoff, 273

exceptional point, 80, 112

feedback
output, 50, 144, 193, 284, 285
state, 50, 144, 191, 284

flow, 205, 206, 301, 306
Fréchet derivative, 151, 152, 317,

318, 321, 338
fundamental solution, 66, 344
fundamental system, 41

Gauß method, 226
Gauß–Newton-like method, 307, 347

Gauß–Newton method, 280, 283,
306, 307

quasi-, 284
simplified, 284

Gauß-type scheme, 317
Gear–Gupta–Leimkuhler stabilization,

287
generalized function, 33, 35
generalized inverse, 24
geometric index, 7
global error, 231, 239
Gram–Schmidt orthonormalization, 63,

108, 156
group inverse, 26

Hausdorff space, 195
Heaviside function, 37
Hermite interpolation, 58
Hessenberg form of index ν, 172
hidden constraint, 177
homeomorphism, 160, 164, 195, 201
hybrid system, 276

implicit function theorem, 151, 160, 164,
199, 280

impulse order, 40, 132
incidence matrix, 290
increment function, 224
index, 5, 6

differentiation, 7, 97, 98, 106–108,
112, 132, 147, 182

generic, 273
geometric, 7
of a matrix pair, 18
of nilpotency, 17, 24
perturbation, 7, 131
strangeness, 7, 74, 98, 107, 156,

183
structural, 7, 273
tractability, 7, 147

indirect approach, 238, 262
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inflated differential-algebraic
equation, 81

inhomogeneity, 6, 16
initial condition, 56

consistent, 6, 46, 74, 111, 134,
143, 282, 303

weakly consistent, 46, 134
initial value problem, 3
input, 48, 138, 189
internal stage, 225
interpolation error, 247
invariant

global, 80
local, 59

inverse
Drazin, 24
generalized, 24
group, 26

inverse function theorem, 199

Jordan block, 6, 17
Jordan canonical form, 16, 228, 258

Kirchhoff’s laws, 3, 8, 49
Kronecker canonical form, 6, 14, 59,

78
Kronecker product, 220

Lagrange function, 9
Lagrange interpolation, 243, 323
Lagrange multiplier, 121, 287, 297
Lagrange parameter, 9
least squares solution, 114
linearization, 151, 154, 282
Lobatto-type scheme, 317
local error, 224, 228

manifold, 161, 182, 196
dimension, 161, 196
of class Ck , 197
pathwise connected, 196
topological, 197

matrix
1-full, 96, 104

matrix chain, 273
matrix function

smoothly 1-full, 96
matrix pair

regular, 16
singular, 16

matrix pencil, 4, 5, 14
minimal extension, 287
modified nodal analysis, 290

charge/flux oriented, 291
conventional, 290

modified pair, 119
Moore–Penrose pseudoinverse, 47, 105,

114, 116, 278, 280, 347
multi-step method, 218, 254

consistent, 255, 257
convergent, 258
linear, 254
stable, 256, 257

multibody system, 172, 195, 273, 287
multiple shooting method, 305, 306

Neumann series, 18
Newton-like method, 221, 248, 265

one-step method, 224
consistent, 224

operator
differential-algebraic, 119
discretized, 318
restriction, 318

operator equation, 316
operator norm, 335
optimal control problem, 120
orthogonal projection, 65, 105
output, 48, 138, 189

parameterization, 165, 167, 187, 191,
194, 217, 280, 299, 300

particular solution, 30
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Penrose axioms, 114
perfect shuffle matrix, 220, 228, 232
perturbation index, 7, 131
position constraint, 3
projection, 203, 291

nonlinear, 300, 313
orthogonal, 65, 105
stereographic, 197

projection method, 274
pseudoinverse

(1,2,3), 128
Moore–Penrose, 47, 105, 114,

116, 278, 280, 347

quadrature rule, 240, 251
quasi-Gauß–Newton method, 284
quasi-linear differential-algebraic

equation, 290

Radau IIA method, 226, 251, 254, 274,
352

rank decision, 281
reduced derivative array, 286
reduced differential-algebraic

equation, 162, 184, 193,
277

regular differential-algebraic
equation, 154, 160, 273

regular distribution, 36
regular solution, 164
regularization, 94, 284
relaxed algebraic constraints, 314
root condition, 258
Runge–Kutta method, 218, 225

collocation, 243, 251, 254
implicit, 228
stiffly accurate, 231, 242, 243,

273

semi-explicit differential-algebraic
equation, 168, 182, 237

Hessenberg form of index ν, 172

of index ν = 1, 168, 237, 262,
273

of index ν = 2, 169
shooting method, 303
singular value decomposition, 62, 155,

275, 276, 283
solution

differential-algebraic equation, 6
initial value problem, 6

stabilization, 273
state, 48, 138, 189
stereographic projection, 197
stiffly accurate, 231, 242, 243, 273
Stokes equation, 10
strangeness, 59, 73
strangeness index, 7, 74, 98, 107, 156,

183
strangeness-free, 74, 92, 93, 117, 154,

156, 182, 183, 209, 264, 284
structural index, 7
submanifold, 198, 310

of class Ck , 198
of class Ck , 199
topological, 198

superconvergence, 251, 342
superlinear convergence, 307, 347
switched system, 276
system

closed loop, 50
extended, 287
overdetermined, 273

tangent bundle, 201
tangent space, 200
tangent space parameterization, 274
tangent vector, 200
Taylor expansion, 152, 229, 252, 257,

326, 344, 345
test function, 35
topological basis, 196
topological embedding, 198
topological space, 195
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topological submanifold, 198
tractability index, 7, 147

underlying ordinary differential
equation, 97

undetermined variable, 59, 70

vanishing equation, 59, 70
variation of constants, 23
vector field, 203

Weierstraß canonical form, 17, 228, 260
Wronskian matrix, 125
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